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PREFACE. 
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A 



Analytjq^l Geometry contains confessedly so many 
difficulties for the Ordinary beginner that any work that 
develops the subject ^in a more gradual and more ex¬ 
planatory manner than existing text-books has a good 
raison d'etre . Noticeably is there such a lack in the 
treatment of curve tracing, one of the most useful branches 
ot* elementary mathematics. It is a general experience that 
a large proportion of students can make nothing of this 
portion of the subject. We believe that their failure is 
solely due to the defective treatment given by their text¬ 
books, and in this work we hope to remove the defect. 

In the order of treatment we have followed the classical 
work of Salmon more closely than usual in that, after short 
chapters on the three varieties of conics, we proceed at 
once to the general equation of the second degree and the 
classification of curves represented by such an equation. 
Curve tracing is thus introduced at a comparatively early 
point. Afterwards, the treatment of the various properties, 
tangent, normal, parametric, etc., of conics is to a great 
extent general, i.e., the methods apply to all curves of the 
second degree. Each of these properties is dealt with in a 
separate chapter. This manner of division seems to us to 
render the subject much easier for students, though it, 
like all others, has disadvantages. 

As much help as is considered desirable has been given 
in the way of illustrative examples, numerous “ cautions/' 
and hints for the solution of the exercises. In connection 
with the first we would impress upon the reader the very 
great importance we attach to an attempt on the reader's 
part to solve bookwork theorems and the illustrative , ^ 
examples for himself previous to reading the proofs given. ^jjj 
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PREFACE. 


In most cases the reader will not succeed, but the benefit 
accruing from the attempt cannot, as all expeiienced 

teachers know, be over-estimated. # . 

The comparative importance of the sections is indicated 

by the size of the type in which they are printed, while . 
the most important pieces of bookwork have also their 
section numbers in dark type (thus 78 ). Many of the 
worked and unworked examples are intrinsically valuable. 
These are distinguished by enunciations in dark type. The 
formulae that should be committed to memory are indicated 

in the same manner. 

The scope of this book is that of the London B.A. Lx ami- 
nation, but it will also be found suitable for the following 
examinations:—Oxford and Cambridge Higher Certificate ; 
Cambridge Senior and Higher Local; Oxford Senior Local; 
College of Preceptors Diploma; Science and Art. 
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PART I. 


THE STRAIGHT LINE. 

KS 

1 ^ i • ^ Geometry i.s an 

application of the principles of Algebra to the geometry 

ot points, lines, and figures in a plane. 

As the methods depend on the use of numbers and 

algebraic letters to represent lengths of lines, it must lie 

carefully noted that in all cases some definite unit of 

length must be chosen in terms of which all other lenoths 

are expressed Thus, if a foot be chosen for the unit,°the 
number 5 will represent 5 feet. 

To fix the position of a point in a plane, we must have 
some points or lines, fixed in the plane, to which its 
position is to be referred. The simplest plan is to refer 
its position to two fixed straight lines intersecting afTright 


Let OX, OK (Fig 1 , p. 2) be these two fixed straight lines 
intersecting at right angles, P the given point. Let PM be 
drawn parallel to 0 Y to meet OX in M. To get from 0 to P 

certain distance OM along OX and 
another distance MP parallel to OY. As soon as we know 

the p^anf 8 ^ ° M a " d MP we can fix the position of P in 
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TIIB STRAIGHT LINE. 


These two lengths are called tlie Cartesian* rect¬ 
angular coordinates, or more briefly the coordinates 
of the point P. OM is called the abscissa, and MP the 
tlie ordinate, of P. The lines OX, OY are called the 
axes, and 0 is called the origin. 

If OM is x units of length, and MP y units of length— 
that is to sa}% if the abscissa of P is x and the ordinate of 
P is y —then P is known as the point {oc, y ). OX is called 
the axis of ac , and OY the axis of y. 



Fig. 1 

Even when we know the number of units of length in 
OM and MP , the position of P is not completely fixed until 
we know whether OM is drawn to the right or to the left 
from 0, and whether MP is drawn upwards or downwards 

We express the directions of these lines by the signs of 
the coordinates of P, and we adopt the convention which 
obtains in Trigonometry—that is to say, OM is leckoned 
positive when drawn to the right from 0, negative when 
drawn to the left from 0 ; while MP is reckoned positive 
wW drawn upwards from M, negative when drawn 

• » The name - Cartesian " is derived from Descartes, the inventor ot this 
eystem of coordinates. 
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downwards from M. In other words, the abscissa) of 
points to the right of 0 are reckoned positive, those of points 
to the left of 0 negative ; the ordinates of points above 0 
are reckoned positive, those of points below 0 negative. 

The compartment lying between the lines OX and OY 
in the figure is known as the positive quadrant, because 
for all points in this compartment both abscissa and 
ordinate are positive. 

Oblique axes. —In order to fix the position of a given 
point in a plane, it is sometimes convenient to refer the 
position of the point to 
“ oblique axes ” — that 
is, axes not inclined at 
right angles to each 
other. 

If OX and OK be such 
axes and P the given 
point, we again draw 
PM parallel to OK to 
meet OX in M. Then 
OM is the abscissa and 
MP the ordinate of 0, 
and the same convention 



as to sign is maintained as in the case of rectangular axes. 
It is usual to denote the angle XOY , included between the 
iositive^dir^c^f6ns of OX and OK, by u>, and this angle 

•eater or less than a right angle. 



To find the distance between two points 
s of their given 
coordinates. 

Rectangular axes . 


in 


Let the given points 
be P (x j, ?/,) and 

Q ( x >>> 2 / 2 )* Draw the 
ordinates PM and QN. 
Through Q draw QR 
parallel to OX to meet 
PM or PM produced 

in/?. 


o 



Kg 


3. 




4 
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Then PQ 2 = QR 2 + RP '• ( Elic - L 47 ) 

()/? = OM-ON = a.-,—.r„ /?P = MP—NQ = y,—2/2; 

P(P = (as,—£r..) 2 +0,—2/a) 2 . •• C 1 )* 

Cor. Taking Q at the origin, a’ 2 =0, y., = 0, and 
therefore OP 2 = :V + 2/i‘- 

Oblique axes .—With the same construction as before, 
but remembering that the ordinates are no longer per- 
penclicular to OX , we have 

PQ 2 = QR’ + RP 2 -2QR . RP cos QRP . 

As before, 0/? = it’j —«t 2 and /?P = 2/i 2/2 > 

also L QRP=n-<o. 

P(P = (£C 1 -x 2 y+(i/ 1 -y. 2 ) 2 + 2(x 1 -x i )(»/ 1 -»/ 2 ) COS « 

. 

Cor. 0P 3 = *i* + 2 / 1 2 + cos w. 

jVote._When Q is not in the positive quadrant either x 2t or y 2 ». or 

both, will be negative. The student should verify by drawing 
figures that in every case QR = x x -x 2 and RP = y x -y 2 algebraically . 


(Exercises 1-4, 8 are for rectangular axes.) 

1. Taking an inch as the unit of length, represent in a figure the 
positions of the following points :— 

i. ( 0 ,0); ii. (0, 1 ); in. (0, - 1 ) ; iv. ( 1 , 0 ); v. (— 1 , 0 ); vi. ( 1 , 1 ); vii. ( 1 ,\)\ 
viii. (*, l); ix. (*,-*); X. (-»,-*); xi.(-l,*)5 xii. (-1,-1). 

2. P is the point {a, b ), Q the point (—a, —b), and [ R the point 
(b, a ), 0 being the origin. Prove that (i.) 0 is the middle point of 
PQ ; (ii.) OP = OR and angle XOP = angle ROY. 

3 . A ship is 8 miles N. and 6 miles E. of a lighthouse ; another ship is 
3 miles N. and 6 miles W. of the same lighthouse. Find the distance be¬ 
tween the two ships; also the distance of the first ship from the lighthouse. 

4 . Find the distances of the point (10, —18) from the points (3, 6 ) 
and ( — 5, 2). Show that they are equal. 

5. Find the distance between the points (4, 3), (1, 2). (o> = 60°.) v 

6 . Find the condition that the point (*, y) should be on a circle 
whose centre is at the origin and whose radius is a., 

7. Find^the condition that the point {x, y) should lie on a circle 
whose cenSe is at the point {d, e) and whose radiUs is a. 

8 . Show that (71, 71), (27, 9), (0, 0), (-13^-1), (~ 64 < 16) ^ U ® 

on a circle whose centre is the point ( 13^ 84) and radius 85. 
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/O l/ ' ^ 

To find the coordinates of the point which 
divides the line joining two given points in a given 
ratio. 

Let P(x x , 2 /,) and Q (x. 2 , y 2 ) be the given points, and let 
R fee the point dividing PQ in the ratio A; : Z, so that 

PR _ k 

RQ i' 


Let the coordinates of R be (.r, 2/)-* 

(1) For internal division, i.e., when R lies in PQ. 

Draw the ordinates PK , QL, RM , and through R draw a 
line SRT parallel to OX to cut PK and QL in S and T. 



Then 


and 



• • 


Fig. 4. 


OM = OK+KM = 

% 

SR^RT % 


k ’ 1 

z\ + SR . (a), 


PR RQ __ i V J 

•. ^rRR r'RT = ST / s 

nn PR n-r Jv ’ / 


(by similar triangles) 


°<»r£ ST 


k + l 


(x. 2 a’0? 


* Where the coordinates pf a point are unknown it is usual to denote them by* 
the plain letters x and y ; accents and suffixes being generally used when the 
coordinates are known, 




town. 

g?{i 
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whence, using (a), we have 

_ Ar, + 7 jc 1 

L+l 




(3). 


Similarly 


?/ 




Cor. The coordinates of the middle point of PQ are 




( + &’a 'ih±]h\ 

\ 2 ’ 2 / 


( 2 ) For external division, i.c. when R lies in PQ produced or QP 
produced. 

x PR k 

If R divide PQ externally in the ratio k : /, we have —— = —. 

QR & 

/ Now QR = — P(? algebraically ; 

PP _ k 
*• P£> 

Hence to get the coordinates of R we have only to change the sign 
of l in the expressions already found ; hence 

*- k=!T’ v - h=lT . ( 

The student should verify this by drawing a new figure. 

The above results are equally true for rectangular and 
jfor oblique axes. 

Example (i.).— To find the coordinates of the point dividing the line 
joining (1, —4), (—3, 2) externally in the ratio 6 : 5. 

Using the above formulte for external section, the coordinates are 

6 1 -3)-5_(12 g.(2)-5(-4) . _ 23 ,32. 

6-5 6-5 

A 

Example (ii.J.— Assuming the result of Euclid VT. 3, prove that the 
internal bisectors of the angles of a triangle meet in a point. 

. Let A y,), B (.J' 2 , ?/•>), C {x Ay y 3 ) be the vertices of the triangle ; let 
i // the lengths of the sides BC , CA, AB be a , b y c ; and let the bisectors 
V of the angles A, B, C cut the opposite sides in D , E, F. 

Then BD : DC = BA : AC = c : b. 

Hence the coordinates of D are ^ 2 . 

b + c b + c 

r The coordinates of A are .r,, ?/, ; hence the coordinates of the point / 
^ - which divides AD in the ratio b + c^ f^re 

\ ' ax y + bx 2 -f cx 3 ay x -+ by 2 4- cy 3 




a + b + c 


a + b + c 
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The symmetry of this result shows that we arrive at the same 
point / by dividing BE in the ratio c + a : b or CF in the ratio a + b \ c. 
Hence AD, BE, CF all meet in /. 

To verify these ratios geo- ^ 

' metrically remember that / is 
the centre of the in-circle. If 
its radius be r, we have 

Al = &AIB = A AI C 

ID a IDB AI DC 

_ AA/B+ A AI C 

ABIC 

= i cr ' + h br = l L±l 


i ar 


a 



[The student should note 
this example carefully as an 
instance of symmetrical work. 

The proof depends upon find¬ 
ing a point on AD whose coordinates shall be symmetrical in a, b, and 
c , in x lf x 2 , and x 3 , and in y lt y<^_ and ,y. 3 4 - that, is to upon so 


choosing h and l that the expression 


k+l 



-shall be sym¬ 
metrical. We first choose k equal to b + c to clear the numerator of 
fractions. The coefficient of x, 2 in the numerator being then b and that 
of x 3 being c , we must clearly choose l equal to a. The numerator is 
now symmetrical, and the denominator, being a + b + c, is symmetrical 
also. Hence the choice of the ratio b + c : a is no mere guess work.] 



9. Find the Coordinates of the point dividing the join of ( 
( — 6 , —5) internally in the ratio 7 : 5. 

10. Find the coordinates of the point dividing the join of 
( — 7, 2 ) externally in the ratio 1 : 5 . 


- 7 , 4 ), 
( 6 , 3), 


y 11. Find the ratio in which the join of points (6, 4,), (—1, — 7) 
* is divided by the axis of x. 

[Here we have to find the ratio k : l so that the y given by the formula is zero.3 
12. The line joining (aq, y x ) and ( x. 2 , y. 2 ) is divided into n equal 
parts : write down the coordinates of the r-tli point of section from 
the point (x lt y x ). 

.13. If D, k, F are the middle points of the sides BC , CA , AB of a 
triangle, and if the coordinates of ABC are (*„ y,)> (*s, Vi), (* 3 > 1/ 3 ), 
snow that AD, BE, CF meet in a point G whose coordinates are 

X\ + x 2 -f x 3 f/« + y<> + y 3 
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To find the area of a triangle in terms of the*y 
coordinates of its vertices. 

Rectangular axes .—Let the coordinates of the vertices 
A , B, G he Oj, ?/,), 

Ov 2 / 2 ). (^ 3 . 2 / 3 ) • Draw 
the ordinates AK , /?/., 

CM. Then 

A ABC = trap™. BK 

— trap™. BM 

— trap™. CK. 

Now trap™. BK 

= ablk+abak 

= %LK{LB + KA) 

h 0®i **’2) (//id - 2/2)* Eig. 6. 

Reducing the other areas in this manner, we have 

A ABC = ±{ac l }jj^£y l +ac. ! y :s —x t y 2 + K s y l —x l y. i } (5). 

Here we have takei^ne vertices round the triangle in the counter¬ 
clockwise order. If we take them in clockwise order, we must change 
the sign of the right-hand member of equation (5) to get the area. 

Corollary. The area of the triangle ABO = | — 

the vertices A, B, 0 being taken in the counterclockwise order. Hence 
the interpretation of (5) is that A ABC = A OAB — A OCB-\- A OCA . 

Oblique axes. —Use the same construction. The ordin¬ 
ates are no longer perpendicular to OX ; so that 

A BLK = \BL x perp. from K to BL = \BL . LK sin c*>, 

and similarly for the other areas. Then the only differ¬ 
ence is in the introduction of the factor sin w in the 
areas throughout. Hence 

A ABC = \ {x l y i —x i y l + x. l y i —x :i y,-\-x. i y l —<c l y 3 \ sin o> 


the vertices being taken in the counterclockwise order 
as before. Equation ( 5 ) should certainly be remembered. 

Example .—If the coordinates of the vertices A, B, C, D of a quadri¬ 
lateral taken in the counterclockwise order are (x l9 y,), (# 2 , y 2 ), 
(x 2 , Vz) > (&4> I/a) show that its area is 

£ { *1 Vl - ? 2 V 1 + *3 Vz ~ - r 3 ?/ 2 + 2 *s!/4 -*4 V-A + *4 V\ ~ V4 } > 
with the addition of the factor sin w if the axes are oblique. (For 
the area is the sum of the areas of the triangles ABC and CBD .) 
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Exercises. 

14. Find the areas of the triangles formed by the following 

points: — (a) (3, 0), (-2, 1), (-1, -2). (b) (0, 0), («, b) 9 (-*, a). 

(c) (p 9 tn) 9 (0, /), ( p + q , »)• 

15. Find the area of the quadrilateral whose vertices are the 
points (J,a/3), ( —| a/ 3, I), ( —i, —2 a/3), (| a/3, — |). 

16. The vertices of a polygon of n sides, taken in order are the 

joints (#„ ?/,), (:r 2 , y 2 ), (x i9 y 3 ), (a:,,, y M ). Show that its area is 

(*^i 4 * #22/3 4 - • • • 4 - x n _ 1 y H + .^,,7/1) — ^ (2/1 ^-*2 + 2/2 3 4 ~ • • • 4 * y»i—1 4 - 


5. Polar coordinates. —There is another convenient 
system of coordinates by which we can fix the position of 
a point in a plane. Take a 
fixed point 0 and a fixed 
straight line OX through 0. 

The position of any point 
P is known when we know 
the length of OP (usually 
denoted by r and called the 
radius vector) and the angle 
which OP makes with OX 
(usually denoted by 6 and 
called the vectorial angle). 

These are called the polar 
coordinates of P. The 
point 0 is called the pole, 
and the MneOX is called the 

initial line. The angle 0 is measured, as in trigonometry, 
in the counterclockwise direction from OX. 

If we turn OP through any number of complete revolu¬ 
tions, we do not alter the position of P. 

A negative sign for r would mean a distance measured 
in the opposite direction to OP, the bounding line of the 
vectorial angle. Hence, if we turn the revolving line 
through any odd number of half-revolutions, and at the 
same time change the sign of r, we do not alter the 
position of P. 

Hence the coordinates of P(r, 6) in their most general 
form may be written r, 6 ± or —?*, 0 ± (2n-bl)7r. 

It is usual to choose r positive and 0 between 0 and 2?r. 



Ficr. 7. 
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6.' To change from Cartesian to polar coordinates 


and vice versa. —- 

Rectangular a. res. — The ex¬ 
pressions are obvious from an 
inspection of the accompanying* 
figure. 


T 


.P 


Clearly 


** coa6 \ . (7). 

v sin 0/ 




t Z 


✓ a? + f/ r | 


tan 


-i V 


... ( 8 ). 


& M 


X 


The sign of r is not really ambig uous; 
for 6 is given in the form tin 4 a; as 
soon as we have chosen any particular 
value for 0, the sign of r follows from 
equations (7). 


P' 


c ^ 


Fig. 8. 






sr Oblique axes .— In the accompanying figure OP 

'i vnn * v n/l n _ .. / n Dl\/I — ..._ 0 


7 XOP = 6, l XMP = *, L 0PM = W— 


V- 


/ 




• sin (o>—0)1 
sin <o ! 


\ .1 


V # rS 

V ± V'se 3 + jr + 2£Ci/ COS o> 

' ( evJVfcan-> "?■*”** - I 

' i! ‘ ; \ cc + ycosoj J 

^ ! . (lO). 


v sin 0 


... (9). 


■V 


I 

i y 


sin w 




! 

1 ! 


v/ , * 

y i L 

r 1 / 


Fig. 9. 




V7JT6 find the distance between two points in terms 
of thei^ polar coordinates. 


> 


Let P (r„ 0j) and Q (r 2 , 0.,) be the points. Join PQ . 

Then P0 2 = OP 3 + 0Q 2 -20 R.QJ3cosP pQ. 

P(P = ?y-f ay—2jy 3 cos ( 0 2 —07).(11). 

* 


JDeduce this formula from the rectangular Cartesian formula. ^ 

rV. lA 






t i 
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8) To find the area of a tri 
coordinates of its vertices. 


i 


Let P (»•„ 61,), <? 0 2 , 0 2 ), 

/? (r 3> 0 3 ) be tlie vertices 
taken in the counterclockwise 
order, and let the point R lie 
within the triangle POQ. 




apqr i? 

= APOQ-AROQ-APOQl o x 

A POQ = i OP.OQ Sin P00 ' Fi s- 10 - 

= l 1 Vs sin (0 2 —0,). 

Reducing the other areas in like manner, we have 

Afff = I {»V' 2 sin (0 2 —6>,) + sin (0 3 —0,) — 

+iV'i sin (0, — 0 3 )j ...(12). 

The student should satisfy himself of the accuracy of 
this formula by drawing the various figures that may 


Fig-. 10. 






arise. 


i 


18. Represent in a figure, and find the rectangular coordinates "oh ^ 

the points whose polar coordinates are > ^ { V 

(«)V2, (*) — V2, -j-; (r) \/3, - i-: 

4 4 o £> 


19. Find the polar coordinates of the points whose CuMcsian co¬ 
ordinates ai^ \ 

A < V («) - V2, -V2; (i) Jv/3, -1; (*) -5,0. 

s V I 20. Find the distances between 


© - 
a - 


(a) ( 14 , ir) and x (2 v/ 3, ; (i) (2 v% *ir) and (2, §tt) 

1. Find the areas of !the triangles formed by 


* ' 


/ J ^ 




(a) (1, Att), (1, fir), (a/2,1^); (*) (3, Jtt), (2, Jtt), (1, |tt). 


Deduce formula (12) from the rectangular Cartesian forrnul 


*. > ca a 


1^ (**I» 0j)» ( , 2> ®i)> ( , *3» ^3)» (**4> ^ 4 ) be the polar coordinates of the 
vertices fl, C, D of a quadrilateral taken in order counterclockwise, 
show that its area is 


V{ r i r 9 ““ (**“ 0 \) + 3 fiin ( 03 — 02) + »v*4 ein C0 4 - + r 4 r t sin ( 0 ! - 0 4 }. y\ 

X.*. V vL-O&p. ,! I 

'ir. )W "' 1 ;;(u- 


i ' 1 




k 


* if-'- 


I 

l 
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THE STRAIGHT LINE. 


9. Loci and equations. 

^ A locus is tlie path of a point which moves according 
to some fixed rule. 

t 

! For instance, the locus of a point -which moves so as 
always to be at a fixed distance from a given point is a 
circle. When a point is not restricted to one particular 
i position, but moves along a line, its coordinates are said 
to be current. 

if a point moves according to some fixed rule, its 
coordinates will always satisfy some corresponding al¬ 
gebraical relation. Thus, if the point moves so as. always 
to be at a distance a from the origin 0 , its rectangular 
j Cartesian coordinates will always satisfy the equation 

j a* + y* = a\ (§2) 

j Corresponding, therefore, to the curve* traced by a 

i point moving according to any fixed rule we have an 
invariable algebraical relation satisfied by the coordinates 
* i of every point on the curve, and called the equation of 
the curve ; and, conversely, corresponding to every al¬ 
gebraical eauation connecting the coordinates of a moving- 
point we have a curve on which the point must lie so 
long as its coordinates satisfy the given equation, and 
called the locus of the equation. 

Thus in the example given above the equation of the circle whose 
centre is 0 and radius a is x 2 + y 2 = a 2 ; and the locus of the equation 
x 2 + y 2 = a 2 is a circle whose centre is 0 and radius a. 

We have considered rectangular Cartesian coordinates 
for simplicity, but obviously a curve will also have its 
equation in oblique Cartesian and in polar coordinates. 
With this introduction the following definitions should 
r be clear :— 

The equation of a curve is the algebraical relation 
which is satisfied by the coordinates of every point on the 
I curve. 

Conversely, the locus of an equation is the curve the 
coordinates of every point on which satisfy that equation. 
The curve must contain all the points satisfying this 


♦The student must accustom himself to the use of the word '* curve” to 
denote any line, or set of lines (straight or curved), obeying some fixed rule. 
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1 

I 

I 


! 


' • 


condition ; so that no point off the curve satisfies the con¬ 
dition. . • t n • j. l- 

The coordinates of the point or points of intersection 

of two curves whose equations are given must satisfy 
both equations, since any point of intersection is on both 
curves. Hence the coordinates required are found by 
solving simultaneously the two equations for cc and y or 
r and 0 , as the case may be. 

The above definitions and introductory paragraphs 
are of prime importance, and must be thoroughly mas¬ 
tered before proceeding further. 

To obtain an idea of the locus of a given equation, we 
can take a succession of given values for x, and solve the 
equation for the corresponding values of y. We thus 
obtain a number of different points on the locus, which 
we can plot on a diagram (preferably with the aid of 
paper ruled in squares). This will serve as a guide to 

the locus. 

Example. — Trace the locus x — y = 0. 

By the above method we find that the points (0, 0), (1, 1), (2, 2), 

(_2,—2) are on the locus. These points suggest the 
\ bisector of the angle XOY. We have yet to prove that the co¬ 
ordinates of every point on this bisector satisfy the given equation. 
4 This, however, is obvious from Euclid I. 6 ; hence the bisector is the 

Is locus required. 



24. Show that the equations of the axes of x and y respectively 
are y = 0 and x = 0. 

25. Show that the locus of the equation r = a is a circle, and the 
locus of the equation 6 = a is a straight line. 

26. Show that the lines whose equations are x — y = 5 and x + y = 7 
intersect in the point (6,1). 

27. Find the locus of a point, having given that the sum of the 
squares of its distances from the axes is equal to 2. 

28 Find the locus of a point the square of whose distance from 
the point (0, 1) is equal to .unity. - . 

29. Find the equation of the locus of which every ordinate is 
greater than the corresponding abscissa by a given distance. ^ 

30. Trace the locus of each of the following equations :— 

(a) 2x-i> = 0. ( b ) ** + y 2 - 16. (c) y 2 = 4a; 2 . ( d) y 2 = 4. 

(e) x* = y. {/) xy = 0. (y) 3a: * 2y = 6. (h) a; 2 = xy . 
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Vi 

t*/LO. To find the equation of a straight line, 

(A) Parallel to an axis. —Tlie equation of a straight 
line parallel to axis of x is y = b , where 7) is the ordinate 
of any point on the line. Similarly x — a is the equation 
of a straight line parallel to the axis of y, where a is the 
abscissa of any point on the line. 


(B) Given the direction of the straight line and 
the coordinates of one point on it. 

Rectangular axes. —Let Q (a;,, y,) be the given point, 
and let the straight line make an angle 0 (measured 
counterclockwise) with 
the axis of x. Let 
P (a?, y) be any point 
on the straight line. 

Draw the ordinates 
QN , PM , and draw QR 
parallel to OX to cut 
PM or PM produced 
in R. 

The geometrical con¬ 
dition satisfied by P is 

RP = QR tan 0. 

The algebraical expression of this is 

y — y l z= (oc —a?,) tan 6 


K—QCi __ y—v i -> V.( 13 )» 

° r cos 0 sin 0 J 

which is therefore the equation required. This equation 
is usually written in the form 

V — Vi = m(a5—as,) . ( 14 ), 


• ' * 

in which case the inclination 6 is tan -1 m. 

If the straight line cuts the axis of y at a height b 
above the origin, we can take Q at the point (0, 7;), and 

the equation is y = mocA-b ...(15). 

And, if the straight line passes through the origin, its 

equation is y = mac . ( 16 ). 

Cor. The coordinates of P are 

££,+?* cos 0, 2 /,+r sin 0. 


- 
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Oblique axes *—With the same construction, we have 

z PQR = 0 , 

z QPR = z K0*- tPQR - T\ ^ (f 




P/? 


• sin 0 _ # 

sin (w — (9) ’ 


so that we have the equa¬ 
tions (13—16) as before, 
except that vi is now 

.. s l n —whence it can 
sin (w — 6) 

be shown that the inclination 



Fig. 12. 




. tah 0 


m sin a) 

1■+■ tn cos co 


( 17 ). 


Example.—The axes being inclined at 45°, find the aggie m the line 
y = £ ( v/6 + \/2) x makes with the axis of x. 

Here a> = 45° and m = * ( \/G + f2) ; 

1 

• . ' m 

, , . >n 6in a> 

\ tan $ = 


V'2 


m 


1 + in cob o) 

1 


1 + 


m 


m + a/2 


n/2 


Thus tan 6 = — a( </0 + = _£g±. = J . 

^ ( v/6 + v/2) + v/2 v/C + 3 v/2 v/3 




• • 


0 = 30°. 


vff 


C) Given the coordinates of two points on the 
straight line/' 

Let (*n Vi) and 
Qi( x »yt) be tbe points, 
and . let P (a?, ?/) be any 
point on the line. 

Draw the ordinates 

Q\N» QiNv PM , -and 

draw QJS i parallel to 
OX to cut PM in R and 
QiN 2 in S . 

COORD. GKOM. 



2 
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The geometrical condition satisfied by P is 

(?,/? = RFL 

Q\S SQ / 

The algebraical expression of this is 


a ?—V — V\ . (18), 

o? 2 — y 2 — V\ 

which is the equation required, and holds equally good for 
rectangular and for oblique axes. 


Example . — Find the equation of the line joining ( — 3, 7), (1, —2J). 
The equation required is 


?/—7 _ x — (—3) y—7 __ x + 3 

-2i-7 1 ( — 3)’ 4 ’ 

i.e., on reduction, 19r + 8y+l =0. 

/ \jj * 

Given the lengths of the intercepts on the 


i 


This is a particular case of (CT), but it is better to give 
an independent proof. 

jRectangular axes .—Let 


the intercepts on the axes 
of x and y be OA (= a) 
and 05 (=b).LetP(a;, y) 
be any point on the line. 

The geometrical con¬ 
dition satisfied by P is 

A 0BP+ A OAP 

= aOAB. 

The algebraical 
pression of this is 

\bx + %ay : 
or 

j® i JL — 
a 6 


( 


J 


ex- 


\ab 


1 (19). 



Fig. 14. 


This equation holds equally good for oblique axes, the only dif¬ 
ference in the proof being that the factor sin &> occurs throughout in 
the expressions for the areas and therefore cancels out finally. 

& 
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( (E/ Perpendicular form—given the length (p) of 
the - perpendicular from the origin on the straight 
line, and the angle (a) made by this perpendicular 
with the axis of jc. 

[a is measured in the counterclockwise direction.] 

Note that, as already explained in polar coordinates, the perpend¬ 
icular p is*necessarily positive ; for, if it were negative, a would be 
the angle made with the axis of x by the direction of the perpendicular 
reversed (that is, produced backwards through the origin) and not by 
the perpendicular itself. 





Rectangular axes .—Let the straight line cut OX and OY 
in A and B. 

Let OT be the perpendicular from the origin on the 
straight line. 

Then OT = p, Z XOT = a. 

Let P (x, y) be any point on the line. 

Draw the ordinate PM, and draw ML perpendicular 
OT and MU perpendicular to AB. 

Then OT = OL-\rMU = OM cos AOT+MP sin MPU . 

Now /_MPU = LOBT =90°— /_BOT= lAOT . 

Therefore the algebraical equivalent is 

a; cos a+ 2 / sin a = » . 

rtf'- .-"IP " x 




( 20 ). 
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/ 


r \ 


T) Oblique axes .—With the same construction we have, as 

& before, OT = OM cos AOT + MP cos BOT, 

/ and the algebraical expression of this is 

XCOSa+J/COS (a)-a)=j> . (21). 

- / (F)‘ ; The polar equation of a straight line (general 

form). 


c4 


Let Of be the perpendicular ^ 

from the pole on the straight \p 

line, and let the polar coo|din- 
/ ates of T, as before, be (iff a). 

Let P (r, 6) be any point oh the / / yp ' 

straight line. 

The geometrical condition _ 

satisfied by P is O 

OP cos TOP = or Fig. le 

Now LTOP= L AOP - Z ^07" = 0-«. 

Therefore the algebraical expression of this is 

r cos (6 — a) = i>. 


X 


Fig. 16 
— a. 


( 22 ). 


31 Prove equation (18) by using the fact that the area of the 
A pQ ,0o is zero if P lies on the straight line Q X Q 2 . 

32. Deduce the Cartesian form (20) from the polar form (22) and 
vice versa. 

' . 

^/( (Q) ! Polar equation of a straight line passing 
through two given points. 

Let A (r„ «,) and B (r 2 , 0 2 ) be the given points, /> (r, 0) 

aU The >1 geometrical condition satisfied by P is that the 
area of the triangle A BP is zero. Hence (§8) the equa¬ 
tion of the straight line is 

r.r, sin (0 2 -0,)+»V sin (0-0 2 )-H’»’i sin (<9 a —0) = Ol 


or —- sin (0 2 —$i) + 


— sin (0—0 2 ) + — sin (0, 


0 ) 


f23) 
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Exercises. 

33. Find the lines through the point (0, 2) making- angles *tt and 
|tt with the axis of x . Also the lines parallel to them cutting* the 
axis of y at a distance 2 below the origin. Find also their points of 
intersection with the axis of x. 

34. "What are the inclinations to the axis of x of the lines 

y = ^x </3 + 3 and y = VSx + 3 ? 

Show that the line y = x+ 3 bisects the angle between them. 

35. Show that ( — 1, 3), (3, 2), (11, 0) lie in a straight line. 

36. If any ordinate parallel to 0 Y cut the straight linos y = mx and 
y — mx + b, the portion intercepted on it is of constant length. 

37. Find the equations of the tangents to a circle, whose centre is 
the origin and radius a/ 2, at the Mwo extremities of a diameter 
making an angle 45° with the axis of X. 

38. Find the equation of the straight lino bisecting the line join¬ 
ing the points 15, 3) and (4, 41, and making an angle of 45° with the 
axis of x. 

39. The vertices of a triangle are the points (0, 0), (2, 4), and 
(— 6, 4). Find the equations of its sides. 

40. Find the equation of a straight line passing through the point 
(2, 2), such that the sum of its intercepts on the axis = 9. 

41. Find the equation of the line through the point Q (2. 3) 
making an angle of 45° with the axis of x , and determine the length 
intercepted on it between the point Q and the line x + y + 1 = 0. 

Find the ratio in wdiich the join of the points (6, 4), ( — 1, —7) 
^/is divided by the line y + 4x = 0. 

43. If co =i 45°, show that the line y — x makes an angle 22£° with 
the axis OX ; and, in general, show, by means of the formula, that 
the line y = x makes an angle > w ith OX. 

44. If tan to = | (« being < tt), find the angle that the line y = 5x 
makes with OX. 

f 11.) General form of the equation of the straight 
line referred to Cartesian coordinates. 

- All- the forms in -which we have found the equation 
of the straight line referred to Cartesian coordinates are 
of the first degree in x and y. The most general form of 
any equation of the first degree in x and y is 

Ax -b By 4- G — 0. 

This equation, though apparently involving three con¬ 
stants, A, and G , in reality only involves two—namely, 
the ratios A/G and B/G. 
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/ 1 12. To prove tliat the general equation of the first 
degree in oc and y represents a straight line. 

Let Q , (*’„ 2/i) and 

V 2 ) . be the tw ° y 

selected points, P (<t 3 , 2 / 3 ) 

• the third point on the / q 2 

locus Ax 4- By + G —— 0. / p 

Draw the ordinates Q X N^ / n 

QJ l/ 2 , PM , and draw (?/?<S / 

parallel to 0>Y to cut PM 
in R and Q. 2 /\l 2 in S. Then, ^ 

since the coordinates of —y 

the three points satisfy / N, M N 2 X 

the equation of the locus, Fig. D. 

we have _ x 

Ax a ~\- Byi + C = 0.(1)> 

Ax 2 -\- By 2 -\- 0 = 0.(2), 

\ Ax^-\- By^-\- C = 0.(3)- 

\ From (1) and (2), A (x 2 -x t ) + B(y i —y l ) = 0. 

\ From (1) and (3), A (ar 3 —a*) + B(y s —yi) = 0. 

1 Hence ^ ; that is, • 

I *; as* —*4 2/2 — 2/i Vi* 

Hence P lies on the line joining Q X Q 2 , and the theorem 

is proved. 

Alternative Proof.—The general equation of the first 
degree may be written y = -Ax/B-C/B , which is of the 
form y = mx + b. Now we have found that this last 
equation is satisfied by the coordinates of every point on 
a certain straight line which cuts the axis of y at a 
distance b from the origin and is inclined at an angle 
tan' 1 to (for rectangular axes) or tan' 1 to sin ojj (1 + to cos u>) 

(for oblique axes) to the axis of x. ... £ 

Further, the equation is satisfied by the coordinates of 

no other points. For let r v y, be the coordinates of a 
point Q above the line referred to, and let y, be the 
ordinate of the point P on this line whose abcissa is 

the same as that of Q, viz. a^. 
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Then y[ = mot\ + b> since (a?,, y\) is on the line. 

But y[ > y v since Q is above P. 

y x >mx x + b. 

Similarly, if Q be below the line in question, 

y x < ma\ 4 b. 

Hence the equation y = mx 4 b is satisfied by the co¬ 
ordinate of every point on a certain straight line, but of 
no other point; hence it is the equation of a straight line. 


13. It follows from the reasoning of the last paragraph 
that the points (a^, y{) and (a\>, ?/ 2 ) are on the same or on 
opposite sides of the straight line y — mx 4 b according 
as the expressions ( [y x —ma', — 6) and {y 2 — mx 2 — b) have 
like or unlike signs ; and, since the general equation 
Ax 4 By 4 C = 0 is only the equation y = mx 4 b multiplied 
throughout by a constant and transformed, it also follows 
that the points (.r„ ?/,) and (x 2 , y 2 ) are on the same or 
on opposite sides of the straight line Ax+ By 4 C = 0 
according as the expressions 

Ax l 4 By x 4 C and A x 2 4 By 2 4 C 

(that is, the respective results of substituting the co¬ 
ordinates a?!, y x and x 2 , ?/. 2 , in the left-hand member of the 
equation of the straight line) have like or unlike signs. 


14. The equation Ax-\-By-\~ G = 0 may be written in 
the forms 



from which, by comparison with the forms y = mx-\-b and 
x/a + y/b = 1 , we see that the inclination of the straight 
line given by the general equation to the axis of x is 
tan -1 ( — A/B) if the axes are rectangular and 

tan 1 (-~ A sin " ) 

\B — A cos to ) 

if the axes are oblique ; and that the intercepts on the 
axes of x and y respectively are — C/A and —G/B. 



22 


THE STRAIGHT LINE. 


15. The reduction of the equation Ax -f By A G = 0 to 
the “ perpendicular ” form x cos a Ay sin a — p (the axes 
being rectangular) requires a little more care. Since the 
sum of the squares of the coefficients of x and y in the 
reduced equat ion has to be unity, we must reduce by 
dividing by VA 2 + B 2 . The equation then takes the form 

_ A. _a, _ B — y = —=£=. (1). 

AAt + B*' AA^B- VA' + B 1 

Remembering that p is necessarily positive [§ 10 (E)], 
wo see that equation (1) is the correct reduced form when 
0 is positive, and equation (1) with the signs changed all 
through is the correct reduced form when C is negative. 

The perpendicular from the origin is or 

_- according as C is positive or negative. 

>/A % + & 

For oblique axes, comparing the equation Ax A By A C 
with x cos « Ay cos (<*> — a) = p, we have 
—p/ 1/(7 = cos a, 

_ J]/C — cos (<u — a) = cos co cos a + sin w sin a. 

/. —pB/C+pA cos t o/G = sin sin a 
an q —pA sin = sin oi cos a. 

Squaring and adding, 


0 


{(A cos “ 


A) 2 A A 2 sin 2 coj = sin 2 w, 


• • 


P 


C sin <■> 


\/A 2 -t- B 2 — 2 AB cos u) 


and the reduced form of the equation is 

A sin B sin to 


V(A 2 AB 2 —2AB cos ui) 


x 


\/(A 2 + B 2 — 2AB cos w) 
C sin oi 


y 


___ __ ... ( 2 ), 

^'(A 2 A B 2 —2AB cos lA) 

if Q is positive, and the same equation with all the signs 
changed if G is negative. 




THE STRAIGHT ETNE. 


23 


16y To find the perpendicular distance of the point 
( [oc*TV ') from the straight line or, cos a-\- y sin a = p, the 


axes being rectangular. 

Let AB be the straight 
line, P the point (x\ y '), 
d the required length of 
the perpendicular /VP, P 
being assumed to lie on 
the opposite side of AB 
from Os ' ■■-**-' 

Draw A PB' parallel to 
AB through P, and draw 
the common perpendicu¬ 
lar OTT' from 0 on AB 
and A'B'. 

Then OT = p, and angle 

XOT=a [§10 (E)]. The 

perpendicular from 0 on A'B ' is of length OT', and makes 
an angle a with OX ; hence the equation of A'B' is 

x cos a + 2/ siu « = OT' = p + d. [§ 10 (E)] 

The coordinates (a;', y') of P satisfy the equation of 

AB y /. x cos «-+ y sin a = p + d : 

tl = oc' cos a + ?/'siii a—.. .(24) ; 

so that the length of the perpendicular is the result of 
substituting the coordinates of P in the expression 
x cos a + y sin a — p. 

To verify geometrically, draw PM the ordinate of P, 
and MU perpendicular to OT', and note that equation (24), 
interpreted geometrically, becomes NP = 0U + UT' — OT. 





45. Find whether the points (1, 1) and (2, 2) lie on the same or oh 
opposite sides of the lino x— 3 y+ 5 = 0. 

40. Show that the origin aha the three points (1, 1), (0, §), (g, —3) 
are in the four different compartments made by the lines , 

3# + 2y = 1 and fix + 3y = 2. 

47. Reduce (<A the equation 3z + 4y —10 = 0 to the perpendicular 
form, the axes being rectangular ; (b) the equation ar + y + 4 = 0to the 
perpendicular form, the axes including an angle of 00°. 

48. Prove that, for oblique axes, the length, of the per¬ 
pendicular from (oc\ y') on or cos a + ?/ cos («—a) = p is 

or' cos a +y' cos (« — a)—p. 
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17. By reducing’ the general equation Ax 4- By + G = 0 
to the perpendicular form, we see that (without regard 
to sign) the length of the perpendicular from (x\ y ) on 
Ax T By-\-C = 0 is 

/></'+ C .(25) 

•/A*+1X 

for rectangular axes, and 


Aac'+By'+C 
s/( A:-+1* 1 — % A B cos o>) 

for oblique axes. f 

18. Sign of the expression for the perpendicular. 

So fai* we have dealt with the length of the per¬ 
pendicular. We must now consider its sign. It is 
evident that this cannot be found by the mere sub¬ 
stitution of the coordinates x', y' in the expression 
Ax-\- By -f- 0, since the general equation may be equally 
well written in either of the forms Ax 4- By 4- (& = 0 or 
— Ax — By — G = 0. It being therefore impossible to assign 
any absolute sign to the perpendicular, we fix its direction 
by finding on which side of the given straight line the 
point ?/) lies. The simplest plan is to find whether 
( x\ y /s ) lies on the same side as the origin or on the opposite 
side, and this is done by substituting in turn the co¬ 
ordinates of (x\ ?/) and the origin in the expression 
Ax 4 -By -f (7, and observing whether the results have like 
or unlike signs (§ 13). 


sin to ...... (26) 


Example.—Find the perpendicular distance of the point («, h) from the 
line x/a + y/b = 1, the axes being rectangular . 

The required distance is 
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, To find the angle between two straight lines 
whose equations are given. 

Rectangular axes .—Let y = m x x-\-b x and y = vi 2 x + b 2 be 
the equations of the straight lines, G x and 0 2 their in¬ 
clinations to the axis of x, </> the angle between them. 

Then <f> = 0,— 0 2 , tan 0 X == tan 0 2 = r? i . 2 ; 


• • 


tan <f) 
tan <f> 


tan 0 X — tan 0 2 
1 + tan 0 X tan 0 3 9 

^ i . 

l+Wi,1W 2 


(27). 


[Note that, if we reverse the order of the lines, we get. for tan <7> 
the same value with the opposite sign ; that is, the tangent of the 
supplement of <£.] 


Oblique axes .—Here 


whence 


, n ?)?, sin to , ^ m., sin o) 

tan 0, — - 1 - ; tan 0, — -— -, 

1 4- ?»j cos to - 1 4- m. 2 cos a« 



tan </> 


(?>?,— m 2 ) sin ta 


1 + COSw + ^jliL 


(28) 


49. By reducing the general equation of the straight line to the 
“ tangent ” foi*m y = mx + &, show that the angle between the straight 
lines whose equations are A x x -*• Ii x y + C x = 0 and A 2 x + li,y + C 2 = 0 is 

tan -1 d* B \- A \*h or tan -1 (A 2 B X — A ,7L >) sin _ 

A X A 2 + B X B 2 A x A 2 — (A x B 2 + A 2 H\) cos w + Ii x B 2 ’ 

according as the axes are rectangular or oblique. 

The student is advised not to commit this last result to 
memory. In working numerical examples in practice, it 
is best to reduce first to the “ tangent ” form, and then 
apply formula (27) or formula (28), as the case may be. 

Two results, however, should be remembered : 

(«) The condition of parallelism (tan <f> = 0) is 

m x = m- t or A x /A 2 = JBjB., . (29) 

for both rectangular and oblique axes. 

(b) The condition of perpendicularity (tan <f> = co ~) 

for rectangular axes is 

= — 1 or A % A t = —B X JB. . (30). 
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Hence the equation of any straight line parallel to 
Ax + By+C = 0 may he found by a suitable alteration of 
the constant term only (for the ratio A : S remains 
unaltered). Any particular line of this series will be 
defined by a second condition besides that of parallelism 
to Ax 4- I3y+ G = 0, and this second condition will determine 
the value to be given to the constant term to obtain the 
equation of the particular line in question. 

If the axes are rectangular, the equation of any straight 
line perpendicular to Ax -f- I3y -}- G = 0 may be found by 
interchanging the coefficients of x and y and changing the 
sign of one of them, leaving the constant term to be 

determined as before. 

Exercises. 

[Nos. 50-60 arc for rectangular axes.] 

50. Find the perpendicular distance of the point (&, «) from the 

line xja -t- yjb =2. ' 

51 Show that the origin is equidistant from the three straight lines 

4.r+3//+10 = 0, 5a;-12y + 26 = 0, lx + 24y = 60. 

52. Find the coordinates of the vertices of the triangle whose sides 
are 3-tf + y = 7, 3y-* = 1, and ?» + *+ 11 - fl ; and hn<l the lengths 
of the perpendiculars from these vertices on the opposite sules. 

53. Find the angle between the straight lines y — VSx — 5 = 0 and 
VSy — # + 6 = 0. 

54. Find the angle between the straight lines 2x — y + l = 0 and 
11#—(8 + 5 \/%)y + 5 V3 — 0. 

55. Find the angle between the straight lines y — mx + b and 
(mi — l)x— (mi + l)y = {m-—l)b. 

56. Find the equations of the straight lines through (—1, — ?> ) 
parallel and perpendicular to x + ly = 2. 

67. Find the equation of the straight line through the origin per¬ 
pendicular to the line joining the points (3, —6) and (4, 5). 

58 Find the equations of the lines through the origin making 
angles of 60° with the line x + yV 3 + 3 VS = 0 ; also the coordinates 
of the points where they meet the line. 

59. Find the point on the axis of x whose perpendicular distance 
from the line Sx + 4y = 12 is 4, and which is on the side of the line 

remote from the origin. 

60. Find the coordinates of the foot of the perpendicular from the 
point (h, 7c) on the lino mx + b. 

61. Find the condition that the lines 2x + 3y = Sx 7cy = 2*_ Jje 

parallel, the angle between the axes being 30°. ^ 
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62. What is the valuo of 1c if 3.r + 4 y — 5 ami 4x + ky = 3 arc 
perpendicular, the angle between tlio axes being tan -1 ipz ? 

63. Find the angle between the straight lines whose equations are 
y = .r.^3 + 5 and y = Aj; x /3 + 2 , the axes being rectangular. 

64. Find the angle between the straight lines whose equations are 
2.r —y + 7 = 0 and 3.r + 6y —8 = 0, the axes being rectangular. 

20. Coordinates of point of intersection of two 
straight lines. 

•We have already seen (Art. 9) that the coordinates 
of the point of intersection of the straight lines 
A x x 4 B y y + C x = 0 and A 4- B. 2 y -f C 2 = 0 are obtained 
by solving these two equations simultaneously for x and 
y . We find by solving that these coordinates are 

B,C 2 — B 2 G x C x A 2 -C 2 A x 

A x B 2 - 


! 


f 21. Coition 

1 lines. 

The condition 
equations are 


that the three straight lines whose 

fA 1 x + B l y + C 1 = 0 . (1), 

[~A 2 x + B 2 y + C 2 = 0 . (2), 

A a x 4- B 3 y 4- C 3 = 0 . (3) 

should be concurrent is that the coordinates of the point 
of intersection of (1) and (2) should satisfy the equation 
of 3 ; that is 

4*(B l C 2 -B 2 C x ) + B a (C l A 2 -C 2 A x ) + C a (A x B 2 -A 2 B l ) = 0. 

The student is advised not to commit this result and that 
of § 20 to memory ; it is sufficient to grasp and retain the 
principle. 

The student acquainted with the theory of determinants should 
observe equation (a). The condition of concurrency requires that 
equations (1), (2), and (3) should have a common solution in x and y. 
Eli m i n ating x and y from the equations, the condition for this is 


A 1 , B 


i> 


A o 


2 * 


B 

B 


2» 


C'i 

c 2 


= 0. 


^ 3 ’ ^3 

The above equation is simply the expansion of this condition. 


. Find the coordinates of the point of intersection of the straight 
lines 4x + 3y = 10 and 3x+5y = 13. 


* 

/ 


-A 2 B x A x B 2 —A 2 B X 

of concurrency of three straight 
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22. Equation of a straight line passing through the 
point of intersection of two given straight lines. 

The equation 

Ay 00 + JB x y + Ci + Jc (A 2 oc+B 2 y + C 2 ) = 0 ... (31) 

represents, for all values of k, some straight line passing 
through the point of intersection of AyX-\- B^y + Cq = 0 
and A 2 x -f- B. 2 y + C 2 = 0. 

For equation (31) is of the first degree in x and y , 
and therefore represents some straight line. Further, 
since the coordinates of the point of intersection of 
A^x-^t Z?j7/ —h Ci = 0 and A^x -f B 2 y-\- C 2 = 0 satisfy the 
equations of both these lines, they also satisfy equation(31). 
Hence that equation represents a straight line through 
the point of intersection of the two lines. 

By giving a suitable value to A*, we can make the 
straight line represented by equation (31) satisfy any 
second condition. 

Example.—Find the equation of the straight line jjarallcl to the axis 
of V drawn through the point of intersection of x—7y+5 = 0 and 
3x + g — 7 = 0. 

The equation of any straight line through the point of intersection 
is of the form 

# — 7y + 5 + 7c{3x + y— 7) = 0 or (1 + 3k) x + (A — 7)y + 5 — 7k — 0. 

v^If this line is parallel to the axis of y, the coefficient of y is zero; 
heilce 1c = 7, and the equation becomes x— 2 = 0. 

Exercises. 

66. Find the equation of the straight line drawn through the same 
point of intersection parallel to the axis of x. 

0,7. Verify the results of the two preceding problems by finding 
the coordinates of the point of intersection of z—7y + 5 — 0 and 

3x + y — 7 = 0. 

23. Following out the reasoning of the last article, the 
condition of concurrency may be presented in a form 
which is sometimes useful. If we can find three constants 
Z, m, n such that the expression 

l (A^+KM+C^+nt (A 2 ac + JB 2 y + C 2 ) 

(ALsOC + JB^y+Ct) (32) 
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is identically equal to zero [i.e. is zero for all values of 
x and y, which requires that the eoeflicient of «t, the co¬ 
efficient of y, and the constant term in (32) should each 
be zero when the appropriate values are given to Z, m, 
and then the three lines are concurrent. 

For let the first two intersect in the point (.F, y'). 

Then A x x -f B x y’ + G v ==_0„ dz JJ«V -• -f Co = 0. 

But 

Z (^a/-f #,*/' + 0,)+ m ( A 2 x' + B,tj + C\ 2 ) + n (^ 3 a/ -f 7? 3 ?/ -f O,) 

- 0, 

since expression (32) is zero for all values of x and y. 
Hence A z x -f B 3 y' + 0 3 = 0. 

Hence (a/ , ?/') lies on the third line also ; that is, the 
three lines are concurrent. 

The only use of this method lies in the fact that in 
some cases we can fix the values of Z, ?w, and n by in¬ 
spection. The most common case is where the equations 
of the three straight lines are given in such forms as to 
require us to choose Z, in, and n each equal to unity. 

[Tlie student acquainted with the theory of determinants will notice 
that we arrive by this method at the same condition as before. For, if 
expression (32) is to be identically zero, we have IA X + mA» -f nA ~ 0, 
IB X + mB 2 + nli 3 = 0, IC X + mC 2 + nC A = 0, and the elimination of Z, m, 
and n gives the equation already found in § 21.] 

Example. To show that the straight lines which bisect the three sides 
of a triangle at right angles are concurrent . 

Choose rectangular axes and let the coordinates of the vertices 
A,B, and C be (x lt */,), (x 2 , y 2 ), and {x 3 , g 3 )\ 

The equation of BC [§ 10 (C)] is 


x — x 2 = V - Vi : 

X 2 a 3 l/2 — y 3> 

or (x-zzHyz-yJ-iy-yJfa-'Xz) = o . («) 

The coordinates of D, the middle point of BC are x - + a 3 y ~ + 

2 2 

and the general equation of any straight line through D is 

*-*^-«(*-*£*) .. {4) 

Val . U6 v f m for , the strai o ht line through D perpend, 
cular to BC, we interchange the coefficients of x and y in (re) anc 
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change the sign of one of them. Hence the equation of the line 
through D at right angles to BC is 

+(y 2 -*)(y-*4*»)-0'. o). 

By symmetry, the equations of the lines which bisect CA and AB at 
right angles are 

- *1) ( * - J ) + (y 3 -yi)(y—^ y~) = 0 .( (/ ) 

= o.«. 

Since equations (<?), (r£), and (<?) when added together vanish iden¬ 
tically, the lines represented by these equations meet in a point. 

r/j. 

A 24f. To find the condition that three points may lie 
on the same straight line. 

Let the coordinates of the points be (x x , t/,), ( x 2 , y 2 )» 
(«r 3 , ?/ 3 ). Let Ax-\- By + O = 0 be the equation of the 
straight line on which they lie. Then, since the co¬ 
ordinates of each point must satisfy this equation, we 

have Ax x + By x + 0=0.0)> 

+ By 2 +0 = 0. (&)» 

Ax 3 + By s -\- G = 0. ( c )* 

From (a) and (6) we have 

A B G 


V\ y 2 + 


a*, 


x \y^T~ x ^yi 


U a c/ ^ A * w * 

Substituting for ^4, .B, and (7 in (3)7 Ave have 

Biy*— x ty\+ x *y*—'*&%+ x *y\— x \y* = 0 . 

as the condition that the points should be collinear. We 
might at once have written down equation ( d ) as the 
required condition, because by § 4 it expresses the con¬ 
dition that the area of the triangle whose vertices are the 
three points should be zero. ; 


will 


■ nn Dtuuviru f? AVU. vxav vxaw* j ^ ^ - 

uize equation id) as the expansion of the equation 


= o. 


*u Vu 1 
*2> 1 
*3, 'J3> 1 

which expresses the result of eliminating A, B, and C from equations 
(a), ( b ), and (c).] 
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Example. (>.).—ABC is a triangle. The internal bisectors of the angles 
A and B cut BC and CA in D and E, and the external bisector of the angle 
C cuts AB in F '. T*rove that the points D> E , F‘ are collinear. 

Let the coordinates of A, B , C be (*„ y,), (* 2 , y„), (y 3 , //.,), and the 
lengths of the sides BC, CA , be </, b y e. Then, using- tlie theorems 
of Euc. \ I. 3 and VI. A, the coordinates of D , E, and F' are (§ 3) 

/ hr 2 + ex 3 ^// 2 <?/ / 3 \ / cr 3 \ — /<.r 2 ay l — by.-, \ 

V b + c ’ b + c )* \ c + a 9 c + a ) 9 \ a —b ’ a — b ) * 

AVe can substitute these coordinates in equation (</), and the result 
follows ; but the practised student will see by inspection of the co¬ 
ordinates that F' divides OF externally in the ratio c + a : b + c. 
($ 3 0 

D <? X n nple O ’ 1 ’-)-—More generally , if A\ B\ C' be points taken on the sides 
BCy CA , AB of a triangle , produced if necessary , so that 

BA’ CB' AC' _ 

A'C * B A ' 

then the points A\ B', C’ are collinear. 

For Jet A' divide BC in the ratio m : n and let B' divide CA in the 
ratio nil; then, by the conditions of the problem, C' must divide 
^B iu the ratio /:— »i y and the proof is the same as in Example i. 
with the substitution of l , m, n for a } b y c . 


68. Find the equation of the straight line joining the point 
terseciion of the lines Zx + 2y-o = 0 and 4x + 3y + 7 = 0 to tin 
(3, 1). 


of in- 
lie point 


69. Find the equations of the perpendiculars from the vertices on 
the opposite sides of a triangle, having- given that the equations of its 

sides are 3r + y = 2 r + 2y = .5, 2x-iy + 1 = 0 . Find also the point 
of intersection of these perpendiculars. 

70. In the same triangle find the equations of the lines through the 
vertices parallel to the opposite sides. 

J} * Find the equations of the lines which pass through the point 
of intersection of the two lines 3 a*+ 4// — 11 = o and 7y—x — 13 = 0 
and are perpendicular respectively to the lines themselves. 

72. Show that the following straight lines pass through one point: 

(b + c) x + ay = d y 
(c + a) x + by = d , 

(a + b) x + cy = d. 

8id 7 J'of > I°W« t J^n th<> P ?f peur H cularrt fl0m the-vertices on the opposite 
sloes of a triangle pass through one point. 

COOBD. QEOM. 


3 




32 THE STRAIGHT LINE. 

'' x fr-jf 

4 *25./ To find the equations of the bisectors of the 

angles between the straight lines whose equations 
referred to rectangular axes are 

oc cos «! + ?/ sin aj- p x =0 and sr cos a>-f?/sina,-^. 2 = O. 

If (x, y ) is a point on either bisector, the perpendiculars 
from (<t', y ') on the two lines are equal in length. Hence 

(§ 16) we have 

x cos cq -j- ?/' sin «,—= dr (a/ cos a 2 + y sin a 2 — 



Fig:. 19. 


Hence every point on either bisector satisfies one or other 
of the equations 

oc cos cq+f/ sin a x — j>\ = — cos a _>+2/ s ^ n a 2 — P 2 ) •••(34), 

which are accordingly the equations of the bisectors, one 
bisector being given by the positive and the other by the 
negative sign. 

"\Ye must now consider the question of the double sign. 
If AB and CD be the given lines, and P X P 2 and P 3 P 4 the 
bisectors, one of the bisectors (/>,/>* in the figure) will 
pass through the compartment AQC in which the origin 
lies. Every point oh the portion QPv of the bisector is 
on the same side of both the given lines as the origin. 

j pHar lft « • \ J&tpl %•, • . 

\y ■ "| » -f_ * ’ . ~..y- 

"JWK* ' t ; ? 
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Now the lengths of the perpendiculars from the origin 
on the two given lines (being Pl and Pt ) are the results of 

+K " coordinates of the origin in the ex- 


substituting the 

o 

pressions 


and 


— (x COS -f- y sin a, — p t ) 

— (x cos a., -f y sin ci 2 — jx 2 ). 

Hence^ the lengths of the perpendiculars from any 
point (x , y ) on QP \ are the results of substituting the 
coordinates x’, y for x, y in the same expressions. 
Hence the equation of QP , is 

— (aicosrq-t-ysina ,— Pl ) = — (x cos «„ + y sin a ,~ Pt ) 
or a- cos c (l + y sin a,— Pl - x co.~ o 2 + y sin « 2 — Pi . 

L p tlle P° sl tive sign in (34) corresponds to the bisector 
{PQP, m the figure) which passes through the compart¬ 
ment m which the origin lies ; and, by similar reasoning 

the negative sign corresponds to the other bisector (POP 
m the figure). v av 4 

Oblique axes—In the same way the equations of the bisectors of 
the angles between the straight lines /cos a i + y cos^ -a )-1- 0 
and r cos a, + y cos („ - a 2 ) -p . 2 = 0 are 1 J ~ 0 

ascosa.+ j/cos (»-a,)-/>,= ± {x cos a ; + y cos (<a-o.J - Pl )} 


v-ith the same interpretation of the alternative sign as for rectanLmfw 

= 4 i ^ nd the equations of the bisectors of the 
a4|les between A^+B.y+C^O and A.x + B^+G, 

Kednce tlie equations to the perpendicular form by 
means of § 15, and apply the reasoning of the last article^ 

he equations of the bisectors are found to be for rect 
angular axes . A ACCL 


AjOc + B^/ -f- C\ 

Va7+b7~~ 

M^d for oblique axes 

r \/ ^ av+ bm+c, 

W 7 "" ‘SAi’ + Bi t -2A l B l COSO. 


Apr -f B ntf Q, 2 

'SaJ+bT~ 


(3 6) r 


Ape -f ~ B,t/ -}- C, 

-- ■ _ . * 4 


•/A t * -f- B*-2A,B*coe* 

.(37) 
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In eacli case the sign which makes the constant 
terms on both sides of like sign will correspond to the 
bisector which passes through the compartment con¬ 
taining the origin. The student should notice that the 
factor sin w has been cancelled from each side in reducing 
equation (37) from the expressions obtained in § 15. 


Example (i .).—To find the bisectors of the angles between the lines 
3 x+Ay = 7 and 8 x + 6y = 13, the axes being rectangular. 

The equations of the two bisectors will be included in the formula 

3x + 4y — 7 _ 8# + 6// — 1 3 

•v/^T 2 


or 2 (3# + 4y-7) = ± (8#+ 6y-13) ; 

therefore the required equations are 

1 2x — 2y+l=0 and 14# 4- 14y — 27 = 0. 

* ' [Example (ii.).— Show that the internal bisectors of the 
angles of a triangle are concurrent. 

Choose the origin of coordinates within the triangle and let the equa¬ 
tions of the sides BC, CA , AB referred to rectangular axes be 

X COS ai + g sill cq —p\ = o. ( a )y 

! x COS «2 + y sin a <2 —P2 — 0 . 

X COS o 3 + It sin a 3 — p 3 = 0. ( c ) • 

The internal bisector of the angle A passes through the compartment 
in which the origin is situated ; hence its equation is 

(x cos o.y + y sin a. 2 —p 2 ) — (#‘ cos a :i + y sin a 3 —p 3 ) — 0 . (d). 

By symmetry the equations of the internal bisectors of the angles 

B and C are . _ n / \ 

(x cos o 3 +■ y sin a 3 - p 3 ) — cos a 1 + y^na l -p l ) — U . K e )x 

and {x cos a x 4- y sin oj — P\) — (# cos o. 2 + ysino^-^) = 0.• (/)• 

Since the total of the left-hand members of equations (rf), (*)> and (/) 

is identically zero, the lines represented by these equations are oon- 
> [Observe that the proof is identical in principle with that of Euc. I\ . 4.] 

Ji 27 Abridged notation. —In Coordinate Geometry it 
is often possible to simplify algebraical processes by the 
use of abridged notation. Thus in the above example i\-e 
might use the symbols a, f3, and y to denote the expi es- 

sions . , . _ \ 

(x cos «! + y sin a,— 2h)> (x cos « 2 + y sin a a — i> 2 h 

an d .. (x cos CI 3 4 y sin a 3 — 
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With this notation the equations of the sides of the 
triangles would be « = 0, p = 0, y = 0. The equations 
of the internal bisectors of the angles A , B , d? would be 

P — y = 0, y —a=0, a — /? = 0, 

and it is evident that the total of the left-hand members 
of the last three equations is identically zero. Plainly 
the use of abridged notation cannot alter the proof; it 
only serves to shorten the algebraical work. 


The student must remember that the simplicity of equations 
i e )* (/) for the bisectors of the angles depends upon expressing the 
equations of the sides in the perpendicular form. When usin<>- 
abridged notation he should carefully adhere to the established con" 
vent ion, which is to use the letters u, £. y for the abridgments of the 
lett-hand members of equations of straight lines written in the 
perpendicular form—that is, for the abridgments of expressions of 
the form (.r cos oj + y sin «j — p x ) alone. For the abridgments of the 
left-hand members of equations of straight lines written in the general 

;° rm_ T tl,a f 1S > f° r f he abridgments of expressions of the form 
( * jL i_ By + C) — the letters «, v w should be used. 


Exercises. 

74. bind the equations of the bisectors of the angles between the 
straight lines 3x-±y + 7 = 0 and VIx + by-9 - 0. 

75. Find the bisectors of the angles formed by the following pairs 

of stiaight lines, and find also the equations of the lines joining their 
points of intersection to the origin :_ ° 

(i.) y = 2.r—4 and y = 3x -6. 

(ii.) x + y— 3 = 0 and 7£ — y +- 5 = 0. 

76. Find the internal bisectors of the angles of the triangle whose 
sides are the lines 

4 x + 3y + 7 = 0, bx -t 1 2y + 20 = 0, and 3.r + A y + 8 = 0. 

77. If p , q, r , the perpendiculars from a point P on the sides of a 
given triangle, are connected by the relation Ip + mq 4 nr = 0 where 
q wi, n are constants, show that the locus of P is a straight line. 

itoFthe 1 fl e r5?dS!SJ 25 2 and %)] ^ ab ° Ve n ° tation is + *Y = and so 

that * he f xternal bisectors of two angles of a triangle 
.nd the internal bisector ot the third are concurrent. 

- choosing the origin within tlie triangle, and taking a = 0 B=0 -v = n 

Art. 13, by choosing l = \, -l, ~ n = fj ^ “ °' The thcorem follows from 


/ 
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- £ 

\ ^28; The homogeneous quadratic equation of the 
second degree in oc and y represents two straight 
lines through the origin. 

Let the equation be 

ax 2 4- 2hxy + hy 2 = 0 . (°0* 

Solving as a quadratic in y, we have 

_ * * _ ^ x 


/ (7t* —ofe) and 
/> * 


V (Jr-ah') 


which are the equations of two straight lines through the 
origin. These two straight lines form the locus repre¬ 
sented by equation (a) ; for the coordinates of any point on 
either straight line will satisfy equation (a). 

These lines are real if h 2 > ah, coincident if 7r = ah, 

imaginary if h~ < ah. 

The above results hold equally for rectangular and 
oblique axes. 

Note carefully that h is the coefficient of 2 xy and not 
. of xy. 

29. To find the angle between the two straight 


•* « —^ — - • 

lines represented by the equation 

rtX 2 + 2/i£t’i/ + &2/ 2 = O. 

If the equations of the straight lines are y—m l x = 0 
and y — m 2 x = 0, the expression a.xr + 21ixy + by\ when 
divided by b so as to reduce the coefficient of y 3 to unity, 
must be the product of the factors y—ni x x and y — m./e ; 

m, + m. 2 = —2 h/b, m,m, = a/b. 

Rectangular axes. —If <f> be the angle between the lines, 

tan <j> = ( TO i—w 2 )/(l+«bm.,). (§ 19) 

Now (m l -rn i y= ( >n l + m s ) 3 — — 4 (7r — ab)/b' 2 ■ 

. *.-k _ -i- 2VV —cib (38). 


tan 


w 

The double sign corresponds to the fact that the angle 
between the lines may he equally well taken as being <f> 

or its supplement. I ! 

The condition for coincidence of the lines is 

Ji 1 = ub ..... 


(39) ; 
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that is, that the expression ax 2 -\- 2h.vy -P by- should be a 
perfect square. ' 

The condition for perpendicularity is 

a + b = O.(40). 

Oblique axes .—Here 

, *. (»ii—ra.>) sin lj 

tan <f> = - —^-, 

1 -p 4- ui 2 ) cos w + m x m. 2 

whence tan c/> = ^ */(h 2 ^^ )fs ino? .(41). 

— 2/t cos (o \ 

The condition for coincidence is Jr = ah , as before. 
The condition for perpendicularity is 

a + b — 2/t cos a) = O t.(42). 

The conditions for coincidence and perpendicularity 
should be^remembered. 

:To find the equation of the bisectors of the 
Angles between the pair of lines axr+2hocy+ by 2 = O, 
the axes being 1 rectangular. 

Suppose the lines are 

y — m x x — 0, y—vinX — 0. 

Since from any point on a bisector the ^perpendiculars 
on the lines are equal, we have 

y — m A x __ y — m«x 

a/ 1 -f my v/lf m 2 

where the upper sign refers to one bisector, the lower one 
to the other. Thus the equation ~~ 

(:y - m i X Y — (y —™ ytp 2 

l + m,* 1+W./ 

represents both bisectors. Now it may be written 

(1 -pm 2 2 ) (y —rape) 2 — (1 +m 1 2 )(?/ — m 2 x) 2 = 0, 
or JC 2 [m 1 3 (l + m 2 2 ) - m *(1 -p m, 3 ) } 

—2a 2 /{m 1 (l + m a 2 )-m 2 (l4- ? V)} +y 2 (l+m 2 2 —1— m/) = 0 
or 

^(Vh* m a 2 ) — {(wj- w 2 ) (1— m,ra 2 )} -p 2 / 2 (m 2 2 —m L 2 ) = 0. 

(a; 2 = 2xy(l — »ijm 2 ), since m- m 2 =£ 0. 




{ 


! 

* 

« 

i 

-T 


f 


> 


’ 


l 


f 


t 


j 
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But ?n 1 4-?n 2 = —2 h/b, m^m 2 = a/6, 

and therefore the equation becomes 

2/i/fc) = 2,^(1 -a/6) 

or (x 2 ~y 2 ')h = 

arr — y 


i.c., 





( 43 ) 


In this form the equation, which is extremely im¬ 
portant, can be easily remembered. 

Example*—To Jind the equation of the lines bisecting the angles between 


the pair of lines 


Using* the formula 


3.v- 4- xg — 2g- = 0. 
~ !r _ V/ 

a — b h ’ 


we get the equation 
or 


X- — ;/2 xg 
3-(-2) = t 
x~ — 1 0.i g — g 2 — 0. 


Exercises. 

79. Find the separate equations of the straight lines whose joint 

equation is x 2 —oxg + 6g 2 = 0. " 

80. State what loci are represented by 

(a) xg = 0. ( b ) g- = 0. ( c) x 2 4- y 2 = 0. 

(d) xg + g 2 = 0. {e) x 2 — 2xg + g 2 = 0. (/) g 2 + 1 = 0. 

(g) (x — a) 2 +[g-b) 2 = 0. ( h ) xg - 3x — 2g + 6 = 0. 

SI*. Find the angle between the lines whose joint equation is 

2x 2 — 3 xg t g 2 = 0, 

the axes being rectangular. _/ 

8*2. Find the straight linos represented by the equation 

if - xg — Ox 2 = 0 , 

and find the angle between them. 

83. Find the angle between the lines represented by the equation 

3 9.r 2 — 96a;// + 11 g 2 = 0. 

84. Show that the pair of lines x 2 + 2xg sec a + g 2 = 0 are always 
real, and that the angle between them is a. 

So. Show from their equation that the bisectors of the angles 
between ax 2 + 2 hxg 4- bg 2 = 0 are at right angles. 

86. If a = b, show that the lines ax 2 4- 2h xg 4- bg 2 — 0 have the same 
bisectors of angles as the axes, and hencethat one of the lines makes 
the same angle with OX as the other does with OY. 



TIIE STRAIGHT LINE. 


39 


of axes.—To change the origin of 
coordinates without changing the directions of the 


axes. 

Let OX , OK be the old axes. Let 0'X\ O'Y' be the new 
axes parallel to OX , OK. Draw OH and HO', the abscissa 
and ordinate of O' 
referred to the old 
axes and let the co¬ 
ordinates of O' re¬ 
ferred to the old 
axes, be h, A*, so that 

OH = h, HO ' = k. 

Let P be any point, 

OM and MM'P its 
abscissa and ordinate 
ref erred-to the old 
axes, O’M' and M'P 

its abscissa and 
ordinate referred to 
the new axes. 

Let a?, y be the coordinates of P referred to the old 
axes; a', x/ g its coordinates referred to the new axes. We 
wish to transform an equation in x and y into the corre¬ 
sponding equation in x' and y . Hence we want to express 
the old coordinates x, y in terms of the new ones x\ y\ so 
that the transformation can be performed by direct sub¬ 
stitution. - We have clearly 

... OM = /i -f 0M\ MP=k + M'P 

ov oc=:ac'+/i, y = y’+Ic .( 44 ). 

We have therefore to write ) for x and (y +k) 

for y in the equation which we wish to transform. "We 
thus get an equation in a;', xj . As x\ y f#e our new 
current coordinates, we get our transformed equation by 
suppressing the accents in the equation in x\ xj . Clearly 
therefore we can perform the transformation in one* step 

y writing (aj-f -h) for a? and ( y-\-k ) for y in the equation 
which we wish to transform. 

The proof applies equally to rectangular and oblique 
axes. 
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32, To find the 
tion of the second 
lines. 


condition that the 
degree may represent 


general equa- 
two straight 


Let the equation be 

a.rr-\-2/t xy + by 2 + 2y.r + 2fy + r 


O ... (45). 


[The student should notice this equation. It is in reality sym¬ 
metrical, the left-hand member being* the form taken by the sym¬ 
metrical expression 

ax' 1 4 - by 2 4 - cz~ 4 2 fyz 4 - 2 yzx 4 ! 2hx)f 

when c is equal to unity. Consequently, in equation ('/), f corresponds 
to y, // to x\ and h to .»•//. Note that g is the coefficient^ of 2.x 9 and 
not of .r, and similarly with regard to /'and //.] 

If equation (45) represents two straight lines, let them 
intersect in the point (.>*,, ?/,). 

Transform the equation by referring* it to parallel axes 
through (.Tj, y,) ; it then takes the form (§ 31) 

a (x + a*!) 2 + 2h (x -4 -*ACy + y,) + b (y + y x )“ + 2 g (x -4- x x ) 

+ 2/(2/4- yd + c = 0; ....... (a). 

4 * Ci Ot 1 _ .4F,. 

Referred to the new axes the equation is the equation 
of two straight lines through the origin, and mustbthere- 
! fore be a homogeneous quadratic expression in x and y. 
Hence the coefficient of x , the coefficient of y , and the 
constant term must each vanish in^aailition (a). 


ci 

\ 


Hence *y \ ^ 1 

yM > 



hxi -4- by, -4- / 
ax,~ + 2 hx,y, + by, 2 4- 2 gx, + 2 fy, -4- c 


0 

0 

0 


(&), 

00 * 

(d). 


Equation LZ) may be written 
x,(ax,+Vf),-\- g) +y,(Jix, + by,+f) + gx,+fy, + c = 0 ; 


9 x i+f*/i + c = 0 


00 - 


Eliminating x, and y, from equations (6), (c), and (e), we 
have 

<tbc + 2fgU—af 2 — bg 2 —cK 2 = O.(46), 

which is the condition required. 

a ^ 
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Equation (46), being' the result of eliminating x { and »/, from the 
equations ^ 

ax i + A//i + g = 0, hx x + +/ = 0 , </x x +fy l + <• = <>, 


is, of course, the expansion of the equation 



", //, y 

K b, f 

<J, J\ c 



C 


The equation of the two straight lines referred to the 
new axes is ax* 4- 2hxy -f by* = 0. The straight lines are 
therefore .parallel to those whose equations referred to 
the old axes are ax* -\-2hxy + by* = 0, and the conditions of 
parallelism and perpendicularity are given by the results 
of § 29, and depend only on the terms of the second 
degree. 

The result of the preceding* paragraph may be verified 
as follows :—Equation (45), if it represents two straight 
lines, must be the product of two linear factors in a* and y. 
Hence in solving for y in terms of x the roots must he 
rational functions of x. Now the equation, rearranged in 
descending powers of y is 


r 

o 


by* 4- 2 ( hx 4-/) y 4- ax 2 4- 2gx 4- c = 0. 

Hence 

y — ~ ( hx 4-/) d- x / (_hx 4-/) 2 — b ( a x* 4- 2gx 4~ c) 

/ • A- & 

w 

The quantity under the radical must be a perfect square ; 
i.e. (Ji* — ab)x*-\- 2{lif — bg)x 4- (/ 2 — be ) must be a perfect 
square; hence ( h 2 — ab)(f 2 — be) = ( hf — by)*, which reduces 

abc 4- 2fgh — af* — bg* — ch* = 0. 

Exercises. 


87. Find what the following equations become when the origin is 
transformed to the point (1*^4). 

(a) x 2 + xy — 3x — y + 2 = 0 . (b) xy — y- — .r + y = 0 . 

(c) xy — x — y + 1 = 0. {d) x 2 -y- — 2x + 2 y = 0. 

88. Transform the equation — + --1 = U by referring it 

to parallel axes through the point (a, 0). 





f 

♦ 





** • 
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89. Transform the equation ^ cos a + y sin a = p by referring* it to 
parallel axes through the point (p cos a, p sin a). 

90. Transform the origin to the point ( —y, —f) in the equation 

Z'2 + y2 + 2 fjx 4- 2fy + C = 0, 


( 



91. If the equation ax- + 2hxy + bif- + 2y.r + %fy + c = 0 represents a 
pair of straight lines, show that they intersect in the point 

hf—by lip — of \ 

ah — //-’ ub — h 2 ) * 

[Solve for x\ and x/ t from equations ( b) and (c).] 

92. Perform the corresponding transformation when the equation 
does not represent a pair of straight lines. 

[Here we can still, by choosing: the coordinates of the new origin to satisfy 
equations ( b) and (r),get a transformed equation with zero coefficients for a? 
and//, but the constant term, instead of vanishing, will be gx x +fu\ + c where 

.r, = -y bfl i/| —b(l—(if and the transformed equation will be 
ab—h 2 ah — h 2 

ax* + 2hxy + by* + a -^£± 2 f9 h -af 2 ~ b(/ 2 -ch 2 Q -j 

ab-li 2 J 


Note this result hereafter as an introduction to Chapter VI. 

[The student acquainted with the theory of determinants will note in Ex. 
that the coordinates of the new origin are ^ t ~=, and that the trans- 


J 


a, h, (j 
h, b, f 
c 


and capitals 




formed equation is a.v 2 + 2Ji.vy + by 2 + = 0 where A = 

A V ^ \ 

c\enote the minors of the corresponding small letters.] 

93. Show that the equation x 2 — t/ 2 — x + 3// — 2 = 0 represents a 
pair of straight lines; find them, and show that they are at right 
angles. 

94. Draw the locus of the equation (# + //— l)* 2 — 4.r 2 = 0, and find 
the point of intersection of the lines which it represents. 

95. Show that the equation x- — bxy + 4y 2 + x + 2y — 2 = 0 represents 

a pair of straight lines, and find their point of intersection and their 
equations. '4^ 

96. By transferring the origin to the point ( — 1, 2) show that the 
equation x- + xy — y 2 + 5 y — 5 = 0 represents a pair of straight lines. 

1 Then, by changing the origin back again to its original position, 
show that the equation of the bisectors of the angles between them is 

# 2 —4 xy 2 —y 2 + 10x4-5 = 0. 

97. To what point must the origin be transferred so as to remove 

the terms of the first degree in x- + xy + 2y 2 — 7x — 5y + 12 = 0, and 
what does the equation then become ? - 
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To change from one set of rectangular axes to 
another, the origin being unaltered. 



Let the new axes OX', OY' be inclined to the old axes 
OX, OY at an angle 6. 

Let the coordinates of any point P referred to the old 
axes be ( x , y) and referred to the new axes (x, y'). As 
explained in § HI, what we want to do is to express x and 
y in terms of x and y'. 

Draw PM, PM' perpendicular to OX, OX draw M'R 
perpendicular to OX and M'Q perpendicular to PM . 


Then 
and 


• • 


(47). 


OM = OR-QM' 

PM = RM' + QP . 

cp = oc' cos 6 — y' sin 0 

V = oc' sin 0 + y 'cos 6 

.. Hence, on suppressing accents, the transformed equa¬ 
tion will be obtained by substituting (x cos A — y sin 0) for x 
and (x sin 0 + y cos 6) for y in the original equation. 

Example (i.) — The axes being rectangular , show that the equations 
connecting the old coordinates r,y, with new coordinates x', y', referred 
to rectangular axes^ inclined at an angle 0 to the old axes with the new 
origin at the point (h t h) are 

x — h + x' cos 0 — //' sin 0, 
y = k + x? sin 0 + y' cos 0. 

by tra ?? ferr 1 in K to parallel axes through (h, k), and then 
turning the axes round : or directly from a figure.] 
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Example (ii .)—Find uliat the equation x- + \xy + y- = 0 becomes when 
the axes, supposed rectangular , are turned through an angle 45°. 

Here a = 45 ; 





x + y 



Hence 


or 
i . e. 



Hr 7 -.*/) (*' + .'/) 




(*’ + ?/) 2 
2 



{*' -!/')- + 4 (** - g' 2 ) 4- (x' + V y = 0 ; 
6x’ 2 -2y' 2 0 or y’ = ± v/3. 


This equation shows us that tlie 
two lines represented are inclined at 
angles of 60° on each side of the line 
OX'. Thus, if 0A , OB be the lines, 
we have 

AOX' = BOX' = G0°; 

AOX = 15°, £0K==15°, 

giving- the positions of the lines re¬ 
ferred to the old axes. * 

The reader should verify, by 
solving for g in terms of x, that the 
equation 

x 2 + 4 xg + g 2 = 0 



really does represent two lines one of which makes an angle of 15° 
with OX, and the other the same angle with 0 Y. 


Exercises. 

98. Find what the following equations become when the point 
(— 1, 1) is taken for the new origin :— 

(i.) x = 0 ; (ii.) y = 0 ; (iii.) lx + my + 1 = 0; (iv.) x' 2 —y 2 = 0. 

(v.) 3a; 2 —4 xy + y 2 = 0; (vi.) 2x 2 4 Sxy + 4y 2 — x + y + 1 = 0. 

99. Write down the formuhe necessary for turning the axes round 
through (i.) 30°, (ii.) 225°. 

100. If the axes are turned through an angle tan -1 ^, express the 
old coordinates in terms of the new ; also the new in terms of the old. 

101. Find what the equation 11 x- 1 6xy — y 2 = 0 becomes on turn¬ 
ing the axes round through an angle tan -1 

102. What are the formuhe of transformation for turning the axes 
round through a right angle ? Verify them from first principles. 

34. We have seen that it is usually simplest, in effect¬ 
ing transformations consequent on change of axes, to 
express the old coordinates ( x , y ) in terms of the new 
( x\ y '). There is one case, however, in which it is 



THE STRAIGHT LINE. 


45 


simpler to express x and y' by inspection in terms of 
x and y. Suppose we are given an equation, referred to 
rectangular axes, in the form 

a~ (x cos + y sin a, — p Y ) 2 -4- b 2 (x cos a. 2 + y sin a 2 — p 2 ) 2 = a 1 b 2 

where a., — a x r, and that we -wish to refer the equation 
to the straight lines whose equations are 

x cos a, -f y sin a, — p { = 0 and x cos a 2 -f y sin c/ 2 — p 2 = 0 

as new axes of x and y respectively. (Note that these new 
axes will not be rectangular unless a 2 — a, = |-rr. 

We have x = perpendicular from (a% y ) on new axis of y 

= =b {x cos 4- y sin « 2 — p 2 ). 

Similarly y = (aj cos cq + y sin cq— p x ). 

Hence the equation now' becomes 

o y b~x = a“6" ; 

or, suppressing accents and reducing 

x 2 /a 2 + y 2 /b 2 = 1. 

The ambiguous sign above merely means that we are 
at liberty to choose whichever side we please for the 
positive side of either of the new axes. Frequently, 
however, we shall find that in the transformed equation 
x and y will only occur in even pow ers, in wdiich case the 
curve will be symmetrical with respect to both of the 

new axes, and the question of the ambiguous sign w ill be 
immaterial. 

In performing this transformation the student must 
carefully remember to see that the proposed new axes are 
at right angles, and that their equations are reduced to 
the perpendicular form. 

Example.—Transform the equation 

. _ (3*-4y —10)2 + 4(4* + 3y + 15) 2 = 25 . (A) 

(referred to rectangular axes) in this manner. 

The straight lines 3.r-4y-10 = 0, 4r+ 3y+15 = 0 are evidently 
rectangular, since in passing from the first to the second we have to 
interchange the coefficients of x and y, and change the sign of one of 
them. Take the former line for the new axis of x and the latter for 
the new axis of y. To reduce their equations to the perpendicular 

form, we must divide the expression inside each bracket b\' -s/3' 2 + 4- 
or 5. Equation (A) now becomes 

(f* — f y - 2) 2 + + §y + 3)2 = 1 . 
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Transforming to the new axes, this becomes y'- + 4x' 2 = 1. 
The new equation is therefore 4a- + y~ = 1. 


Exercise. 

103. Transform the equation 

(5a* + 12// — 39) 2 = 52 (12a— 5y + 52) 

(referred to rectangular axes), talcing: the lines 5.r + 12y — 39 = 0 and 
12a*— by + 52 = 0 as the new rectangular axes of x and y respectively, 
the side of the new axis of y on which the old origin is situated being 
taken as the positive side. 


To effect any change of axes we replace the 
coordinates by linear functions of the new ones. 


I. Let the old axes be rectangular. 

Let P be any point ; OX, OY tlie old axes and 0'X r , O'Y' 
the new axes. 

Let the equations of the new axes referred to the old be 

l x x + m,y -b n x = 0, l 2 x + m. 2 y 4- n 2 = 0, 
and let the angle between the new axes be a>. 

Then y sin w = perpendicular from P on 0’X\ 

__ q. + ' rrt lV + 

y/lj+m* 


Similarly 


x sin to 



l. 2 x 4- m 2 y 4- n., 
\/ 7 2 2 4- 


(We have already explained the meaning of the am¬ 
biguous sign.) 

Hence x , y' are linear functions of x and y, say 

x = px 4 -qy + r, y = p'x 4- qy 4- r'. 

Solving for x and y , we see that x and y are linear func¬ 
tions of x and y . 


II. Let the old axes be oblique and inclined to each 

other at an angle Cl. . 

The only variation from the preceding* proot consists 

in substituting the expressions If + m* — 2^?^ cos Cl and 
7 2 _^_ m 3 — 2Z. 2 m 2 cos Cl for and Z 2 2 4-m, 2 under the 

radicals in the denominators of the expressions for 
y' sin cd and x sin <o. 
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^6^ The degree of an equation cannot he altered by 
any change of axes. / 

I. 1 he degree cannot be increased ; (for suppose aid if" 
the term of highest degree. It will be replaced by an 
expression of the form a(p x x + 7 ,?/'-f- r t )'. {px -\- y,y' 4 - r.,)"\ 
and the degree of the term of highest degree in x and* y' 
in this expression is Z-f ?n, just as in ox'y m . 

H. The degree canv,ut be diminished; for, since on trans¬ 
ferring back again we must get back to the original 
equation, the degree would be increased by tin's trans- 
ation. But. since x\ y' are linear functions of x and 

e by I. 

by any change of axes, the origin remain- 
unaltered, the expression 

>^' + 2/#xi/ + & 2 / 2 becomes <i'oc 2 +2h'xy+ b'y 2 , S 

u + b — 2/t cos w <1 +b' — 2/i' cos w 


0 


then 


and 


v 


sin oj 

ab — h? 


o / 

(jJ 




ab'—h ' 2 


n 

v' 


2 


'to' 


sin to 

to, «/ are the angles between the axes in the 




where 
two cases. 

For the expression x 2 4-y*4r-xy cos <0 denotes the square 
ot the distance of the point (x, y) from the origin. This 
istance remains unaltered, since the origin remains un¬ 
altered ; hence the expression a 3 + y 2 4 - 2xy cos trans¬ 
forms into x -+-y 2 T 2xy cos to'. Hence, by hypothesis, 

aa’ 2 + 2 hxy + by 2 + \ (V -f y 2 -f 2 xy cos to) .(A) 

transforms into 

a x “ -+- 2h xy -f- b'y 2 A (x 2 -f- y 2 -f 2 xy cos a/) .(B). 

No .V’.j £ .egression (A) is a perfect square—that is to 
say, it it is of the form (px + qy)*— expression (B) must 
. e a perfect square also; for the transformation consists 
m substituting for (px + qy) an expression of the first 
degree in * and y (§ 35). The conditions that expres¬ 
sions (A) and (B) should be perfect squares, namely, 

(a-h A) (6 + A) — (Zt-f A cos w ) 3 = 0, 

(a q~\) ( b' -\- A) — (li - f-A cos to') 2 = 0. 

C00I1D. qeom. , . 

4 
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must therefore give the same value for A on solution. 
Hence, comparing the coefficients of A“ and A and the 
constant terms, we have 


sm w 


o + fe 




that is 


Sill" u> 

a + b 


a -\-b' - 

2 h cos o> 


2 h COS OJ 
2h' cos oj' 

a'A-h' 


ab — h 2 


a'b' — Ji 2 ' 

2// cos id 


*» 


and 


OJ 

ab 


CO 


h 


db—h 


'Z 


... (47). 


oj sin oj 

Cor. If both sets of angles are rectangular, we have 

u + b = a-\-b' and ab — It 1 = ab' — li l ...(48), 


Invariants. —The preceding theorem may be stated 
in a different way. The result shows that the expressions 


a+ b — 2 h cos oj 


and 


ab — h* 


siu“ oj sin oj 

are the sa^ae as the corresponding expressions after the 

"chfCnged, that is, their values are unaltered by 

_r£-: „ 1 I 1 _ r _ _ _ _ 11 •_•__ ^ 


^ X Iny^fian^h of axes. They are therefore called invariants. 



m 

To find the equation of the straight lines join- 
g the-origin to the points of contact of the curve 
a.v 2 +2bvcy + bj/ 2 +2(joc + 2ft/+c = O with the straight 

line + + = O. 


— — - • 

Rule.—M ake the first equation homogeneous in x and y 
by the aid of the second equation written in the form 


and we get 
ax 


(Ix + my'j/n = 1, 


;*-t 2 Ly + bf - 2 (jx +fy) () + c ) 


0 


(a) 


as the required equation. For this equation is a homo¬ 
geneous one of the second degree in a; and y , and there¬ 
fore represents two straight lines through the origin. 
Further, it is satisfied by the coordinates of the points 
whose coordinates satisfy the given equations, that is, of 
the points where the straight line cuts the curve. Hence 
equation (a) is the equation required. 
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Example .— To find the equation of the straight lines joining the origin 
to the point where the straight line x + y + 2 = 0 meets the curve 

x 2 + xy + y 2 + x-t 3y + 1 = 0. 

Here - = i • 

2 

and hence the homogeneous equation is 

x 2 + xy + y 2 + (x+ 3y) ^ + (^2^) 2 = °’ 

or 4 (x 2 + xy + y 2 ) — 2 (x -f 3y) (.r + y) + (tf + y) 2 = 0 ; 

3a? 2 —2 ry — y- = 0 or {x — y) (3x + y) = 0. 

Thus the two lines are x — y = 0, 3.r + y = 0. 


Exercises. 

104.. Find the equation of the lines joining the origin to the points 
in which the line x + 2 y = 2 meets the curve x 2 + xy + 2y 2 = 3. 

105. Find the equation of the lines joining the origin to the points 
of intersection of the straight line 6.r + 8//— 75 = 0 and the circle 

X' + y 2 + G.r + 8y = 150. 

100. Find the equation of the lines joining the origin to the points 
of intersection of the curve x 2 + y 2 — ix—5 = 0 and the straight line 
V — 3. Explain the result. 


1 


j (i.) A and B are two fixed points 
I moves so that PA' 2 + PB 2 is constant . 


Illustrative Examples. 

Find the locus of a point P which 


Let PA + PB : = c 2 . Take rectangular axes with AB for axis of x , 
and for symmetry take its middle point 0 for origin. Let the length 
of AB be 'la. Then the coordinates of A are ( — a, 0) and of B (a, 0). 
Let ( x t y) be the coordinates of P. 

Then PA 2 = (x + a) 2 + y 2 , PB 2 = (x - ay- + if- ; 

PA 2 + PB* = 2 (.r 2 + y' 2 + a 2 ) ; 

. x 2 + y 2 = *c 2 — a 2 . 

PJ* 2 = . — or the locus of P is a circle with its centre 

at the miodl^point of AB. 

r - iud the equation of the two lines through the origin 
rpendicular to the lines aac 2 +2htcy + by 2 = O, the axes 
being rectangular. 

Suppose the given lines are y-m x x = 0 and y — m^x = 0 ; so that 



m x + m 2 


2 h 

~ , m l m 2 



* 
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(6 10 ) 


the lines perpendicular to these are 

m x y + x — 0 and m 2 y + x = 0 

respectively, giving the equation 

(?»i?/ 4 x) (m<& 4 x) = 0 ; 

i.e. twpw^y 2 4 (wq 4 w 2 ) a*y + = 0. 

Finally, putting in the values of m x + m 2 and m t m 2t we find, as the 
required equation, bx 1 — 2 hxy+ay- = 0. 

(iii.) A A BB' are tuo given finite straight lines. Find the locus of a 
point P which moves so that the sum of the areas APA\ BPB' is constant. 

Let this sum he A. Let AA\ BB' intersect in 0. Take OAA' and 
OBB for axes o i*x and y. These will in general be oblique. Let the 
angle between them be oo. Let OA = a , OA = a\ OB — b, OB — b . 
Let a ' be greater than a and b' greater than b. Let x, y be the 
coordinates of P, assumed to lie in the positive quadrant. The 
coordinates of the vertices P, A, A' of the triangle PAA , which, upon 
the above assumptions, will occur in the counterclockwise order, are 
('*,?/), 0), (a' y 0). . 

Hence the area PAA' =- \y («' — a) Bin co. (§ V 

Similarly the area PBB = £*(£' — &) sin a> ; 

• ( a> ~~ a ) s i n 00 + \ x (P — b) sin co = A, 

x , y _2a_ 


or a ' —a b'—b (o'—a) ( b'-b ) sin u> 

the equation of a straight line parallel to 

+ -*- = 1 


( 1 ), 


x 


a’ — a b' — b 


( 2 ). 


Note. —When P crosses A A', y becomes negative, and, in the 
analytical work, the area PAA' becomes negative, the vertices P, A , A' 
now occurring in the clockwise order. To interpret this part of the 
locus geometrically we must express the condition of the problem as 
follows :—Tlie difference of the areas PAA’ and PBB' y regarded as 
having magnitude only, and not sign, is equal in magnitude to A. 


& > A flagstaff HK on the top of a perpendicular cliff OH subtends an 

1 'angle a at each of two points A and B distant a and b horizontally in the 
same straight line from the base 0 of the cliff L Frove that the height of 
the flagstaff is (a 4 b) tan a. 

Take OAB for axis of x, OHK for axis of y. These axes are rect¬ 
angular. 

Then OA = a y OB = b. Let OH = c, HK = h. ^ 

Then the coordinates of //, K are (0, c) and (0, c +b). 

The equation of the line joining H to a point (x ly 0) on OAB is 

—— 4 — = 1 . 

x x c 


(§10 D ) 
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The equation of the lino joining* K to the same point is 


-- + - V — = 1. 
a\ c -» h 


The angle <p between these 
two lines is determined by the 
equation 

— £- + C+ Jl 
tan <p = —-ii- 

i + 


a*, 2 


ha 


•r,- + <■/, +c- ^ 19 ) \ 

or a^ 2 — x{h cot </> + ch + c 1 + 0 \ 

• •• (1)» >X)\ 

By the conditions of the n\ 

problem when <p — a, the two ’- 

roots of this quadratic in a*. are U A B 

a and b ; Big. 23. 

a + b = sum of roots when <p = a 

— h cot a, 

which gives the result required. 

[Note that it is not necessary to solve the quadratic for the two 
separate vampe^of a*,.“| 

is a quadrilateral . AB and CD meet in 0 , AC and BD in P 
WPAD and BC in Q. PQ cuts AB in M and CD in N. Show that 


CO 


- /\ 

Fiii-. 23. 


-L + _L = 2 l 

OA OB OM 


and 


±- + _L = ± 

OC OD ON 


Let OA = a, OB = b, OC = c, OD = d. 

Take OAB and OCD for oblique axes of x and >/. 
The equation of AD is 

x/a + y/d- 1 = 0 ... (a), 
and of BC 

x/b + y/c— 1 = 0 ... ( b ), 
and of AC 

x/a + y/c-l = 0 ... (<?), / 

and of BD ^ 

x/b + y/d-l = 0 ... (d). J 

«10D) / 

The equation of PQ, which is ^ 

a line through the intersection 0 & 

oi AD and BC, must be of the P 

form tnr.!n 4///7 1\ .i 7>//v*//. ■ i \ 



D N 

Fig. 24. 


(x/a + y/d-l) + h-(x/b + y/c-l) = 0 . ( c ). 
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Also, since PQ passes through the intersection of AC and BD , its 
equation must be of the form 

{x/n + y/c— 1) + k'(x/b + y/d - 1) = 0 . (/). 

To obtain the equation of PQ we have to choose k and k', so that 
equations (c) and (/ ) may represent the same straight line ; clearly 
this necessitates k = 1, k'= 1 ; the equation of PQ is therefore 

r(l/a+l/b) + y(l/c+l/d)-2 = 0. 

Where PQ cuts AB, x = OM, y = 0 ; therefore 2 /OM = \/a + 1 Jb, and 
similarly 2jON = 1/ c+ l/d. 


MISCELLANEOUS EXERCISES ON CHAP. I. 


107. Find the coordinates of the points dividing the line joining 
(1, 1) and ( — 3, 4) internally in the ratio 2 : 1 and externally in the 
ratio 1 : 3. 

108. Show that, whether the axes are rectangular or oblique, the 
line joining (x, y) to (—.r, y) is bisected by the axis of y. 

109. Trace the loci (i.) B = —, (ii.) r = 3, (iii.) sin 2 6 = 0. 

4 


110. Find the locus of a point such that the square of its distance 
from the point (4, 0) is foiu- times the square of its distance from the 
point (1, 0). 

111. Find the locus of a point the squares of whose distances from 
the origin and the point (4, 3) are equal. 

112. Trace the locus of the equation Ax 1 = 9y 2 . 


113. Trace the locus of the equation x l + y- = 36. 


114. If the axes are inclined at an angle a> and P he the point (a^, yO, 
show that, if PM, PN be perpendicular to the axes, then 

OM = x x + y x cos o»; ON = x x cos o> + y x . 

Deduce the equation of MN. 




115. If MN in the last question passes through a fixed point ( p , q ), 
find the equation of the locus of P. 


c/^l 


.16. The equation of a straight line such that the portion of it 
intercepted between the axes is bisected at the point (x x , y x ) is 


+ y- = i. 

2x x 2 y x 

117. A straight line passes through a fixed point (.r,„ y 0 ). Show 
that the equation of the locus of the middle point of it intercepted 

between the axes is -4- ^ = 1. 

2x 2 y 






/; 


/VV ? 
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118. Find the tangent of tl»o angles between the following pairs of 
lines, the axes being* rectangular : — 

(i.) x 2 — //“ = 0 ; (ii.) 2.r 2 + 3xy - -l// 2 = 0 ; 

(iii.) x 2 + 4.ry + y 2 = 0 ; (iv.) x 2 + xy + y' 2 --- 0. 

.Explain the meaning of tlie tangent being imaginary in the last ease. 

119. Find the equation of lines joining the origin to the points in 
which the line x + 2y = 3 meets the curve whose equation is 

f —\ * 2 + 2 xy-y 2 + 2x + y+l =0. 

h- 20. If the chord of the circle x 2 + y 2 = a 2 whose equation is 
lx + my = 1 subtends an angle 45° at the origin, then 

4 {a 2 (l 2 + m 2 )— 1} = { a 2 (l 2 + m 2 )- 2} 2 . 

121. Find the coordinates of the six points of intersection of the four 

lines x + y + 1 = 0, x — y + 2 = 0, 4x + 2y + 3 = 0, x + 2y — 4 = U 

taken in pairs. Hence find the equations of the three diagonals of 
the quadrilateral formed by them, and show that the middle points of 
these diagonals all lie ou the straight line whose equation is 

52a* + 80y — 47 = 0. 

122. Prove that, the axes being* rectangular, the area of the triangle 
formed by the lines y — mx, y = vx , and ax + by + c — 0 is 

, (m ~ n) c 2 

2 (a + bm) (a + bn)* 

123. Find the value of h so that x* + 2hxy + y- + 16r ——3o = 0 
may represent two straight lines. 

124. Show that the equation 6x 2 —xy— 12// 2 — Sx + 29//— 14 = 0 
lepiesents a pair of right lines, and determine their equations. 

125.. Show that, if a variable straight line cuts off intercepts on two 
given intersecting straight lines such that the sum of their reciprocals 
is constant, it must pass through a fixed point. 

126. If a straight line move so that the sum of the perpendiculars 
let tall upon it from two fixed points (3,4), (7, 2) is equal to three 
times the perpendicular from a third fixed point (1, 3), show that 

there !s another fixed point through which this line always passes, 
and find its coordinates. * 

. ^ AC an isosceles triangle be produced 

to £, £ so that BE.CF = AB 2 y prove that the fine EF will always pass 
through a fixed point. J * 

128. Prove that the equation 

** + y*-Zx 2 y-Zxy 2 + 6x 2 -6y 2 + 6x + 6y = 0 

a^fieairp^ wbrf 11 *^ 6 "^V ht U S? 8 which ^hrougli a point, and draw 

a figure showing their positions. 

aciteaJfjTr' 16 f ° 1IUUl<C for tururng the axe. through the 
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130. If x, y be the coordinates of a point referred to oblique axes 
OX , OY inclined at an angle co, and .»/, y' be the coordinates of the 
same point referred to OX and the perpendicular through 0 , then 
show by a figure that x ' = x + y cos w, rf = y sin w. 

131. Find the formulas of transformation when the new axes are 
Sx — 4 y ~ o, x — y 4-1=0, respectively, the coordinates of the old 
point (1,1) being both negative in the new system, and the angle 
between the new axes being* acute. 


132. A straight line PQ moves so that P always lies on OX , and Q 
on OY. Also the difference of its intercepts on the axes is propor¬ 
tional to A POQ. Show that the line passes through a fixed point. 

133. If the side AB of a parallelogram AB bo taken as initial line, 
and the point A as pole, find the polar equations of the diagonals of 
the parallelogram. 

134. Find the area of the triangle formed by the three straight lines 
4.r + 4 y = 1, 3x + 4 y = 1, \x + 3 y = 1 . 

135. Find the area of the triangle formed by the lines 

ax 2 + 2 hxy + by 2 = 0 and px + qy = r. 


' 136. ABCD is a parallelogram. EF is drawn parallel to AB and 
GH parallel to BC to meet the sides in £, F, G, H. Prove that EG and 
FH meet on a diagonal of the parallelogram. 


137. Find the product of the perpendiculars from tlio point (p 9 q) to 
the straight lines represented by ax 1 + 2hxy + by 2 = 0. 

138. A number of triangles with a common vertex P are drawn 

with bases A t B l9 A 2 B 29 ..., where A lt A, 9 ...» B, 9 ... are fixed points. 

If the sum of the areas of the triangles is constant, prove that the 
locus of P is a straight line. 


139 ABC is a triangle, right-angled at A. If B and C slide on two 
fixed straight lines at right angles, find the locus of A. 

140. Given the baso and the difference of the base angles of a 
triangle, find the locus of the vertex. 

141. ABCD is a parallelogram. If the angle A and the sum of the 
sides are constants, prove that the locus of C is a straight line. 

142. Prove that ax- + 2hxy +by 2 = 0 and px 2 + 2qxy + ry 2 = 0 have 
a common line if (ar— bp) 2 + 4 ( hp — aq ) (hr — bq ) = 0. 

143. A straight line moves so that the sum of the perpendiculars on 
it from it fixed points is zero. Prove that the straight line passes 
through a fixed point. 

144 . Prove that the angle between one of the two lines represented 
by ax 2 + 2 hxy + by 2 = 0 and one of the two lines represented by 
ax 2 + 2/ixy + by 2 = k(x 2 +y 2 ) is equal to the angle between the other 

two straight lines. 
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EXAMINATION TAPER. 


1. Given the base a and the vertical angle A of a triangle, find the 
locus of the vertex. Verify geometrically. 


2. Trace the loci of the equations 

(i.) r (cos 0 + A3 sin 9) = AS a. 
(ii.) r sin 6 = a. 


3. Show that the equation 

Ax + By + C + k (A'x + B'y + C') = 0 

represents a straight line passing through the intersection of the lines 

Ax + By + C = 0 and A'x + By'+ C = 0. 

Also find what value k must have in order that it may also pass 
through the origin. 


4. Without finding the coordinates of the point of intersection of 
the lines 3r + 2y — 1 =0 and 4x + Sy -+ 2 = 0, find the equations of 
the lines joining that point to (1) the origin, (2) the point ( — 1,3). 


5. The axes of coordinates being rectangular, mark on a diagram 
the lines given by the equation (7.r-6// - 10) (9x + 2y - 32) = 0, and 
find the tangent of the angle between the lines. 

If the bisectors of the angles between these lines meet the axis 

of X at points P and Q respectively, show that PQ is 5 units in 
length. 


G. Explain the reason why it is usually more convenient to express 

the old coordinates in terms of the new than the new ones in terms 
ot the old. 


7. Find what the equation x- — y- = 0 become, on turning the axes 
round through (i.) 30°, (n.) 45°. ° 


nv’ M the coordinates of a point referred to oblique axes 

OX, OY inclined at an angle «, and x,y be the coordinates of the 

same point referred to OX and the perpendicular through 0 then 

show by a figure that = x + y cos a*, y' = y sin cu ; and lienee that 



V 


sin oc 


x = 


__ x' sin cc — y' cos cc 
sin 


9. In the previous question find what the equation 

ax 1 + 2 hxy + by- = 0 

becomes when expressed in and and hence show that 
lines are at right angles if a + b— 2/i cos c*> = o. 


the two 


10. Prove that the lines joining the origin and the points of inter- 

“® ctl ?? 1 . of .. ox : + l2x V ~ 6, y~ + y + 3 = 0 and x—y— 1 = 0 are 
equally inclined to the axes, supposed rectangular. 

COORD. GEOII. 
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THE CIRCLE. 

To find the equation of a circle—that is, of its 
circumference—referred to its centre as origin. 

I. Rectangular axes .—Let 0 be the centre, a the radius, 
P(x, y ) any point on the circumference, PM the ordinate 



of P. Since OP = a, the geometrical condition satisfied 

OM 2 +MP- = a\ 

The analytical expression of this is 

oc 2 + V~ = a} . ( 1 ), 

which is accordingly the equation of the circle. 

II. Oblique axes .—By similar reasoning to that adopted 
in Part I., § 2, we see that the equation required is 

& 2 + y 2 + cos a> = ft 2 . (2). 
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;/2. To find the general equation of the circle (axes 
rectangular). 


Let C be the centre and 
let its coordinates be h and 
k. Let a be the radius 
and P (x, y) any point on 
the circumference. Draw 
the ordinates PM and CN, 
and draw CM ' parallel to 
OX to meet PM in M'. 

The geometrical con¬ 
dition satisfied by P is 

CM' 2 + M'P 2 = a 2 , 

and the analytical expres¬ 
sion of this is 

(a?-/0 2 + (y—/<;)’ = <** 

. (3). 



1. Verify the last equation as follows :—Write down the equation of 
the circle referred to parallel axes through its centre C in the form 
x 2 + 1/ 2 = a 2 , and transfer this equation to the axes OX, 0 Y. Re¬ 
member that, since the coordinates of C referred to OX and 0 Y are 
( h , k), the coordinates of 0 referred to the parallel axes through C will 
be ( — A —k). 


3. Equation (3), when expanded, may be written 

ar + 2/ 2 — 2 hx — 2ky -f h 2 -f A 2 — a 2 = 0; 

so that the general equation of the circle referred to 
rectangular axes is of the second degree with the co¬ 
efficients of x 2 and y 2 equal and the coefficient of xy zeros 
This general equation is usually written in the form 

^ 2 + 2/ 2 + 2f/^d-2/#/ + c = O .. (4T). 




THE CIRCLE. 


3 


Rewriting equation (4) in tlie form 

, . (* + ?)'+Oj+f)* = g*+f-c 9 

and comparing with equation (3), we see that equa¬ 
tion (4) represents a circle w hose centr e is the point 
(“~7> ~'/) and whose radius is s/ ( y-\- f-— c 

An alteration in the constant term c in equation (4) 
will therefore affect the radius, but not the position of 
the centre ; so that by giving c a series of different values 
w q obtain a series of concentric circles. 

In the ordinary case the expression g 3 -\-f 3 — c — 0 will 

be positive, since it is the square of the radius. When 

it is zero the equation will represent a circle of zero 

radius with its centre at the point (-,,, -/) ; that is to 

say, the point ( — g, —/) itself. The locus in this case is 
known as a point circle. 

When g* + p-- c i s negative the quantity under the 
radical is negative and the circle is wholly imaginary • 

that is to say, the equation cannot be satisfied bv‘the co¬ 
ordinates of any real points. 


The explanation of the fact that when I 
tion represents a point instead of a continuous * 


4. Point-circle. — 

9 +9 ‘~Z C T, ?’ the equation represents a point instead of a continuous t 
curve should be noticed. The equation reduces to (x + g)~ + + / )-• _ 0 

eac U h hra^ r f y f u° eqUati ° r i S ; for > sincc a square cannot be negative’ 
vdth b .° se P ara zer °. so that we *e, in fact, furnished ‘ 

point = ° aI ‘ d y+/ = °. which determine the * 

(oblique g “~ al ° f »>• °ta>lo 

.qu»re root"” be ‘' V “” U ' e P “°‘“ ( *’ ' jh <'*■ *) is «« 

The T ( X — h y+(y — ky+2(x—ll)(y — k) COSOi. 

obhque°axes fs ^ eqUati0n ° f the ° ircle leferred 

or (a:—7t) a + (y—ky + 2(x — h') (y —&) cos u> = a s , 

* s + 2 X y cos a, + 2 (/* + fc cos w ) x -2 (h cos <e+ /<-)?, 

+h 2 +2h/c cos u>+7c 2 —a? = O (5V 
s° that in this case the coefficients of a? and y* are eaual 

and the coefficient of xy is (2cos«,) times that of P or / ’ 
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v/ ?6. To find the equation of a circle through three 
given points. 

Rectangular axes. —Let the equation of the circle be 
a? + y* + 2gx + 2fy + c = 0. This equation involves three 
constants g , /, c, which have to be determined. (Hence, 
in general, a circle can be found which passes through 
three given points.) By substituting the coordinates of 
each of the given points in the above equation, we obtain 
three simultaneous simple equations in g, /, and c, from 
which 9 , /, and c may be determined. It is useless to 
evolve any formula; all that is necessary is to remember 
the method. 

Oblique axes .—The method is similar, but we start with 
a general equation in which the terms of the second 
degree are x 9 + y*-\-2xy cos o> instead of x* + if. 

Example .—Find the equation of the circle which passes through the 
points (20, 3), (19, 8), and (2, —9), the axes being rectangular. 

If the equation be x 2 4* y 2 + 2 gx 4- 2 fy + c = 0, we have, by substitution 
of coordinates, 

40 g + Gf+c = — 409, 38 g 4- 1G/+C = —425, 4y —18/+* = —85, 

from which g = — 7, / = — 3, c = — 111 ; so that the equation is 

x 2 4 . y~ — I4.r — 6y — 111 = 0, 
or (;f-7) 2 +(y-3) 2 = 169, 

a circle whose centre is at the point (7, 3) and whose radius is 13. 


Nos. 6-9 are for rectangular axes. 

2. Find the equations of the circles, having given— 

(a) Centre (|, ±), radius A V2. (b) Centre (3, -2), radius 3. 

(<?) Centre (0, —1), radius 1. 

3. Find the centres and radii of the following circles :— 

(a) x 2 + y 2 + 4x-4y = 1. (b) x (x + y - 6) = y (x-y 4- 8).. 

(c) x 2 + y 2 + 2a(x—y) + a 2 = 0. (d) (x-a)(x-c) + {y — b)(y—d) = 0. 

( e ) (x — y 4- a)- + {x 4- y — a) 2 = 2a 2 . 

""Vt, Find the angle between the axes when x 2 4- a y 4- y- — 4.r — by — 2 =0 
represents a circle, and find the radius and coordinates of the centre 
of this circle. 

5. Find the centre and radius of the circle whose equation is 
2,xy cos co 4" y~ 4 2 gx 4- 2 fy + c = 0 referred to oblique axes. 
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6. Find the equations to the circles through the following points, 
and in each case transform the equations to the centre as orgin : — 

(a) (1, 0), (2, 3), and (3, -1). (b) (/<, /), (//, 0), (0, k). 

(c) (1, 6), (3, 2), (2, 3). (d) K b), («, a), (b, b). 

7. Find the equation of the circle— 

( a) Passing* through (0, 0), and intercepting lengths a and b on the 

axes. 

(b) Whose centre is (/<, A*) and which passes through the point (/>, q) 

8. Find the locus of a point such that the square of its dixtanco 
from the origin is equal to its distance from the axis of x multiplied 
into a constant a. Find its centre and radius. 

9. If the square of the distance from the origin is 2 a times the 
distance from the line x = \a , show that the locus is a point-circle, 
and find its position. 

10. Prove that the product of the intercepts of the circle 

(x — x x ) 2 +{i/ — iji)' + 2(.r- j.*,) cos = r- 

on the axes of coordinates are equal, and lienee deduce the result, of 
Euclid III. 36. 


11. The axes being rectangular, show that the points (5, 5), (6, -1), 
( — 2,^4), and (7, JU**dl lie on a circle, and find its centre and radius. 



o find the polar equation of a circle. 

If the centre is the pole and the radius a, the equation 
is clearly r — a. If the centre C is not at the pole, let 


Q 



its coordinate he (p, a). Let P(r, 6) be any point on the 
circle. Let a be the radius. 
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The geometrical condition satisfied by P is 

0C 2 + 0P 2 —20C. OP cos COP = CP\ 

and the analytical expression of this is 

p 2 -fr 2 —2pr cos (0— a) = a 2 , 
or, rearranged in descending powers of r, 

r 2 — 2rp cos (0 — a) +p 2 — a 2 = O . £6). 

8. ; 7/ ts on the 

circumference, 

p — a 

and the equation reduces to 

= 2a cos (0 — a) 

( 7 } . 

Jf, in addition , the initial 
line passes through the centre , 

a = 0 

and the equation becomes 

= 2re cos 0 ...(8), 

9. The lengths OP and OQ are the roots of the above 
equation (6) in r ; hence OP.OQ = p 2 — a 2 and so is inde¬ 
pendent of the direction in which the straight line OPQ is 
drawn through 0. Note that when 0 is within the circle, 
OP and OQ are of opposite sign; so that the product 
OP.OQ is negative. (Compare Euclid III. 35 and III. 36.) 
When 0 is outside the circle, as in the figure, the radius 
vector through 0 will meet the circle in real points only 
when equation (6) has real roots for r; that is, when 
p 2 cos 3 (0— a)—p 2 -J-a 2 is positive, or, in other words, when 
p sin (fi — a) < a, as is geometrically obvious. When 
0 is within the circle p < a ; hence the expression 
p 2 cos 2 (0—a)— p 2 + a 2 is positive for all values of 0, and 
any straight line through 0 will meet the circle in real 
points. 

Exercise. 

12. Find the centre and radius of ( a ) r 2 — 6r cos (0 —-^tt) —16 = 0, 
(£) r 2 — ijj' ( Vo cos- 0 + sin e) = 5. 
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10. Chords and tangents. Definitions.— A chord of 

a curve is any straight line joining two points on the curve. 
A straight line intersecting the curve is also sometimes 
called a secant to the curve. 

The student accustomed to Euclid's definition of a 
tangent must now familiarize himself with a fresh con¬ 
ception and a fresh definition of a tangent—applicable not 
only to circles, but to curves in general. The tangent to 
a curve at any point is in reality nothing more than the 
straight line passing through the point and indicating the 
direction of the curve at that point. To illustrate this 
conception, consider the recently constructed “ topsy¬ 
turvy railway ” at the Crystal Palace. The tangent to 
the curve formed by the 

railway at any point P is H 

the direction in which the 
wheels of the car are moving 
as they pass through P — 
that is, the direction in 
which the wheels would 
leave the curve and start off 
through space if the rails 
were suddenly withdrawn 
as the wheels passed through 

At the lowest point L this 
direction is horizontal. At 
the highest point H it is 



Pig. f>. 


horizontal and in the opposite direction, while at some 
intermediate point A on the ascent it is vertically upwards. 

We have now explained that the tangent to a curve at 
any point gives the direction of the curve at that point. 
This direction can only be identified by means of a 
straight line through the point; for a straight line main¬ 
tains its direction unaltered for a finite distance, whereas 
a curve (using the word in the popular sense) takes a 
new direction as soon as we travel any distance, how¬ 
ever short, along it. Hence we must conceive of the 
angent to a curve at P as the straight line drawn through 
r which marks the direction of the curve at P. How the 
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only intelligible interpretation of the direction of the 
curve at P is the direction in which we travel from P to 
the next consecutive point P on the curve—that is, the 
direction of the straight line joining P to the next con¬ 
secutive point P' on the curve. The most convenient way 
of arriving at this direction is to take a chord ‘PQ y and to 
cause the point Q to move along the curve until it 
reaches the point P\ which is the next consecutive point 
to P —that is, until it is on the point of coinciding with 
P ; then the direction of the curve at P is the limiting 
position to which the direction of the chord tends as the 
second point of contact Q moves up to and tends to co¬ 
incide with P. 

Note. —The student will observe that when Q actually coincides 
with P the direction PQ becomes indeterminate. To be strictly 
accurate, then, we must say that when the point Q moves up to and 
is only an infinitesimal distance from the point P the direction of PQ 
moves up to and is only inclined at an infinitesimal angle to its 
“limiting position when Q coincides with P.” 

With the above introduction and the above qualifica¬ 
tion the student will be able to understand the following:— 

11. Definition. — 4 ' The tangent to a curve at any 
point is the limiting position of the chord of the curve 
drawn through that point when the second point of inter¬ 
section moves up to and coincides with the first.” 

Note. —The tangent., being- a straight line, must be considered as 
infinite in both directions, and in the case of any continuous curve 
we shall obtain the same infinite straight line for the tangent at any - 
point, in whichever direction we travel along the curve from that 
point. 

12. If the coordinates of a point P on the curve be 
Xj, y l9 and those of another point Q on the curve x 2 , y 2 , 

the equation of the chord PQ is ^— Vj.— Va—V i (Part I., 

§ 10 C), and the problem of finding the equation of the 
tangent at P is simply that of finding the limit to which 
the expression (y 2 — 2 /i)/( ,t 2 — x \) tends as the point (# 2 , y 2 )> 
moving along the curve, approaches and tends to coincide 
with (x n i/O, remembering that the coordinates of both 
points must satisfy the equation of the curve. 
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To find the equation of the tangent at the 
^oint (a^, 2 /j) to the circle vc 1 -f // 2 + 2gjc -f 2/// + c = O. 


Let P be the point (x l9 ?/,), Q a point (a? 3 , y 2 ) on the 
circle near to P. 

The equation of PQ is 


y —y i 

x — x. 


& . ( 1 ). 

X* — X. 

(Pt. I., § 10 C) 


Now, since P and Q are on the circle, 

x \ + V\ 4- 2gx x 4- 2/2/, 4- c = 0 

" . x 2 + Vi 2 + % 9 x 2 + 2 \fy % 4- c = 0. 

subtracting 

x *- x i+y*--yi+2g(xi—x l ) +2/(y a — Vl ) = o, 

or (# 2 “ x x ) (x l +x 2 + 2g') 4- (i/ 2 — y x ) (y x 4-y 3 -f 2/) = 0, 


... 1b—y i = _ x i 4- x. 2 4- 2 7 ^ 

.^*“*1 2 /1 + 2/2 4 - 2 / . W 

Hence the equation of the chord PQ is 

(u^ — x,) (a?, 4 - 4 - 2 f/) 4- ( 2 /— 2 /i) ( 2/1 4-// 2 + 2 /) =0 ... ( 9 ). 

We have now obtained the equation of the chord in a 
form which does not become indeterminate when («r 2 , y 0 ) 
moves up to and coincides with (.r,, y^). 

Putting x 2 = x x and y 2 = y lr we have for tlie equation 
of the tangent at (#,, ?/,) 

(x—x x ) (x x -\-g) 4 - ( 2 / — ?/,) ( 2/1 4-/) =0, 

%.e. x 0,4-< 7 ) 4- y ( 2 / 1 +/) = *i 2 + y 1 2 4-</« 1 4-/yi, 

or, since x* + y l 2 -\-2gx l + 2fy l + c = 0, the equation of the 
tangent may be written 

O^i + f/) + 2/ (?/,+/) +f/^,+/y/,4-c = O ... (IO). 

This equation may also be written in the form 

^i+VVi + fffr-j^)+f(v + y x )+c = o ... (11), 

and so may be derived "from the equation of the circle 

by writing for a; 2 , yy x for y\ x 4 - a-, for 2x, and 7 / 4 -?/, 
for 2 y. l > j j 1 
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^ Exercises. 

^13. By a similar method show that the equation of the tangent at 
the point (.r„ y,) to the curve ax 2 + 2/ixy + by 2 4 2gx + 2fy -f c = 0 is 

x ( ar \ + h U\ +</)+!/ i hx \ + by x +/) + gx x +fy l + c = 0 . 

14. Find the equation of the tangent to x 2 + y 2 — 4x — 4y + 4 = 0 at 
the point (2,4). 

15. Find the equations of the tangents to the circle x 2 + y 2 = 13 at 
the points where x = 2. 

16. Find the equations of the tangents x 2 + y 2 — 2x — 2y = 23 at the 
points where it is cut by the circle x 2 + y 2 = 25. • 

17. Show that the circle's x 2 + y 2 = 25 and x 2 + y 2 + 8x + 6y — 75 = 0 
touch each other. 

18. Show that the equation of the secant joining points (x lf y x ) 
and (a' 2 , y. 2 ) on the circle x 2 + y 2 = a 2 may be written 

x (*j + *2) +!/(!/1 H 2/2) = + Vit /2 + « 2 - 

19. If the equation of the circle is x 2 + y 2 + 2gx + 2fy + c = 0, then 

the equation of the secaut is 

x( x i + x 2 +2g) + y (yi + y 2 + 2f) = x x x 2 + y x y 2 —c. 

20. If the tangents at (x l9 y x ) and (x 2 , y 2 ), points on the circle 

x 2 + y 2 + 2 gx + 2 fy + c = 0. 
are at right angles, prove the relation 

x i x 2 + y i y 2 + g(x l + x 2 ) +f (y, + y, 2 ) + y 2 +/ J = 0. 

21. The tangent at P to the circle x 2 y 2 = a 2 meets the axes of x 

and y respectively in 7* and t> and PM, PN are drawn perpendicular 

on these axes : prove that CM . CT — a 2 , and that CN . Ct = a 2 . 
C being the centre of the circle. f 




14. Normal. Definition. —The normal at any point 
of a curve is the straight line through that point per¬ 
pendicular to the tangent. 

To find the equation of the normal at the point 
V&£v\) to the circle a? 2 +?/ + 2«/a?+2/>/+c = O. 

The form of the equation to the circle shows the axes 
to be rectangular. 

The normal is the straight line through (x l9 y j) per¬ 
pendicular to x(x x + g) -\-y(yi+f) + (( 7^1 "h/Vi + c) = 0. ; 

Hence the equation of the normal is 



x—x x __ y—y i 
x \ + 9 Vi+f 


(Pt. I., §10 Band §19) 
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Hence the normal passes through the centre (— r/, —/ r ) > 

and therefore coincides with the radius drawn to the 

point (a*!, 2 /,). Hence the tangent to a circle is at right 
angles to the radius. 

l^ll 16 . student must remember that we are investigating’ tangent 

properties of the circle ab initio , and therefore Euclid’s propositions 
must not be assumed. 1 

Exercise. 

^2* Show that the equation of the normal at (.r,, y.) to the curve 
ax + 2hxy + by- + '2yx f 2 fy + c = 0 the axes being rectangular, is 

_ x ~ x ' _ y — ?/! 

ax i + hy\ + g hx x + by | + f 

16. By performing the above operations on the equa¬ 
tion of the circle in its simplest form x 2 + y 2 = d\ or by 
the direct substitutions g = 0, / = 0, c = — J in the above 
equations, we find that the equation of the tangent at 
t/,) to the circle x ! + if — a - is xx, + yy, = a 2 ; and that 
or the normal through the same point is x/x, = y/y 

the normal of course passing through the origin, which 
is now the centre of the circle. 


circle J“ d , 2t = 13 eqUati0rl ° f the n0rmal at the P° int ( 5 > 12 ) to the 
x «+ i l ~ 'o Q ° f the n ° nnal at the P° int ( 5 > 2 ) to the circle 

v y+ 

7. To find the coordinates of the points of inter¬ 
section of a straight line and a circle whose equa- 
tions are given. 

* and y & (pT I„ t0 § 9.) if? t0 S ° lve the tvro ec l uations for 

nd the o - CO °^ inat f 3 o f the point of interaction of the 
light line 7x — y — 2o = 0 and the circle x- + y- = 25. 

Let Xy y be the coordinates required. 

* equ . a< ^9^ of the straight line we get y = 7*-25. 
Substituting in the equation of the circle we have 

a? 2 +(7ar—25) 2 = 25. 

From which * = 3 or 4, y = — 4 or 3. 

-Hence the coordinates are (3, — 4), and ( 4 , 3 ). 
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18. Tlie result of the operation in § 17 is clearly to give 
a quadratic in x for the abscissa required. This quadratic 
will have two roots ; corresponding to each root there 
will be a single value of y derived by substitution in the 

equation of the straight line. • 

Hence a straight line will cut a circle in two points, 
which will be real if the roots of the quadratic are real, 
and imaginary if the roots of the quadratic are imaginary, 
in which latter case the straight line will lie wholly out¬ 
side the circle. . 

If the roots of the quadratic are equal, the straight 

line cuts the circle in two coincident points, and is there¬ 
fore the limiting position of a chord when the points 
of intersection become coincident—that is to say, it is 
a tangent to the circle. Hence the condition that the 
straight line should touch the circle in that the quadratic 
obtained by solving for .r or y should have equal roots. 

One result should be remembered—namely, the condition 
that the straight line y = mx + b should touch the circle 

x 2 -b y 2 = a 2 . 

Solving for a;, we have 

a; 2 + (mx -b b) 2 = a 2 or x 2 (1m*) -b 2mbx -b b 2 — a 3 = 0. 
The condition that this should have equal roots is 
(1 + m 2 ) (fc 2 - a 2 ) = irfb 2 or b 2 = a 2 (l-b? n 2 ). 

■y Hence the straight lines y = mai±a \/l -b m, 2 touch the 
circle x 2 -\-y 2 = a 2 for all values of m. 


Exercises. 


25. Show that the circle ** + y 2 + 2a (x + y) + a 2 = 0 touches the axes 
of coordinates, and find the points of Contact. 

Find the equations of the circles whose centres are at the origin 

and which touch respectively : 

26. y = \x + 3i. 27. 3* + 4 y = 10. 

28. Show that the following straight lines and circles touch, and 
determine the points of contact in each case : 

(a) x 2 + y 2 + x + y = 0 and x + y + 2 = 0. 

(b) x 2 + y 2 = 6y and y = x \/3 + 9. 

29. Show that the line y = mx + a{ 1 =fe a/( 1 + *w 2 )} 18 always a 
tangent to the circle x 2 + y- — 
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To find the condition that the straight line 
my+n = O should touch the circle 

a?+y' 1 + 2gx+2fy+c = O. 

The equation of the lines joining the origin to the 
points of intersection of the straight line and circle is 

n 2 (x* + y 2 ) — 2 n (lx + my) (gx +fy) + c (lx + my) 2 = 0 ... (A). 

If the straight line touches the circle, it meets it in 
coincident points. Equation (A) therefore represents a 
paii' of coincident lines in such a case, and must be a 
perfect square. The condition for this is 

(cl 2 — 2 gnl-\-n 2 )(cmr — Qjjnn + n 2 ) = (clvi — gmn — fnl ) a , 
which reduces to 

c (l 2 + m 2 ) -hn 2 —(fl — gn) 2 — 2fmn — 2gnl = 0 ... (B). 


* * 


20. Note. —The last equation is unsymnpatrical. It is useless to 
remember the result—the method only should be remembered. As an 
example the student should prove by the same method that the con¬ 
dition that the straight line lx + my + n = 0 should touch the curve 

ax 2 + 2 hxy + by- + 2gx + 2fg + c = 0 
is ( bc—f 2 )J 2 + (ca—g 2 )m 2 + [ab — h' 2 )n 2 + 2 {gh — af)mn + 2 (hf— bg)nl 

+ 2(fg-ch)lm = 0 (C). 

Equation (C) is symmetrical, and equation (B) is the reduced form 
of this sjunmetrical equation when a = 1, b — l t h = 0. 


fiy- Find the equations of the tangents to the circle x 2 + y 2 + 2x = 0 
wmch make 45° (measured counterclockwise) with the axis of x. 

31. Find the equations of the tangents to the circle x 2 + y 2 = 25 
which are parallel to • Sx + 4y = 0. 

Find the equations of the tangents to the circle x 2 + y 2 = 2 
which are inclined to the axis of x at (a) 120°, (b) -30°, (c) tan- 1 ^ 

33. "Write down the equation of the pair of straight lines joining 
the origin to the intersections of the line x/a +y/b = 1 and the circle 
x“ + y 2 = c 2 . 

Show that, if the line touches the circle, then 1/7** + 1 jb 2 = \jc 2 . 

. Show that the straight lines joining the origin to the points of 
intersection of the circles r 2 + y- = a 2 and x 2 + y 2 + 2 {gx +fy) = 0 are 
given by the quadratic equation a 2 {x 2 + y 2 ) — 4 [gx 4- fg) 2 = 0. 

2 35. Fmd .the points of intersection of the circles x 2 + y 2 = 25 asjd 
x + & —2Gi/ + 25 = 0, and show that the circles cut at right angles. 
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"MISCELLANEOUS EXERCISES ON CHAP. I. 

36. Find the locus of a point which moves so that the sum of the 
squares of its distances from (a, 0) and ( — a, 0) is equal to 2 b 1 . 

37. Find the points of intersection of the circles x 2 + y 2 = 9 and 
x n ~ + ?/ 2 _ i o.t* + 9 = 0. Find the equations of the tangents to both 

circles at the points of intersection. 

Show that the two tangents at either point are at right angles. 

38. Prove generally that the circles 

x 1 + y- = a 2 and x' 2 + y 2 + 2 gx + a 2 = 0 

cut at right angles. 

39. Find the equations of the tangents to the circle 

x 2 -i y 2 + 2ax +2 by + c = 0 
which are parallel to the line 3.r + 4y + 7 = 0. 

40. Find the equations of the two tangents to the circle x 2 + y 7 = 25 
which make an angle of 30° with the axis of x. 

41. Show by any method that, for all values of a, the straight line 
r cos (0 — a) = P cos a + a touches the circle r 2 — 2rp cos 0 + p 2 — a 2 = 0. 

42. Find the points of intersection of the circle r = 4 cos 6 with the 
straight line r cos 0 = 3. Show that these points together with the 
origin form an equilateral triangle. 

43. Show that the square of the distance between the two points 
(x lf y Y ) and (a 2 , y 2 ) on the circle x 2 + ij 2 = a 2 is equal to 

2 {a 2 -x x x 2 — y x y 2 ). 

44. Deduce that the equation of a straight line meeting the circle 
In two points at equal distances d from a point (#,, y x ) on the circum¬ 
ference is xx x + yy x — *i 2 + %d 2 = 0, and apply this result to find the 
equation of the tangent at (x x , y x ). 

45. Find the equation with oblique axes of the circle that passes 
through the origin and makes intercepts p , q on the axes. 

46. Find the condition that the straight line ax + by = 1 may touch 
the circle r = k cos 0. 

1 47. Find the length of the radius of the tl^le passing through the 

points (0, 0), ( a , a), ( b , 0). 

48. Prove from the equation of the circle that the angles in the 
same segment of a circle are equal. 
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CHAPTER II. 



THE CIRCLE (continued). 


To find the equation of the chord of contact of 
t&ii^ents drawn to a circle from a given external 
point. 

Let P be the given external point, PQ and PR the tan¬ 
gents to the circle from P. 

For simplicity we shall work with the equation of the 
circle referred to rectangular axes with the centre for 
origin. 


* ■ 



Let the coordinates of P be x l9 y u and those of Q and R 
h\ 1c' and h", k" respectively. (It should be observed that 
the coordinates of Q and R have no place in the final 
result.) The equation of QP , the tangent at Q , is 

xh' -f- ylc = a 2 . 
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The equation of RP is similarly xh" + yk" = a 2 . 

Since both these lines pass through y,), we have 

xji' + y-ft = a 2 and x 1 h"-\ r y l k n = a 2 . 

Hence the coordinates (h\ k') and (h ', 7c") both satisfy 
the equation xx l -\-yy l = a 2 , that is to say, the points Q 
and R lie on the straight line 

ococ^ + yi/i — a? . ( 1 )» 

which is accordingly the equation of QR. 

When P is within the circle, no tangents can be drawn 
from P to the circle. We must therefore search for a 
fresh geometrical interpretation of equation ( 1 ). 

(i.) It will be observed that, if the chord of contact QR 
passes through a fixed point ( h , A), within or without the 
circle, the coordinates (7i, 7c) satisfy equation (1), and 
accordingly we have xji + y-jt = a? ; that is, the point P 
lies on a fixed straight line whose equation is xh + yh = a . 
This at once supplies us with a geometrical interpretation 
of the equation xh + yk = a 2 which is independent of the 
position of the point (h, 7c) relative to the circle, and it 
will be seen that, if chords of a circle be drawn through 
a fixed point, the locus of the intersection of the pairs of 
tangents drawn to the circle at the extremities of the 
chords will be a straight line. This straight line is called 
the polar of the fixed point, and the equation xli-\-yk a 
represents the polar of the point ( h , k ) with respect to 
the circle #* + y 2 = a 2 . The polar of an external point is 
the chord joining the points of contact of the tangents 
drawn to the circle from the given external point. 

(ii.) Further, it will observed that, if P (x 19 y,) lies on 
the fixed straight line xh -f yk = a 2 (whether this line 
does or does not cut the circle in real points) we have 

xji + yxk = or, 

and accordingly ^he straight line QR whose equation is 
xx = o 2 passes through the fixed point (ft, k). Hence, 

if from points lying on a fixed straight liae pairs of tangents 
be drawn to a circle, the chords joining their points ot 
contact will pass through a fixed point. This point is 
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called the pole of the given straight line, and we see that 
the co-ordinates of the pole of the straight line xh -f- yk = a 2 
with regard to the circle x 2 +y 2 = d 2 are (h, k ). The 
pole of a straight line which cuts a circle in real points 
is the point of intersection of the tangents at the points 
where the straight line cuts the circle. 

(lii.) The pole of the straight line xh-\-yk = a 2 with 

respect to the circle x* -f- y l = a 2 is the point (//, k). 

Hence the pole of the straight line a; cos « + ?/ sin « = p 

is the point (a 2 cos a/p , a 3 sin a/p.) If P be the pole, QR the 

polar, 0 the centre, it is evident that OP is the direction 

of the perpendicular from 0 on QR. If OP cut QR in P\ 

Or p> since 0P / is the perpendicular from the origin on 
x cos a -f y sin a = p. 

OP = *>/(a 2 cos a/p) 2 -f (a 2 sin a/p) 2 = a 2 /p , and 

hence OP. OP = a 2 . 

If P is an external point, this result is geometrically 

nD'n US ' o^° WS : —PQ a tan g erit from P ; then 

and are similar right-angled triangles, and 

therefore OP ': OQ = OQ : OP. 

Example. — If OP cut the circle in A and B, show that 

1 /PA + l/PB = 2 /PP\ 


the-ci^le t :4T= t H:- 0lal ' S ° £ foUow “o poiub with respect to 

(«) (21, -35). (i) (-3, 1). (c) (0, 1). 

,4- ^ d 14 the P ^%° f the f ° llo 'y; n ° Hues with respect to the circle 

** + « 2 . th ° P ° le ° f the W lx + m, J = 1 with respect to the circle 

If r he •? 1 ° lar ot ? passes through T, then the 
polar of / will pass through P . 

Let the coordinates of P be (*„ Vl ), Miose of T (x„ v ") 
and !et the equation of the circle be x i + y s — a 2 . ^ J ’ 

The equation of the polar of P is xx l + yy l = a 2 . Since 
the point (a; 0 , y 0 ) JS on this line, we have xjc l +- y y — « 2 

th?- 1 ^ ! 6 P olnt ?/.) on the line aaJ+L, = 

that is, P lies on the polar of T. 0 

OEOM. PT. II. 


a 


2 


o 
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23. General equation of polar. 

"We have worked above with tbe simplest form of tbe 
equation to tbe circle, so that tbe student s attention may 
be diverted as little as possible from tbe reasoning in¬ 
volved. Similar processes will sbow tbat tbe point 
(# 1 , yf) and tbe straight line 

are respectively pole and polar witb regard to tbe circle 

x 2 -\-y 2 + ‘2gx + 2fy + c = 0. 


Note.—I t must be carefully noticed tbat tbe equation 
of tbe polar is of exactly tbe same form as tbat of 
tbe tangent, and thus need not be remembered separately. 
The important difference between the two tines is that , whereas 
m the case of the tangent (#„ yf) was on the curve , no such 


restriction is now imposed. 

It follows, of course, tbat 

when a point is ON the 
curve its polar is the same 
as its tangent . 

Tliis is also clear from geo¬ 
metrical considerations, because, 
as tbe point P gradually ap¬ 
proaches tbe curve, tbe points 
of contact Q and R become 
closer and closer together, and 
tbe line joining them ultimately 
becomes a tangent to tbe curve 
when T is on the curve. Thus 
tbe tangent is only a particular 
case of tbe polar. 



Fig. 7. 


4. Find the polar of the point (5, 4) with respect to the circle 

x‘ + y 2 — 4# — 3y = 8. 




i 

4 



Tbe polar 


of tbe origin witb respect to tbe circle 



* 


is tb© line 
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4. If a 

cut 


line drawn through, a given point 
is cut by'the circle in the points A and B and by 
the polar of 0 with regard to the circle in the point 

O', then -i- 4- _2i_ = 

OA^OB 00 r 

Take 0 for origin with the axes rectangular, and let 
the equation of the circle be a? -f y 1 -^ 2gx-\- 2fy + c = 0. 

Let 0A = r l9 OB = r 2 , 00' = p. Let the straight line 
OAB be inclined at an angle 0 to the axis of x. 



Fio- 


8 . 


Then r 2 are the two values of the radius vector r, 
for which the Cartesian coordinates (?• cos 0 , r sin 0) 
satisfy the equation of the circle. Writing r cos 0 for x 
and r sin 0 for y in the equation of the circle, we see that 
r i and r a are the roots of the equation 

r 2 -f 2r (g cos 0 -f / sin 0) + c = 0. 

Hence 


+ 


r i 


r i r 2 


2 (y cos Q + f sin 0) 

c 

Similarly, pis the value of r for which the coordinates 1* 
(r cos 0, ram 0) satisfy the equation sw-h/yd-c = 0, that/- 
is, the value of r for which r (y cos 0+/sin 0) 

___ g cos 0 +/ sin 0 b 

c ’ 

2 J_ . J__ 2 

0A ^ OB 


0 . 


Hence 


_1 


+ 


P 

1 


or 


r. 


m-i . P C//I 00'* 

str«;<^+T- SU L 1S US u ally - ex P ressed by stating that any 
ST” tl 1 tl ! r T gh * glVen P° int ^ is “ cut harmonic- 
circle ^ any ° lrC 6 and *be polar of 0 with regard to that 


•/ 


ex 
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' /25.' To find the lengths of the tangents drawn 
froUi a given point to a given circle. 

Let (a/, y') be the given point P. and let the equation 

of the given circle be x* -\-y 2 -\- 2gx -wfyc = 0. 

If PAB be a straight line drawn through P at an angle 0 to 
the axis of x, cutting the circle in A and B, the lengths PA 
and PB will (by Pt. I., § 10 B, Cor.) be the values of r 
for which the coordinates (a/ -+•r cos d, y' + r sin 6) satisfy 
the equation of the circle—that is to say, they will be 
the roots of the quadratic in r 
(aScos 0) 2 + (; y ' + r sin 6) 2 + 2 g (x + r cos 0) 

-t-2 f(y'+r sin 0)-f c = 0, 

or r 2 + 2 r { (x' + g ) cos 0 + (y' +/) sin 0 } 

+ x' 2 + y 2 + 2gx' + 2fy' + c = 0 (A).v' 

Hence PA . PB =x* + y*+ 2gx'+ 2fy'+ c . (B), 

and so is independent of the direction in which the chord 

is drawn through P. (O/. Euc. III. 36.) 

When the straight line drawn through P touches the 
circle A and B are coincident, and PA and PB become 
each equal to the tangent from P to the circle ; hence the 

square of the length of this tangent is 

+ + +2/y + c. (2) 

_that is, the result of substituting the coordinates of P 

in the left-hand member of the equation of the circle 
(written with the coefficients of ar and y 2 each unity). 

[The expression x' 2 + y' 2 + 2gx'+ 2/^ + c may be written 
(a; + a) 2 + ( y' +/) 2 — ( g 2 +/*—c), and so is equal to the square 

of the distance of the given point from the centre of the 
circle less the square of the radius, t 

Note. _To impress the method on his memory, the student should 

follow out the corresponding process with regard to the curve defined 

bv the general equation ax- + 2 hxy + by- + 2 gx +_ 2 fi/ + c ~ . r ,. 

^Tf PAB PA B ' be chords drawn through P(x , y ']I at inclinations 

0, o' to the axis of a; to meet the cui-ve in A and B , A and B , it will 
be found that ^ + 2hx',/ + h,/- + 2g£ + 2 ft/+c 

I /I • ! O _« /I I O/. OAO P chi A -1- A RlTl2 P 


and 


a cos 2 0 + 2h cos 0 sin 0 + 6 sin 2 0 j 

nA , DD , ax' 2 + 26ary + 6i / a + 2.ys' + 2fy'± c J 
PA . PB — 2 + 26 cos 0' sin 0' + 6 sin 2 0' 
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so that the ratio PA . PB : PA '. PB' depends only on tbo directions of 
the intersecting chords, and not on the position of the point of inter¬ 
section. [See § 132]. 

If the point P is within the circle, the expression 
x f *+y'*-\-2gx' -)-2fy' c = 0 will be negative (for PA and PB 
are now of opposite sign) and will represent the rectangle 
under the lengths AP and PB with the minus sign pre¬ 
fixed. 


6. Find the lengths of the tangents to (*) .r 2 + y 2 = 20 from 
the point (6, 3); (b) (j?-l)=+ (y-2) 2 = 4 from the origin; 
(c) 2*2 + 2// 2 -5*-7y + 6 = 0 from (2, 3). 

7. Show that the difference of the squares of the tangents drawn 
from a point to twp*concentric circles is independent of the position of 
the point. 



To find the loens of the middle points of a 
stem of parallel chords of a circle. p 

Let the chords be inclined at an angle 0 to the axis of 
x , and let the equation of the circle be 

x 2 + y 2 + 2gx + 2fy + c = 0 . ( 1 ). 

Let (x\ y r ) be the middle point of one of the chords ; 
then the two values- of r for which, the coordinates 
(« +r cos 0, y'-f r sin 6) satisfy equation (1) must be equal 
in magnitude and opposite in sign, since the two 
halves of the chord are drawn in opposite directions from 

» y ); hence the sum of the roots of equation (A.) 
§ 25, must be zero—that is, 

(x' + g) cos 6 -f (?/'+/) sin 6 = 0. 

Hence the locus required is the straight line 

O+f/) cosfl +( 2 ,+/) S i n 0 = o . (3) 

which passes through the centre (-g, —/), and is per¬ 
pendicular to the parallel chords, since the perpendicular 
from the origin on the line (3) is inclined at an angle 
0 to the axis of (Gf. Euc. III. 3.) 



° f f middle joints of chords of the circle 
x =13 which are parallel to 3#+ 4y —5 = 0. 
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• 27. To find tlie equation of the common chord of 
the two circles ^ + 2 / 2 -f 2 r/jX -j- 2/^ + Cj = O and 

a? 2 + ?/ 2 + 2^,0? + 2/ 2 ?/ + c 2 = O. 

Tlie equation 

(a : 2 + / 4- 2 <7 pc 4 - 2/p/ 4- — (# 2 4- y* 4- 2g 2 x 4- 2/ 2 y 4 - c 2 ) =0 

reduces to 

2 (#/, — r/ 2 ).x + 2(/ 1 —/ 2 ) 2 / + (ei — c 2 ) = O. (4), 

and is therefore the equation of some straight line. 
Further, it is satisfied by any values of x and y which 
satisfy the equations of both circles. Hence equation (4) 
is the equation of the straight line which passes through 
the points of intersection of the circles—that, is, the 
equation of the common chord. When the circles do not 
intersect in real points equation (4) still represents 
some straight line. We shall find out the geometrical 
interpretation of this straight line in § 29. 


28. Radical axis. —Definition. The radical axis of 

two circles is the locus of points from which the tangents 
to the two circles are equal in length. 

29 ) To find the equation of the radical axis of two 

^ If (V, /) be a point on the radical axis, and the equations 
of the circles as above, then we have, by § 25, 

x' 2 4- y* 4- 2g l x 4-2/p/4 \-c l =x a + / 2 4-2 g& 4-2 f 2 y 4-c 2 

or 2 (g l —g 2 )x+ 2 (f 1 —f i )y'-\-( c i—c 2 ) = 0 . 

Hence the equation of the radical axis of the two circles 

is 2 (j/i — f/i) *+2 (/ 1 -/ 3 ) 2 /+(c 1 -c 2 ) = o. (5). 

This shows that equation (B), m § 27, is the equation 
of the radical axis of the t^Vo circles, an interpretation 
which is geometrically intelligible whether the circles do 

or do not intersect in real points. # 
i Ti ie identity of the equations obtained for the common 

chord and radical axis shows that the radical axis of two 
intersecting circles is their common chord, or, m other 
words, that the tangents to the two circles from any pomt 
on their common chord are equal. Geometrically, this 
follows at once from Euclid III. 36. In particular-, the 
common chord bisects the common tangents. 
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It will be observed since tlie equation of the line 
joining the centres ( — gr x , —(— fif 2 , —/ 3 ) is 

(*+0i)/(fl'i—9s) = (y+/i)/(/i—/ 2 ), 
that the radical axis is perpendicular to the lip? jqjphrp* 
the centres. 

30. In abridged notation (see Part T., § 27), if /ST and S" 
be used to denote the expressions x 2 + y 2 + 2g X x + 2f } y~\~c x 
and x* + y 2 + 2g^x + 2/ 2 y + c a , the equation of the radical 
axis of the circles S' = 0 and S" = 0 may be written 
S'-S" = 0; but it must be carefully remembered that the 
use of this abridgment assumes that all the terms in the 
equation of the circle have been carried to the left-hand 
side and the coefficients of x 2 and y 2 reduced to unity before >7 
we adopt the abridged symbol.*", 

*rol. General equation of circles having the same 
radical axis as two given circles. 

The general equation of all circles having a common 
radical axis will be S' -\-\S" = 0, where S' = 0 and S" = 0 
are the equations of any two circles of the system. 

..For the radical axis of S' = 0 and S" = 0 is S' — S" = 0 ; 
and, since the coefficient of x 2 or y 2 in the expression S' \S" 
is 1-hX, the radical axis of S' = 0 and S' + \S" = 0 is 
(remembering the caution at the end of the last paragraph) 

S' — (S' + \S"')/(l-\-\') = 0 or S' — S" = 0 ; that is, the 
same as the radical axis of the two given circles. 

Now the equation S' -\-\S" = 0 is satisfied by the 
coordinates of any point which satisfies both the equations * 
S' = 0 and S" = CL When, therefore, the two points of 
intersection of the circles S' = 0 and S" = 0 frve real, 
all the circles pass through the same pair of real points, w 

When S = 0 and S" = 0 do not meet in real points 
we can still solve their equations simultaneously and 
obtain two imaginary values of x with two correspond¬ 
ing imaginary values of y, which we may regard as 
the coordinates of two imaginary points satisfying the 
equations S' =. 0 and S" — 0 and therefore the equation 
S' H- XS" = 0. Hence we may say that in this case all the 
circles of the system pass through the pair of imaginary 
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points winch are the intersections of S' = 0 and S" = 0, 
though we cannot represent these points on a figure. It 
is clear that the centres of a system of coaxal circles— 
that is, circles having a common radical axis—are collinear, 
for the line joining any two centres is perpendicular to the 
common radical axis. 


I #7 


j 



The three radical axes of three circles taken 


in "pairs meet in a point. 



left-hand members * 

of the equations 

when added together vanish identically, the three 

radical axes meet in a point. (Pt. I.,.§ 23.) ^ 

This point is known as the “ radical centre of the 

three circles. 

Exercises. 


9. Find the equation of the common chord of the circles 

rr 2 + y2_4 2: + 4y—1 = 0 and x 2 + y 2 + 6 #—3y — 1 = 0. 

10. Show that the circles x 2 + y 2 + 2y == 0, x 2 + y 1 + x — y_—2 — 0, 

#2 + + 3x — 7y - 6 = 0 have a common radical axis, and Imd it. 

1 1. Find the equation of the radical axis of the circles 

ir 2 + y 2 + 2# + 4y + 4 = 0 and 4x 2 + 4y 2 — 24# + 8y + 25 = 0. 

12. Find the equation of the radical axis of the two circles 

/p 2 yi - 4 - 2x + 4y = 7 and x 2 + y 2 — 6x + 2y = 5, 
and show that it is at right angles to the line joining the centres of 

the two circles. * 

13. Find the radical centre of the circles x* + r- 3x-6y + 8 = 0, 

+ + 2 = 0, x 2 + y 1 + 2# — 6y + 3 = 0. 
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33. limiting 1 points. — By giving* a suitable value to A in 
the equation S' + AiS"—0 we can make the radius of the circle 
S'+ \S" =0 zero, that is, obtain a point-circle as one of the circles 
of a coaxal system. We shall find that the equation giving* the 
necessary value or values of A will be a quadratic, and so there are 
in general two point-circles (real or imaginary) which are members 
of a coaxal system. These are called the “ limiting points ’’ of the 
system. 

To show that the limiting points of a coaxal system are 
imaginary when the circles of the system intersect in real 
points, and real when the circles intersect in imaginary 
points. 

The first part of this theorem is geometrically obvious ; for no 
point-circle could pass through two points at a finite distance from 
each other. 


To prove both parts analytically, take the line joining the centres 
of the coaxal circles for axis of x and the radical axis for axis of y. 
(If we take the general equation of the circle to work with in this 
instance, it will be found that the algebra becomes too complicated 
for convenience.) 


Let (^, 0) be the centre and a the radius of a circle of the system. 
Its equation is (x — Ji) 2 + y 2 =a 2 . (A). 

The equation of the radical axis is x = 0 . (B). 

Any circle of the system passes through the points of intersection 
(real or imaginary) of (A) and (B) ; hence the equation of any circle 
of the system is of the form 


0r-A)2 + y*-«2 + \x= 0 . (C) 

or x 2 + y* + (A — 2h)x + h 2 — a- = 0. 

If this circle has zero radius, we have 

(| A-2A)--(A 2 -« 2 ) = 0 or (A — 2/*) 2 —4 (A 2 — a~) = 0... (D). 

Equation (D) will have real or imaginary roots for A according as 
A 2 is greater or less than a 1 ; that is, according as the distance of the 
centre of the circle defined by equation (A) is greater or less than the 
radius of the circle, or according as this circle and the radical axis 
meet in imaginary or real points. Hence the theorem follows. 

The equations of the limiting points are {x + |(A — 2h) } 2 + y 2 __ 

that is, x = — | (A — 2/i), y = 0 (since each square must be separately 
zero| for a square of a real quantity cannot be negative), where A is 
to be found from equation (D). 

points are a / h 2 — a~, 0 and 

-V7* 2 -y 2 , 0. 

Exercise. 

1^* Find the limiting points of the system of coaxal circles 
+ + A*—5A-16 = 0. 
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r 34. To find the equation of the pair of tangents 
drawn from the point (as 1? y x ) to the circle 

£c 2 +2/ 2 +2#a? -f-2yt/+c = 0. 

Let P be the point (x„ Vl ), PQ and PR the tangents to 
the circle. Let S denote the expression x 2 4- y 2 4- 2(/a? 4- 2 fy 4- c, 
S l denote the expression x l 2 + y 2 + 2gx l -\-2fy 1 -\-c 1 , T denote 
the expression xx x 4- yy x -f 0 (# 4- #i) +/ (y + V\) + c * 

The equation kS — T(lxnnyn) = Q^enotes a curve 
whose equation is of the second degree^and which passes 
through the points where S = 0 is cut by T — 0 and by 
lx-\-my -\-n — 0. 

Now T = 0 is the equation of the chord of contact QR 
of the tangents drawn from P ; let Ix + my + n = 0 move 
up to and ultimately coincide with T =■ 0. 

Then the equation kS-T 2 = 0 denotes a curve whose 
equation is of the second degree, and which passes through 
a pair of coincident poip.ts on the circle at Q , and 
another pair of coincident points on the circle at R that 
is, which is touched by the tangents PQ and PR at 

Q and R. 

Now the pair of straight lines PQ and PR form a curve 
answering to this description, and must therefore be a 
member of the system kS — T* = 0, found by ascribing 
some particular value to h. The value required is that 
value which will make the curve JeS—T 2 = 0 pass through 
(x i/i) ' for the curve will then be cut by PQ in three points 
(the point P and two coincident points at (?) and by PR 
also in three points, and this is impossible for a curve of 
the second degree unless the curve consists of the pair of 

straight lines PQ and PR. 

The value of h required is therefore found by substituting 
the coordinates (*,, yQ for (*, y) in the equation kS-1 ' - U. 
By this substitution S becomes 8 U and T becomes 8„ also. 

JcSi — Si — 0 or Jc = S l 


Hence the equation of the pair of tangents from (a^, 2/i) 


to the circle is 


S l S—T 2 =0 
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The student must follow the reasoning of the above 
paragraph, which is of prime importance, with great care. 
The value of k might have been deduced by applying the 
condition (found in Pt. I., § 32) that the equation 

kS—T 2 = 0 

should represent two straight lines, but the subsequent 
calculation would have been very cumbersome. 


35. On account of the importance of the problem another 
solution will now be given. The coordinates of the 
point which divides the line joining (a^, y j) to (a: 2 , y 2 ) in 
the ratio k : l are 


(fa* 4-*»,)/(*+ 9, (*y a + lyi)/(*+Z) (Pt. I-, § 3) 

By substituting the coordinates of this point in the 
equation of the circle we obtain a quadratic in k/l giving 
the two ratios in which the line joining (aj 1? y,) and ( x 2 , y 2 ) 
is cut by the circle. If (x. 2> y 2 ) is on either tangent from 
( x i> V\) to the circle, this quadratic must have equal roots. 

The quadratic in question is 


(kx 2 -f Zaq ) 2 4 - {ky 2 4 - Zy ,) 2 4 - 2g (k 4 - Z) ( kx 2 4 - lx x ) 

+ 2/(4:4-0 (*y a + Zy,)+c(*4-0* = 0, 

or / VS t + 2kl T u + F 8, = 0 .(i.), 

where S x = x* 4 - y l t 4 - 2 gx x + 2 fy x 4 - c, 

S 2 = x 2 - 4 - y 2 2 4- 2gx 2 4 - 2/y 3 4 - c, 

T n = x -2 ( X 1 4 - g ) 4- y 2 (y x 4- g) 4- gx l +fy x 4- c. 
The condition that equation (i.) should have equal roots 
is S l S 2 T l2 = 0. Hence, suppressing the accents of # 2 
and y 2 ,the equation of the pair of tangents from (x Y , y ,) to 

the circle is SS X — T 2 = O . (6), 

where $ l5 and T have the meanings given above. 


, hy either of the above methods, and without assuming; 

the formula established by §§34, 35. that the equation of the pair of 
tangents from y x ) to the circle + = or is 

C * 2 + y 2 - « 2 ) (*i 2 + y I 2 - * 2 ) - («r t + yy, - « 2 ) 2 = 0. 


-g 

0 the 
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36. Expression of coordinates in terms of one 
parameter. 

The coordinates of any point on the circle a?-y* = d 2 
may be written (a cos a, a sin a) where a is the angle 
made with the axis of x by the radius drawn to the point, 
the axes being assumed rectangular. This expression of 
the coordinates in terms of one unknown quantity a 
sometimes simplifies the form of the equations with which 
we have to deal. In particular, the equation of the 
tangent at the point (a cos a, a sin a), to which we shall 
now refer as “ the point a,” becomes 

x cos a -j- y sin a — cl. 


17. Prove that the normal at the point a to the circle x 2 + y* = a 2 

is ' y = x tan a. 

18. Prove that the chord joining the points a, p is 

* cos - £ 4 -y sin —"tP = a cos — . 

2 2 2 


19. Prove that the coordinates of the point of intersection of the 
tangents at a and /3 are 


(a cos 


« + £ ™ « — £ 


sec 


2 


a sin - 


a + B 


2 


- sec 


q- B \ 
2 / 


20. If the tangents at Q and R meet in P, and if 0 be the centre 
and OP cut QR in P', show that OP . OP' = OQ 2 . 


37. Inversion. Definition. —Let 6 be a given point and 
P any point on a given curve. On OP take a point P' so 
that OP. OP' = h \ k being a constant quantity. The locus 
of P' as P travels round the given curve is called the 
inverse of the given curve with regard to the centre 0 
and radius of inversion k. 


To find the inverse of a circle with regard to any 
point. 

Take the given point for origin and let the equation of 
the circle referred to polar coordinates be 
» r 2 — 2rpcos(0 — a)+p 2 =a 2 ... (1) ; 
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so that (p, a) are the polar coordinates of the centre and a 
is the radius. If (V, ft) be the coordinates of the point 
on the inverse corresponding to (r, ft) on the circle, we 

/ 7 o 

have rr ~ k or r — —. 

r 

Substituting in equation (1) and dropping the accent of 
r', we see that the equation of the inverse is obtained by 

Jc 2 . 

replacing r by — in equation (1), and is therefore 


r 

k 2 ' 2 


^^y_2^pcos(0-a)+p 5 = a- 


or 


r 2 —2 


Arp 


r cos (6 — ci) q- 


k 4 p 


k*a? 


P—a' V“« 2 ) 3 (ft 2 ~« 2 ) 

The inverse is therefore a circle whose centre is the 

point ( ^ & ■, ft) and whose radius is a — 9 . 

\p —a 2 / —a 2 

To explain this equation geometrically, let P' be the 
inverse of P, and let OP cut the given circle again in Q. 
We have OP . OP' =■ lc 2 and OP • OQ = square of tangent 
from 0 — p 2 - 


2 


2\2 


( 2 ). 


a 2 . 


• • 


OP' 


fc 2 


2 


p —a 


2 OQ; 


so that the inverse is a reproduction of the original circle 

7c^ 


on the scale 


9 • 

p—a* 


P' being the reproduction of Q , and Q' 


(the inverse of Q) being the reproduction of P. 

If the centre of inversion 0 is on the circle, the equation 
of the circle becomes r = 2a cos (ft — a) and that of the 

k 2 

inverse r cos (ft — a) = — ; so that the inverse is a straight 

£gl 

line perpendicular to the radius through 0. If the radius 
of inversion is 2a, the inverse is the tangent at the point 
diametrically opposite to 0 . 


21. If P J is the inverse of P, show that the tangents to the curve at 
P and to the inverse at P are equally inclined to OPP'. 
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Illustrative Examples. 


Find the condition that the portion of the Vine Ix + my = 1 inter¬ 
cepted bp the circle x 2 4- 2 xy cos to 4- y 2 4- 2 yx 4- 2 fy + c = 0 shall subtend a 
right angle at the origin. 

If P and Q are the points of intersection, we must find the equation 
of OP, 0Q, and put down the condition that the two lines are at right 
angles. Making the second equation homogeneous by means of the 
first, we find that OP, 0Q are given by 

x 2 + y 2 + 2 xy cos to + 2 (gx 4 fy) ( lx 4- my) + c(lx + my) 2 = 0 

or x 2 (l + 2 gl + cl 2 ) 4- 2 xy {cos to 4- gm +fl+ elm } + y 2 {1 4- 2 fm 4- cm 2 } = 0. 

If these are at right angles, we have, by Pt. I., § 29, 

(1 4- 2 gl 4- cl 2 ) 4- (1 4- 2 fm + cm-) — 2 (cos to 4- gm +fl 4- elm) cos to — 0, 

or, on simplifying, 

2 sin 2 to 4* 21 (g — f cos to) + 2m (f — g cos o>) 4- c (l 2 4- m 2 — 2 hn cos to) = 0, 
which is the required condition. 

yP* 

> ’■ /-',r (h.) Prove that the difference between the squares of the tangents drawn 
8 _• from any point K to two given circles is equal to twice the rectangle KE .AB, 
where KE is the perpendicular from K on their radical axis , and A and B 
are their centres. 

Let the coordinates 
of K be x x , y x . 

Let the equations of 
the circles be S’ = 0 
and S" = 0, where 

S' = 

x 2 4 y 2 4- 2 \g x x 4- 2 f x y 4- c l9 

S" = 

x 2 4- y 2 + '2g 2 x 4- 2 fg/ + c 2l 

and let S x and S x " de¬ 
note the results of 
substituting the coor¬ 
dinates of /rHn the ex¬ 
pressions S' and S". 

Let KC and KD be 
tangents from K to the 

two circles. v Fig. 10. 



Then KC 2 = S x ' 9 KD 2 = S x ". 

KC 2 — KD 2 


S x '-S x 


// 


(>••) 
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The equation of the radical axis is S'— S" = 0, in which the^gr 
efficient of x is 2 (*7i — <7 2 ) and that of y is 2 (f t —f*) • 

S'S 2 " 


Hence 


KE = 


'Wfa-fftF+ifi-fj* 


We are not concerned with the sign of /GF. 
>1 are — g u —J\ and those of B are — y 2 > —f- 2 - 


. (ii-)- 

(Pi. I., §17) 

The coordinates of 


(3). 


AB *y(g \— g^j 2 + (fi f?) 2 . 

Fron^H^ (2), and (3) we have KC : — KD 2 = 2 KE . AB. 

PTi, PT 2 are tangents drawn from a point P to two given circles 
'coaxal system. Prove that , as P moves round the circumference of 
ITthird circle of the same system , the ratio PT\i PT% is constant . ^ 

"With the same notation as in the last example, let S' — 0, S" = 0 
be the equations of the two given circles. ^The equation of any other 
circle of the same system is of the form 

s'+\s"= 0 ...'rrrrrr'.'. a), 

the geometrical interpretation of which is (§ 25) 

PTi*+\PT** = 0. " 

that is to say, as P moves round the circumference of the circle 

pp __ 

defined by equation (1) Tpp 1 = y/ — A, and so is constant. [Observ 
that A m ust-be negative if PTi and PT 2 are to be real.^ 

Show that the tangent at the middle point of the arc cut off by a 
%rd of a circle is parallel to the chord. 1 . 

Let x' + y 2 = a 2 be the equation of the circle. 

Let A, B be the extremities and M the middle point of the arc. * " 

With the notation of § 36, let A be the point a and B the point 3 ; 
then M is the point \ (a + 3)*-'^' 

The equation of the'tangent at M is 

# cos J (a 4-3) 4-y sin £ (a 4-3) = a . (1). 

That of the chord AB is, by Ex. 18, p. 28, 

x cos £ (a 4- 3) 4- y sin \ (a 4 - 3) = a cos £ (a - 3). (2). 

As the coefficients of x and y are the same in the two equations, it 
follo^ that the two lines are parallel. . 

^fv.) ABCD is a quadrilateral inscribed in a circle. AB , CD meet in 0 ; 
ACy BD in P , and AD , BC in Q. Prove that PQ is the polar of 0. 

Take 0AB y OCD for axes of.a? and y ; let them include an angle 
and let the equation of the circle be ' 

x- 4 - 2 xy cos w4y 2 4 2 gx 4 - 2fy 4 - c = 0 . (1) 

Then OA and OB are tho roots of the quadratic in x> x 2 4 - 2 gx 4 - c = 0, 
and 00 and OD are the roots of the quadratic in y , y 2 4 - 2 fy 4 - c = 0. . 





1 
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Write t 2 for c , and let OA = = nt. 

Then OB = tjm 

and 2g = ~t(m — 1/m) ; 

also 00 == tin 

$ 

and 2/= - ^(a + 1/w). 

The equation of the circle there¬ 
fore becomes 

A*- + 2#// cos co + y 2 — (*« + l//«) to 

-(w + l/«)/y + ^ = 0 ... (2), 

and the polar of the origin 0 with 
regard to (2) is, by Ex. 40, p. 33. 

i (in + 1 jm) x + £ (n + 1 /n) y — t = 0 

. (3). Fig. 11. 

Now PQ is a line through the intersection of AC and BD, and also 
through the intersection of AD and BC ; hence (Pt. I., § 22) its equation 
must be of the forms 

(x/m + y/ft — t) + k (xm +yn — t) = 0 

and (x/m + yn — t) + k' (xm + yjn — t) = 0, 

which can only be identical if k = 1, k' = 1 ; hence the equation of 
PQ is 

x(m + 1 /m) + y(n+\/n) — 2t = 0 . (4), 

that is, PQ is the polar of 0. 

[Note that t is the length of the tangent from 0 .] 

MISCELLANEOUS EXERCISES ON CHAP. II. 

22. Tangents being drawn from the point (x lt y,) to the circle 
x 2 + y 2 = « 2 , find the equations of the pair of straight lines joining 
their points of contact to the centre. If these lines are at right 
angles, show that the point (x k , y t ) lies on the circle x 2 + y 2 =2d 2 . 

23. Show that the length of the tangent from the origin to the 
circle x 2 + y 2 + 2yx + 2 fy + c = 0 is Vc. 

24. Find the radical axes of the following circles taken in pairs :— 
x 2 + y 2 — 3a; — Qy + 8 = 0, x 2 + y 2 —x— 4y + 2 = 0, x 2 + y 2 + 2x—6y+ 3 = 0; 
and find the point in which these three radical axes intersect. 

25. Show that the length of the tangent drawn from any point on the 
circl e x 2 + y 2 + 2gx + 2 fy + c = 0 to the circle x 2 -f y 2 + 2 gx + 2 fy + c' = 0 

d — c. 

[ ' 2 &£ Find the locus of the middle points of chords of the circle 
x 2 Ty 2 = a 2 which pass through the fixed point (h, k). 
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27. Prove that the locus of a point from which the tangents to two 
given circles are in a constant ratio is a circle passing through the 
points of intersection of the two given circles. 

28. Find the coordinates of the radical centre of the three circles 
x 2 + y 2 = 9, x 2 + y 2 - 2x — 2y = 5, and x 2 + y 2 + -hr + 6y = 19. 

29. Prove that the circles r = 2a cos (0 — a) and r = 2b cos (0 - £) 
cut at an angle a — &. 

30. Find the locus of the middle points of chords of a circle passing 
through a point on the circumference. 

31. Find the equation of the circle through the origin and the 
points in which the circle a; 2 + y 2 + 4x + 3y + 2 = 0 is cut by the straight 
line 3a; + 2y + 4 =» 0. 


32. Find the equation of the tangents from the origin to the circle 

(*— P) 2 + iy-<2)' = r 2 . 

33. Show that the equations of any two circles can always be 
written as x 2 + y 2 + py + c = 0, x 2 + y 2 + qy + c = 0. 

34. Find the condition that one of the circles in Ex. 33 lies entirely 
within the other. 

35. Prove that the polar of the point ( p y q) with respect to 
x- + y- = a 2 touches (x — c) 2 + {y-d) 2 = b - if b- (p- + q 2 ) = \ a 2 — cp-dq) 2 . 

30. Tlie pole of a straight line until regard to the circle x- + y 2 = ( t- 
lies on the straight line r/.r + by = l. Prove that the equation of the ^ 
straight line is x — ar 2 = c(y — br 2 ), where c is a constant. 


37. Prove that the distances of two points from the centre of a 
circle are in the same ratio as the perpendicular distances of each 
point on the polar of the other. 


38. Prove that the area of the triangle formed by the tangents 
from (/?, q) to the circle x 2 + y 2 = r 2 and the polar of (p, q) is 

r (p 2 + q 2 — r 2 y* 
p 2 + q 2 

39. Find the length of the common chord of the circles 

(x + c) 2 +(y + d)*= r 2 , (x + d) 2 + (y - f c) 2 = 7 - 2 . 

40. Find tlie^cquatioii of a circle touching the axes of coordinates 
which are alright angles. 



42. Find the equation of the circle coaxal with 

z 2 +i/ 2 + 2yx + 2fy + c = 0, x 2 + y 2 + 2Gx + 2Fy + C =-- 0 
and passing through the origin. 

43. The base and the ratio of the sides of a triangle are given. 
Prove that the locus of the vertex is a circle. 

44. Find the locus of the points of contact of tangents, drawn in a 
given direction, to a system of coaxal circles. 

45. Prove that, if a series of circles touch each other at one point, all 
lieir polars with respect to a given point are concurrent. 

OEOM. PT. II. 
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EXAMINATION PAPER A. 



1. A straight line of given length (2a) is made to slide so that its 
extremities always lie on the axes Qf coordinates. Find the locus of 
its middle point, the axes being rectangular. 


2. If the square of the distance of a point from the origin is 2 a times 
its distance from the line x = %a, show that the locus is a point-circle, 
and find its position. The axes are supposed rectangular. 


3. Explain what is meant by a “ tangent to a curvei’* 

4. The tangent at P to the circle x- + xj 2 =- a 2 meets the axes of x 
and xj respectively in T and £, and PM , PN are diawn perpendicular 
on these axes. Prove that CM . CT — a 2 and that CN . Ct = a 2 , 
C being the centre of <3*2 circle. 


5. Find the points of intersection of the circles x 2 y 2 = 25 and 
.r 2 + y 2 — 2 Gy + 25 = 0, and show that the circles cut at right angles. 


^ 6. Find the value of p in order that the straight line 

x cos a + y sin a 
may touch the circle x 2 + y 2 — 2ax = 0, _v 

7. Show that the straight ij = mx touches thcf- cycles * 

x 2 + y 2 — 2 ax */( 1 ■+■ *n 2 ) + a 2 ~= 0 




and 

Deduce that the 


x 2 + y 2 — 2by V(1 + m 2 ) + b 2 m 2 = CL 
cles themselves touch if a ±= 






! 

8. Find the locus of the middle jDoints of chords of a nirol^' which 
pass through a fixed point (by taking this point for pole). Show 
that the locus is independent of thp-radius of the circle if the position 
of the centre remains unaltered. 


^9. Prove that, if the pole of a straight line with respect to the 
circie x 2 + y 2 = c 2 lie on the circle x 2 + y- = 9c 2 , the polar is a tangent 

o 

C m 

to the circle x 2 + y 2 = — . 


10. If from any point 0 a line be drawn in any direction to meet a 
fixed straight line in the point P, and if a point Q be taken in OP so 
that the rectangle OP .OQ = a constant, then the locus of Q is a 

circle. > 
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(41) Reduction of the equation of the parabola to 


the form 


y 


4 ajp. 


If we take a new origin A at the point (n, 0), i.e. the 
middle point of SX , and axes parallel to tlie former ones, 
to find the new' equation we have to replace x by x -f a 
and y by y in the former equation (Part I., § 31). 

Thus the equation becomes 

y 2 = 4 a (x 4 -ci—a) = 4 cue, 

01 * VT = 4r/.x. (1). 

The equation y 2 — 4 ax is the simplest form to which 
the equation of a parabola can be reduced, and should be 
carefully remembered. The axes so chosen are called the 
principal axes . 

Shape of the parabola deduced from its 
equation. 

Taking A for origin (Fig. 15), we have SA = AX = a , 
and the equation is y 2 = 4 ax. 

Thus y=±2v/aa?, 

so that every positive value of x gives two equal and 
opposite values of y. Also, a being supposed positive, when 
x is negative ax is negative, and therefore y is unreal. 

We immediately infer 

(i.) the curve lies wholly to the right of the axis of y ; 

(ii.) any line parallel to AY meets the curve in two 
points equidistant from the line AX ; 

(iii.) from (ii.) we infer that the line AY or x = 0 

is a tangent to the curve at A , for it gives tw'o 
equal values of y, namely zero ; 

(iv.) as x increases without limit, y increases without 
% limit. 


These facts enable us to form a general idea as to the 
shape of the curve. It touches AY at A , is symmetrical* 
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with respect to XA , and recedes indefinitely from the axis 
of x on both sides as in the figure. 

^/Caution.—When a is negative, the curve lies wholly to the left 
of the. axis of y, but (ii.), (iii.), (iv.) still hold good. 

' Axis. Vertex. — Definitions. —The straight line XAS, 

with regard to which the curve is symmetrical, is called 
the axis of the parabola, and the point A , in which the 


axis meets the curve, is 
•called the vertex. 

If P be a point on the 
curve, and PN the perpen¬ 
dicular on the axis, then 
PN is called the ordinate 
of P, and, if it meets the 
curve again in P', PP' is 
said to be a double ordi¬ 
nate. The double ordinate 
LSL' through the focus is 
called the latus rectum. 
Its length is 4 a for, from 

y 1 =• 4a.r, 

we have 

LS 2 = 4a . AS — 4a 2 ; 

LS = 2a. 

Hence LSL ' = 4a. 



Fig. 16. 


Exercises. 

1. Show that the distance of the point P (*', y') on the 

parabola y" = from tlie focus is «+*'• 

2. What are the lengths of the latera recta of the following 


parabolas;— 

(i.) } f. = 2 ax; (ii.) y 2 = ; (iii.) 7y 2 -* = 0 ? 

A 

3 The distance from the focus of a parabola to its vertex is 3 
What is its equation in the simplest form ? 


4 P is a point on the parabola y 2 = 10# such that AP makes an 
angle of (i.) -16°, (ii.) 30°, with ihe axis * F,nd the coordinates of 

B * [In (i.) the ordinate of P equals tlie abscissa.] 
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43. Plotting parabolas. 

As explained in § 39, all parabolas are of the same 
shape, and differ only in size (and, of course, position). 
The student should become familiar with the shape of the 
curve by plotting out (on “squared' 1 paper if possible) a 
few as in the following example. 

Example.—Plot out the curve y 2 — 3#. 

If we give x the values 

0, 1, 2, 3, 4, 5, 6, 7, 8, 
the corresponding values of y are 

0, ± x/3, ± v/6, ± -v/9, ± v/12, ± v/15, ± va8, db v/21, ± x/24. 
or 0, ±1-7, ±2 5, ±3, ±3*5, ±3*9, ±4*2, ±4*6, ±4*9. 



Fig. 16. 


Hence, plotting these points (indicated by dots in the diagram) and 
drawing, roughly, a curve through them, we get a fair idea of the shape 
of the curve. 


Note. —For the purposes of calculation, it would be easier to give 
the values 0, ±1, ±2, ... to y, and get, as corresponding values of x , 
0 * .... 


Exercises. 


Plot out in the same way the following curves :— 

(i.)y* = 2;r; (ii.) y* = 9x. 

6# (*•) y 2 =— (ii.) y l = -lx. 
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44. Equation of parabola referred to axes parallel 
principal axes. Assuming that the reader is now 
familiar with the shape of the curve, we shall show how 
to trace a parabola when its equation is given referred to 
axes of coordinates parallel to the axis of the curve and 
tangent at its vertex. 

Example (i.) Trace the carve y- — 2x — 2y+5 = 0. 

The equation must be rearranged so as to present the terms involving 
y as a perfect square. 

Thus y 2 —2y = 2x — 5 ; 

(y— l)* = 2x-5+l = 2(x-2). 

Now transfer the origin to the point (2, 1) and the equation becomes 

y 2 = 2x. (Parti., ^ 31) 

[The point to which we transferred is therefore evidently the vertex 
of the curve.] M 



Fig. 17. 

This is evidently a parabola with latus rectum = 2. It can easily 
be traced as in Fig. 17. 

The student should confirm his work by noting where the curve 
cuts the original axes. Thus, when y = 0, a: = f, and, when x = 0, 
y 2 — 2y + 5 = 0, which gives imaginary values of y. 

Caution. —The transferring of the origin does not alter the shape 
or size of the curve, but only alters its position relative to the axes of 
coordinates. It is clear that the position of the curve relative to the 
new axes of coordinates is not the same as its position relative to 
the old axes of coordinates. 
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Example (ii.) Trace the curve x 2 = 1 ay. 

Comparing this equation with y~ = 4ax, wo see that x 2 = 4 ay is the 
same ns y 2 = 4 ax if wc exchango 
the axes of x and y, i.c. it is a 
parabola in which the axis of x 
is the tangent at the vertex (and 
not the axis of the curve) and 
the axis of y is tho axis of the 
curve (and not the tangent at 
tho vertex). It is therefore as 
in Fig. 18. 

Example (iii.) Trace the curve 
x 2 —2x + 2y—3 = 0. 

As x 2 appears in the equation 
and not f/ 2 , we must arrange the 

equation so as to present tho terms involving x as a perfect square. 

Thus {x — l) 2 = — 2y + 3 + 1 = — 2 (y — 2). 

Transferring origin to point (1, 2), we get x 2 = —2y. 



This is evidently a parabola with latus rectum = 2 . 

The new coordinate axis of x is the tangent at the vertex, and the 
negative portion of the new coordinate axis of y is the axis of the curve. 

It cuts the original axis of x where y = 6 and x 2 — 2x— 3 = 0 or 
x = 3 or —1 N) y and the original axis of y where x = 0 and 
V — ■| (L). The curve is therefore as in Fig. 19. 

Exercises. 

7. Trace the curve y 2 = 2x 4. 

8 . Show that the parabola y' 2 = —4 ax is exactly equal to the curve 

y JT turned in the opposite direction. 

[Note that x = -p gives the same ordinate in the one as x = +p in the other 

9. Trace the curve y 2 = — 3 ^ + 4 . Show that the length of its 
latus rectum is 3 . 
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L 

10. Trace the parabola St/ 2 — x — 18// + 27 = 0, and find the length 
of its latus rectum. 

11. Trace the parabola x 2 — 4x — 8y —12 = 0, and find the length 
of its latus rectum. 

12. Where is the vertex of the curve y 2 = 2^4-3? Find its 
focus and directrix. 

13. Where is the vertex of the curve (y + 2) 2 = x ? Find the 
equation of the tangent at the vertex. 

14. Show that a point (x' f y) is within, on, or outside 

/ , the parabola y 2 = 4 ax according* as y' 2 is less than, equal 

to, or greater than 4 ax', 

\ 15. Is the point (1, 2) within or outside the parabolas y 2 = 2x , 

x 2 = 2 y? Draw a figure in illustration. 

16. Show that the vertex of the curve (y—p)‘ : = q (#—■>’) is at the * 
point (>*, p), and that the latus rectum is q. 

17. Find the vortices, foci, and directrices of the curves 

(i.) (y-4) 2 = 2(*-l), (ii.) (y + 3)* = 2(z + 2). 

^ 45. Whatever be the axes of reference, the equa¬ 
te y tion of the parabola is of the second degree, and 
. J\\r, the terms of the second degree in oc and y form 
^ a perfect square. 

In its simplest form the equation is ?/ 2 = 4aa\ 

Now to transform to ar?y other axes, rectangular or oblique, « 
we replace x and y by linear functions of the new coordin¬ 
ates (Parti., §35). Suppose we write l x x + m,y-\- n x fora;, 
and l^x -f- m 2 y Hr n 2 for y ; then the above equation becomes 

( l 2 x 4 m 2 y 4 ^ 2 ) 2 = 4a (h x *+• w# 4 

which is of the second degree. 

The terms of the second degree are (J 2 x 4 m 2 y) 3 , and 
they form a perfect square. 

46. If the new axes are rectangular, this may be proved 
in a different way. Let (x\ y') be the focus 6>, and 
Ix + my + n = 0 the equation of the directrix ; then 

SP*=(x-xy+(y-y’)\ 

and PK 2 = O+ ”“/ + **)? ; (Part I., §17) ^ 

P 4 rrr 

which is of the second degree in x and y . / 
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Cleared of fractions it becomes 

(p + m ! ) {(x — x') 2 4- (y— 2/0 2 } — (^4-wy + w) 2 = 0. 

Now the terms in the second degree in «r and ?/ are 

(Z 2 4- m*) (a* 2 + y 2 ) — (Zx -f wy) 2 , 

and this equals (Zy— ma;) 2 ; 

therefore they form a perfect square. 

Thus, if an equation of the second degree such as 


/ • V 




T 


t. » 


V -t 




\ A 



J t Y<0 
■ ~ •} 
o o X* 


ax 2 -f- 2hxy + by 2 4- 2 gx -j- 2/// 4- c = 0 
represents a parabola, the terms ^ 

ax 2 4- 2 hxy 4- by 2 ^ ,. v . : . U ^ ^ 

lust be a perfect square in x and y. .a i (X *' j 
The condition for this is oh = 

We shall see in § 52 that the converse of this proposition V' 
is also true, viz., that 

If the terms of the second degree form a perfect square , 
then the curve is a parabola. 

Example.—Find the equation and the length of the lat us rectum of the 
parabola whose focus is at the point (1, 1) and whose directrix is the line 

Sx + 4 y = 1« 

If (x, y) be any point on the curve, its distance from (1,1) must be 
equal to its distance from the line 3 x + 4y = 1. 

Hence 


»- 




-IP' 


c \ 


.o.Vr 


x/(*-l)* + (y-l)*= ; 

x/3 2 + 4 2 


leading to 


25s 2 -50.z + 25-f 26y 2 -50y + 25 = 9x 2 + 24ry + 16y 2 -6# —8y + 1. 

16:r 2 — 24xy -f 9y 2 — 44a; — 42y + 49 = 0. 

The latus rectum is twice the perpendicular from the focus on the 

directrix, i.e. it is 


2 ^ I ±- 4 • 1 - 1 = 


a/25 


U tfvh 


^ Find the equation of the parabola whose focus is (a 0) and 
directri^- x + a = 0. 

Find the equation of the parabola whose focus is (1. 2) and 
directrix x 4 - y — 2 = 0. 
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47. A straight line meets a parabola in two points. 

Let y = mx + c be t-lie equation of the straight line, 
and if = the equation of the parabola ; then to find 
the points of intersection we have to solve these two 
equations for x and y. 

Substituting for y its value in terms of x , we find 


(mx + c) 2 = 4ax . (a), 

which is a quadratic equation for x and has therefore two 
roots. If x x and x. 2 be these roots, then these are the 
abscissas of the common points, and their ordinates are 
given by y l -=mx l +c, y. 2 — mx 2 -hc. Thus there are two 
points of intersection, viz., (a*„ y t ) and ( x 2 , y 2 ). 

If m = 0, one of the roots of the quadratic is infinite. 
There are still two points, but one is at infinity. 


Note. —When the roots 
of (a) are imaginary, the 
straight line meets the 
curve in two imaginary 
points. 

This proposition may be il¬ 
lustrated as follows:—Let P be 
a point on OK, and PQR be a 
straight line through P. Sup¬ 
pose this line moves from the 
position PY' in the counter¬ 
clockwise direction to the posi¬ 
tion P K, m thus changing from 
— oo through zero to + co, 
Then at first it will cut the 
parabola in two points Q x , /?j, 
and equation (a) will have real 
roots for that value of m corre¬ 
sponding to the position PQ\R\. 
When the line is in position PQ 2 
parallel to OX , m = 0 and one 
root is infinite. After this both 
roots are real and finite, as in 
PQ 3 R 31 until the line touches the 
curve as in position PQ A ; then 
the roots are equal. After this 
both roots become imaginary, 
and the line does not meet the 
curve in real points until itcomes 
again into the position PY• 



Fig. 20. 
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048- To find the condition that the line y “ moc + c 

should touch the parabola y 2 == 

If the line y = mx -f c touches the curve, the two points 
of intersection coincide, and thus the quadratic in x must 
have equal roots. Now it is 

(mx 4- c) 2 — 4 ax = 0 

or x 1 . m 2 4- 2.r (cm — 2a) 4- c 2 = 0, 

and the condition for equal roots is therefore 

(cm —2a) 2 = c 2 m 2 
or —4acm-f 4a 2 = 0 ; 

.*. cm = a or c = a/m. 

Thus the line y = mx + a/m . (2) 

touches the parabola for all values of m. 

Caution. —When m == oo, i.e., when the line is parallel 
to the axis of y, the proof fails, for the equation is of the 
form x = c, and we cannot eliminate y by means of it. In 
this case we get one value of x to two equal and opposite 
values of ?/, but the line x = c is not a tangent, except 
when c = 0. 

49. The parabola not being a closed curve, some lines 
may meet it in points which are at an iniinite distance 
from the origin. 

In this case the quadratic for x must have one or more 
infinite roots. Now it may be written 

or. m 2 -f 2a? (me — 2a) + c 2 = 0, 
and this equation has an infinite root if 

m* = 0, 

if m = 0. (Tut. Alg ., II., § 1G6) 

Thus any line parallel to the axis of a parabola meets the 
curve in one point at an infinite distance. 

For both roots of the quadratic to be infinite we must 
have m 2 = 0 and me — 2a = 0, 

leading either to a = 0, which is contrary to hypothesis, or 

c = 00 » and, if the latter be true, the line is at infinity. 

Hence no line at a finite distance meets the curve in 
two points at an infinite distance. 
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5°. Any equation of the form y - = ax+b v denotes a 
parabola, the axes being* rectangular. 

This equation can be written 

y't — by = ax, 

or, completing the square with respect to y, 

(H)*—?-•(*♦£). 


the 


and now, taking the point ( - —, + | ) for new origin, 

equation becomes y 2 = aX, (Part I , § 31) 

which is an equation of the same kind as that found in §41, and 
therefore denotes a parabola. 

i 51. If a point moves so that the square of its perpen¬ 
dicular on one line varies as its perpendicular on another 
line, it describes a parabola. 

Take the point of intersection for origin and the first line for axis 

/of x. Then the equation of the second is of the form 

. 

- y — nix = 0. 

(Part I., § 17) 


Hence the equation is y 2 = k 


2 _ z. V — mx 




+ in 2 


where k is a constant. But this equation is plainly of the same form 
as y 2 = pz + qy. 


and therefore it denotes a parabola. 




/ 



52. If in the equation 

agc i + 2Jiacy+ by‘ i +2gx + 2fy + c = O 

the terms of the second degree (i.e., aoc* + 2hacy + by*) 
form a perfect square, the equation denotes a para¬ 
bola. 

A 

For suppose ax 2 -f- 2 bxy f bjy 2 == (cur -f (h/) z ; 
then we have (olx /3y) 2 = — (2gx -\-2fy " 

Now trhe square of the perpendicular from ( x , y) on the 

(ax + pyY ^ ^ a 

a a + /? 2 ’ _ 

and the perpendicular on 2gx 4- 2fy-\-c = 0 is 

2 gx -j- 2 fy -t- c 

2 y ? T +7 ' 


line ax -j- /3y == 0 is 
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Hence for points on the curve the ratio of the first to 
the second 

(ax + fty Y I 2gx + 2 f]j±c_ 

a 2 + /3 2 / 2 vy+/ 2 

_ 2 s/JTf 

~~ a 2 + /3 2 

which is constant. 

Consequently, by § 51, the curve represented by the 
equation is a parabola. 



Show that the equation y- = x + y denotes a parabola, and find 
the coordinates of its vertex. 


Show that the equation y 2 = 2x + Ay + 1 denotes a parabola, 
and find the coordinates of its vertex ; also the equations of the 
axis and the tangent at the vertex. 

[By changing the origin, we can reduce the equation to the form Y 2 = 2X. Now 
X = 0 and Y = 0 are the tangent at the vertex and the axis, so we have only to 
change back to the old origin.] 


23. Show that any equation of the form x 2 = ox f by denotes a 
parabola having its axis parallel to OK. 


u/i 

r l £L _?L\ 

\2’ 4 b)' 


25. Find the vertex, focus, and directrix of the parabola x 2 = 2x -f y. 
[First find the vertex and the length of the latus rectum ; then use a figure.) 


2*>. Show that the axis of the parabola (cur + /3 y) 2 + 2 gx + 2 fy + 1=0 
is parallel to the straight line a# + /3 y — 0. 


MISCELLANEOUS EXERCISES ON CHAP. III. 

i/ Find the equation of the parabola whose focus is at (—1, 1) and 
whose directrix is x + y + 2 = 0. 

28. Find the latus rectum of the parabola in Ex. 27. 

iAd the coordinates of the poiat of intersection of the line 



with the parabola y 2 = 5x . 

{ Find the condition that the line y — mx + c should touch the 
parabola y 2 = 4 a (pc + b). 
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u 


Show that the line y = mx + c will touch the parabola 



c = 


y 2 = Ax + By + C 

- {A + Bm ) 2 + 


Cm 


4mA * ' A 

[Eliminate x and find a quadratic for y .] 

Find the coordinates of the point of intersection of the straight 
Zx — y + 2 = 0 with the parabola y 2 = 2x + l. 6 

33. If P, Q be the points of intersection in Ex. 29, find the 
coordinates of the middle point R of PQ. 

theory of'quadnUicJ ^ P ( *” Q ( * 2 ’ Vi) ’ then * = *<*'+*’>< > ls « th. 


34. Find the length of the side of an equilateral triangle inscribed 
in the parabola y~ = 4ax so that one angular point is at the vertex. 

35. Find the length of the side of an equilateral triangle inscribed 
in the parabola y = 4 ax so that one angular point is at the focus. 

_ • rt J rj / / 4 ■ . | ^ _ a parabola meets the 

curve in P and P . Show that the product of the ordinates of P and 
P is equal to the square oft half the latus rectum. 

37. In the same case, the product of the absciss® is always equal to 
the square on one-fourth of the latus rectum. 


38. Show that any line parallel to x + y = 0 will meet the para¬ 
bola + 2xy + + 2x + 4y + 1 =0 in one point at infinity. Hence 
x -+ y — 0 is parallel to the axis. 

39. The axis of a parabola is x cos a + y sin a—p = 0, the tangent 
at the vertex is x sin a — y cos a = 0, and the latus rectum is 4 a. 
Show that the equation is 

(x cos a + y sin Cv— p) 2 = ±4 a(x sin a — y cos a) 
according to which side of the tangent at the vertex the parabola is. 

[Use the result PN 2 ~ 4AS. AN where PN is the perpendicular on the axis and 
AN is equal to the perpendicular on the tangent at the vertex.] 

40. Find the equation of the parabola whose axis is x + y — 2 = 0, 
tangent at the vertex x—y ~ 0, and latus rectum a/ 2, the para¬ 
bola lying on the same side of the tangent at the vertex as the point 
(2, 1) does. 

41. Find the equation of a parabola having the same axis, vertex, 
and latus rectum as the foregoing, but lying on the other side of the 
tangent at the vertex. 

42. Provo that, if the straight line A x + py + v = 0 touches the 
pai'tbola y 2 —4pz t 4pq = 0, then must 

\ 2 q i \v — pp 2 = 0 
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EXAMINATION PAPER I. 


1. Show how to find the joint equation of the lines joining the 
origin to the points of intersection of 

' ax 2 + by 2 + 2 gx + 2 fy =0 and y = mx + c 9 
and hence determine the condition that y = c is a tangent to 

ax' 2 + by' 2 + 2 yx i 2 fy = 0. 

2. ABC is a triangle. DE is a variable line, parallel to BC , and 
cutting AB in D and AC in E. Find the locus of the point of inter¬ 
section of BE and CD . 

3. Through what angle must the axes, supposed rectangular, be 
turned to transform ax 2 + 2 hxy + by 2 into a' x 2 + b'y 2 . Deduce a simple 
relation between a', b\ «, b. 

4. Prove that the degree of an equation is unaltered by any change 
of axes. 


5. As in Example, p. 39, plot out (i.) the parabola x 2 = 3y + 7, 
(ii.) the curve lOOy = 4x? + x. 

6. Draw the curve x 2 — 2ax+ 3ay + a 2 = 0, finding (i.) the equation 
of the directrix, (ii.) the coordinates of the extremities of the latus 
rectum, and confirm your work by finding the intercepts on the axis 
of y. 


7. Find the equation and length of the latus rectum of the parabola 
whose focus is ( — a, 0), directrix x + y + 2a = 0. 

8. Show that the straight line x+ uy + an 2 = 0 touches the para¬ 
bola y 2 = 4 ax, and find the point of contact. 

9. Show that the equation 

ax 2 + 2 hxy by 2 -♦ 2 yx + 2 fy + c = 0 
represents a parabola if h 2 = ab. 


10. Prove that the area of a triangle inscribed in the parabola 
V 1 = 4 ax =_L (l~m) ( m ~ n) (n~l) 

8 a 

where l , m, n are the ordinates of the angular points. 

OEOM. PT. II. R 
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CHAPTER IV. 


THE ELLIPSE. 

% f 

• ‘ 

53. Ellipse. — Definitions. —An ellipse is the locus oi 
a point which moves so that its distance from a fixed 
point bears a constant ratio of lesser inequality to its 
distance* from a fixed straight line. 

The fixed point is called a focus and the fixed line 
the corresponding directrix, 
and the constant ratio the 
eccentricity. 

The eccentricity is usually 
denoted by the letter e. 

For an ellipse, therefore, 
e is less than 1. 

Thus, if P be a point on 
the curve, and PK the perpen- 21 * 

dicular from it on the directrix, we have 

* , SP = e.PK . (1)* 

\/ 

» 

54. To find the equation of an ellipse. 

Let S be the focus and XK the directrix, SX being 

perpendicular to it (Fig. 21). 

Take X for origin, and XS , XK for axes. 

Let e be the eccentricity, and put SX = p- 

Then, if the point P (whose coordinates are x , y) is on 

the curve, we have SP = e.PK ; 

SP 2 = e 2 . PK 2 , 

t\e., (x-pY+y 2 = eV ; 

.\ x 1 (1 — e 2 ) + 'if — 2px -f p 2 — 0, 
which is the required equation of the ellipse. _ 

* See footnote, p. 85. 
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55. Reduction of tlie equation of the ellipse to the 

»i *> 

^ »*" _i_ ir __ 

form 

By changing the origin, we can reduce the equation 
obtained in°§ 54 to a much simpler form, which is the one 
generally used. The equation may he written 


(1 


2 ) { 


2x 


rl 




o. 


i - eM 

Consequently, completing the square with respect to x, 



we have (l—e 2 ) j +U 2 +l j2 — J 


Now let us take as new origin a point on SX distant 
p/( l_e 2 ) from X , and axes parallel to the original axes; then, 
referred to the new axes, the equation is, by Part J., § 31 

(1 - e 2 ) .e 2 + y- = -jr = 


4 O 

V e 2 . V 

— —t, or xr + - j- 


o o 


pe 


2 


1 — er * 1 — e 

Now put p 2 e 2 /(l — e 2 ) 2 

Then the above becomes, on dividing across by a 2 , 


(1 e ")“- 


a 2 . 


and, putting 
this is 

Cor. 


* , ST _= 

a 2 a 2 (1—e 2 ) 

a 2 (1 — e 2 ) = 6 2 , 


l; 


a 2 b 2 
e 2 = 1 


( 2 ). 


6- 

•>' 


Example.—equation of the ellipse having (1, 1) for foeus f 
2 a; —y + 1 = 0 for correspotiding directrix , eccentricity 1 / a/2. 

Here, if P be (a;, t/), we have <SP 2 = (a; — 1)* + (y — l ) 2 ; P/C = per¬ 
pendicular from P on directrix = (2a; —y + 1) / a/5. 

But SP 2 = P/T 2 = £P/f 2 . 

Hence (a;—1 ) 2 + (y — l ) 2 — 1 * 5 ( 2 # — y + l ) 2 

is the required equation. Simplifying and transposing, we get 

6 a ; 2 + 4o;y + 9y 2 —24a;— 18y + 19 = 0. 

Exercises. 

1. Find the equation of an ellipse having ( 0 , 1) for focus, x + y = 0 
for directrix, and eccentricity £. 

2. Fin d the equation of an ellipse having (\ / a* — b' 2 , 0 ) for focus, 
a? = a 3 /v^a 2 — V 2 for directrix, and eccentricity \/a 2 — 6 2 /a. 
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56. Shape of the ellipse. 


The shape of the ellipse is easily found from the equation 

1 9 *> 

V _ 


in its simple form, 
We have 


£- + 
*> ! 


2 


y 


or b 

2 - ^ (i 


i. 


-) 

a 2 / 


and, since y 2 must be positive, we see that 

1 < 


ar 


o 1 


or x cannot be numerically greater than a. 
Similarly, y cannot be greater than b. 
We have, from the above, 

y = =t — y/ a 2 — x 2 . 

a 



Fig. 22. 

Hence (i.) a; cannot be nu merically greater than a. 

(ii.) oj = makes y = 0. Thus, since the lines 

x = ±a make the two values of y equal, 
they are both tangents. 

(iii.) A value of x numerically less than a gives 

two equal and opposite values of y. 

Thus the curve lies entirely between the lines x = +a 
and x = — a, and every chord parallel to the axis of y is 
bisected by the axis of®, the curve is symmetrical 

with respect to the axis of | _ _ _- 

'—" ' * * See footnote; p. 37. 
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Similarly, from tlie equation 

x = ± ~ 

b 

we infer that the curve lies entirely between the -/fines 
y = -\-b and y — — b, and is symmetrical with respect to 
the axis of y. 

Further, as one coordinate increases numerically, the 
other decreases numerically; hence the curve is an oval 
of the form shown. 

If A, A' be taken on the axis of x such that 

CA = CA' = a, 

G being the origin, and B , B' on the axis of y such that 

GB = CB' = b , 

then A A' and BB' are called the major and minor axes 
of the ellipse, and the point G is called the centre. 

Cor. The curve 

an ellipse whose major axis b lies along the axis of ?/, and 
minor axis a along axis of x. Its foci* are, therefore, on 
the axis of y , its directrices* are parallel to the axis of x , 
and its eccentricity is given by cr = fc*(l —e 2 ). 


x 


a 


~ v 2 

-4-^=1, when b > a, is evidently 


3. Sketch roughly, in one diagram, the curves 

(i.) # 2 /9 + f/ 2 /4 = *5 (ii.) a; 2 + 4 y 1 = 1; (iii.) 4# 2 + y 2 = 1. 

4. Find the length of the ordinates of each of the curves in Ex. 3 
corresponding to the middle points of the semi-major axis {CA). 

5. Show that a point (h, k) is outside, on, or within the 
curve aj 2 /a 2 + 2 / 2 /& 2 = X, according 1 as 

7t 2 /a 2 -p h 2 /h 2 >, =, <1. 

6 . Determine whether the point ( — —, —-—\ is outside or within 

^ V a/10 >v/10/ 

the curves (i.) a: 2 /4 + i/ 2 = 1, (ii.) x 2 + y~/4 = 1; 

and illustrate your answer with a diagram. 


See enunciation of proposition in § CO. 
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Equation of ellipse referred to axes parallel 
to the principal axes. —In the reduced equation 

y 7 x 2 / a 2 4- y 2 / 6 2 = 1 

the centre of the ellipse is the origin of coordinates and 
the axes of the curve are the axes of coordinates. 

Frequently, however, the equation of the curve is given 
referred to axes of coordinates parallel to, but not both 
coincident with, the axes of the curve. In such a case 
there is no difficulty in tracing the curve. In the case of 
the parabola, we managed this by transferring the origin 
to the vertex of the parabola. In the case of the ellipse 
(and of the hyperbola, as in Chap. V.), we transfer the 
origin of coordinates to the centre of the curve.* 1 I he 
method of procedure will be seen in the following 

examples :— 

Example (i.). Trace the curve 

(*-i ) 3 . (.y-g)* = i 

9 4 

If wc transfer origin to the point C (1, 2), the equation at once 

becomes + ~~ = 1. (Part I., § 31.) 

q 4 Y i o 

' This is clearly an ellipse with ■ --.-^ 

axes 3 and 2 along the axes of j 

coordinates. f 

Confirm the diagram by find- / ; \ 

ing intercepts on original axes. I- Jg- JA~~ 

x = 0 gives " V J / 

or y = = 3*88 or -12. 0 ;B* 

y = 0 gives ! 

fc|H = =l-l, or * = 1. Fig. 23. 


or 


x = 1 . 


Fig. 23. 


Examvle ( ii.). Trace the curve x 1 + iy-— ‘lx— 16y4-8 = 0 . . 

Here arrange the terms in ** and *, together with some numerical 
quantity, so as to form a perfect square, and do similarly for the 

terms in y 2 and y. _ ( 

or (a;-!) 2 +4(y-2)- =9, 

(* -1 ) 2 . (y ■-g)! = i, 

or o 

XJ 4 “• --_ ~ 


or 


. ( y-2) 2 

*** SL 

4 


* See Caution on p. 40. 
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Transferring origin to (1, 2), 



which, is evidently an ellipse 
with axes 3 and and is us in 
figure. It cuts the original 

axes x = 0 

where 4*/”— 16y + 8 = 0, 

or y = 2± a/ 2 = 3*4 or *6; 

and y = 0 

where x- — 2x + 8 = 0, 

i.e . in imaginary points. 


we get the equation 



Example (iii.). Trace the curve 2x~ + y- — 2y — 3 ^ 0. 


As in Example (ii.), we collect terms thus : 


or 

or 


2.r 2 + (y 2 — 2y + 1) — 4 = 0, 
2*-+(y-l)* =4, 

^ + (Jt=D! =i. 

2 4 


On transferring origin to the point 
(0,1), we get the equation 



This is an ellipse with axes a/ 2 
and 2, but evidently the major axis 
is along the (new) axis of y. The 
curve is, therefore, as in figure. 

Intercepts on original axes are 
given by x = 0, 

y- — 2y — 3 = 0 or y = 3 or - 1, 
and y = 0, x = ± = dbl*2. 



Example (iv.) Find (a) the eccentricity , ( b ) the coordinates of the oids . 
of the major axis , (<;) the coordinates of the ends of the minor axis , of the 
curve in Example (ii.), all referred to the original axes. 

{a) In that curve, a = 3 and b = •§. 

* 2 = l-6 2 /a 2 = l-($/3)2 = 1-i = £ ; *= a/3/2. 

(£) The coordinates of C are 1, 2, and is parallel t o ax is of x. 

Therefore, since CA = CA' = 3, the coordinates of A are (1 + 3, 2) or 
(4, 2), and those of A' are (1^3, 2) or (-2, 2). 

(c) Since CB = CB' = f and BOB' is parallel to axis of y, the 
coordinates of B and S' are, respectively, (1, 2+"■§), (1,2 — 4)* or 

(h $)» (!> *)• 
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Exercises. 

Trace the following curves :— 

7. (*-2) 2 /4+ (y-l)* = 1. 8. (a*-1)2/9 +( 2 /-2)2 = 4. 

9. x- + 4 y 2 _ 8y = 0. 10. 4a.*2 + ?/2_2y-3 = 0. 

11. a: 2 + 2y 2 + 2# — 4y — 1 =0. 12. 15.r 2 +4y2_90.tr + 32y —41 = 0. 

13-18. In each of the above curves (7-12), find 
(i.) the eccentricity ; 

(ii.) the coordinates of the ends of the major axis ; 

(iii.) the coordinates of the ends of the minor axis. 


58. Polar equation of the ellipse, the centre being 
the pole. 

To find the polar equation, we must (by Part 1, § 6) 
put a’ = r cos # and y = r sin 0 


in the equation 


o 

4 - 

a~ b 


if 


1. 


n , /cos 2 # sin - # 

Hence we get r~ 1-^-h 

\ & 


b 2 


) 


i, 


or 


cos 2 # . sin 2 6 


,2 


a 


+ 


b 


as the required polar equation. 


( 3 ), 


1 


59. Shape of the curve derived from the polar 
equation. 

Equation (3) can be written 


Now, as a 




b a 



Therefore, as # increases from 0 to —, the expression on 
the right increases. 

Therefore — increases, z.e., r diminishes, z.e. 9 as # in- 

r . 

creases from 0 to \tt, r steadily diminishes. 

The same happens in each quadrant, viz., in passing 
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from an end of the major to an end of the minor axis, the 
radius vector constantly diminishes. 

This affords a good method of tracing the curve, since 
we can easily find the distance from the centre m which 
any line-meets the curve. 

Example (i.). In the ellipse whose semi-axes are 2 and 1, respectively , 
find the length of thi radius vector from the centre making cm angle 45° with 
the major axis. 

The Cartesian equation of the curve referred to its major and 
minor axes as axes of coordinates is 

+ £- = l. 

2 - 1 * 

Hence the polar equation, with centre as pole, gives 

1 cos 2 0 sin 2 6 _ £ * _ 5 

---— + —-- - + ~ 


1 


Hence 



r = x/f. 


Example (ii.). In any ellipse the sum of the reciprocals of the 
squares of two radii vectores at right angles is constant. 

Suppose they are r, making an angle 0 with CA t and r lf making an 


angle ^ 


0 + 


7T 


^ with CA. Then 

1 cos 2 0 


sin 2 0 


r- 


*i 2 


cos 


( 


0 + 


) 


a 


sin 


( 


0 + 


b* 

n 


) 


a- 


£2 


_ si n 2 0 + 


a 


2 


cos 2 0 
A 2 ■ 


Hence, adding, we have 


1 


+ _ co s 2 0 -f sin 2 0 ^ cos 2 0 + Bin 2 0 


r i 2 


a 


b* 


= JL +± 

a 2 b 2 ' 


which proves the reBult required. 


Exercises. 

19. Find, in the curves of Ex. 3, p. 53, the lengths of the radii 

vectores from the centre, making (i.) 45°, (ii.) 60°, with the major 
axis. 

a Sketc h» m one diagram, the curves a?/4 + y 2 = 1 , x 2 /9 + 4 y 2 = 1 ; 

cl the tangent of the angle the common radius vector makes with 
the axis of x 9 and find the length of the radius vector. 
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^ 60. To show that the ellipse has a second focus 
and a second directrix. 

Since the curve is quite symmetrical with respect to 
AC A' and BOB’, if we take S' and X' on AC A' so that 
CS' = CS and CX' — CX, and draw X'K' perpendicular to 
CX', then it follows that S' is a second focus and X K 
another directrix, and the whole of the ellipse can clearly 
be generated from them in exactly the same way as it 
can from the original focus and directrix. 

61. To show that CX — a/e and CS — ae. 

(i.) Since A and A’ are on the curve, we have 



Fig. 26. 


Adding these two results, we have 

SA+SA' = e(AX+A'X). 
But SA +SA’ = A A' = 2a 

and AX-hA'X = A'X' + A'X = XX'-- 

2a = 2e . CX ; 

.-. CX = a/e . 


2 CX 


(4) 


(ii.) Again, from (a), by subtracting, we have 

SA'-SA = e (A'X-AX). 

... sa-S'A' = e(A'X-AX), 

„ SS’ — e . A A' or 2CS = 2 ae, 

CS = ae . ( 5 )- 

Cob. CX CS = a/e xae=o ! = CA 3 . 

62.' tatus rectum.— Definition.— A chord ^ drawn 

through a focus perpendicular to the axis is ca 
latus rectum. Its length is usually represented by 21. 
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The semi-lcitus rectum l = hr fa. 

For the chord LSL' is, of course, 
bisected at <S, and, since GS = ae y 
the coordinates of L are ae, l. 


Hence 


o o 7-> 

ar*r r 


i. 


• • 


p 


a 


•» > 


Ir/a 


( 6 ). 



Example.—An ellipse has a focus at (1, 1), directrix 3#+ 4 y— 32 = 0, 
and eccentricity £ ; find the coordinates of A, A\ and C y the lengths of the 
axes , and the position of the other focus and directrix. Find also the 
equation of the ellipse. 

In the first place the equation is clearly 

{(*— i) s + (y—i) 2 }* = i 

Thus 225 {(x — 1)2 + (y_ 1 ) 2 } = (3* + 4y-32) 2 ; 

i.e.y 216# 2 —24.ry v + 209y 2 —258#— 194y —57^4 = 0. 



Fig. 28. 

Again, A and A’ divide SX internally and externally in a given 
ratio 1:3. So we must find X. 

Now, SX being perpendicular to 3#-f 4y — 32 = 0, its equation is of 
the form 4x— 3y + k = 0, 

and, since it passes through (1, 1) it is 4#—3 y = 1. 
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X is where this line meets 3# + 4y — 32 = 0. 

Hence its coordinates are 4, 5. 

Hence A ia x = 3 ' 1 + 1 ' 4 = 2 / = 3 ~ l4 ~ 1 ~ 5 = 2. (Parti., § 3) 

4 4 


Similarly ^4' is ( — — 1). 

Again, C is the mid point of AA' y and is thus (f, £). 

To find the axes we have_ 

CA = v / (l-t) 2 +(2 -j)g;_ 

.•. « =-J- 5 - and 5 = a \/1 — = -^-v^l — (A ) 2 = *- ^ 2 . 

If the other focus he (.r h yj), then C is the mid-point of (1, 1) and 
(*i, 2 /i). Thus ar 1 + l = 2.f = £; = i ) 

2/j+l = 2 .^ = 1; y, = 0) ' 

Therefore the other focus is (J, 0). 

The other directrix is parallel to the former, and its distance from 
the centre is equal in magnitude, but opposite in sign, to the distance 
of the former. Thus its equation is 3# + 4y = A*', and we have 


2x + 4 y — k* _ 
5 ” 

Hence A* 7 «= — 9 -£- 9 


— * x ±*y —— where x = f and y = £. 

5 

and the other directrix is 3# ■+- 4y + = 0. 


Exercises. 

21. With the figure of § 56 show that 

SB = AC, CS = 

22. The semi-axes of an ellipse are 4 and 3 respectively. Find the 
lengths of the radii vectores inclined at angles 30°, 45°, and 60° to the 
major axis. 

23. Find the eccentricity and the latus rectum of the same ellipse. 

24. Find the equation of the ellipse whose focus is at (1, 2), directrix 
x + y + 1 = 0, and eccentricity Find also the length of its latus 

rectum. _ _. , 

[l = e x perpendicular from focus on directrix.] 

25. Find the lengths of the major and minor axes of the ellipse in 
Ex. 24. 

26. Find the coordinates of the extremities of the major axis of the 
same ellipse. 

27. Find the other focus and directrix of the above ellipse. 

28. Find the equation of the ellipse whose focus is (£, 0), directrix 
3 # + ±y + ±j. = 0 , and eccentricity £. 

29 Being given the positions and lengths of the semi-axes of an 
ellipse, show how to find the foci and directrices. 
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r 

63. The stun of the focal distances of any point on 
the curve is equal to the major axis. 

Let the coordinates of P be x, y , PN its ordinate, and 
PK , PK' the perpendiculars to the directrices. Then 

• SP = ePK = eNX 

= e (GX + x) 


(f + 4 


since 


cx 


a 



Similarly, 


SP 


b' 

Fig. 29. 

= a+ex . 

= ePK' = eNX' = e (£*' 

= e = a — e.r, 

and hence SP + S'P = a 4- e# -f ct — ex ; 

SP+S'P = 2<i . 




(7) 


64. Conversely, if a point moves in a given plane 
so that the sum of its distances from two points in 
that plane is constant, it describes an ellipse. 

Take the line joining the given points 5,5' as the axis of x 
and its middle point C as the origin. Then the coordinates 
of 5, S' may be represented by (c, 0) and (—c, 0). 

^ y) be a point P on the curve, we have 

SP+S’P = constant = 2a, say, 

v / (v-cy + y*+ y(x + c y- + if = 2a, 

and SP + S'P > SS' or a > c. 
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Transposing, we get. 


v 7 (x + cy + y 2 , 


\/ («r — c) 2 4- y 2 — 2 a — - 
and, on squaring’, we obtain 

(# — c) 2 d-?/ 2 —4av / (ai- c) 2 -\-y 2 + ±a 2 = («r-fc) 2 -fjy 2 . • 
Hence, on rearranging and dividing across by' 4,»we 

obtain av/ (a? — c) 2 -f y 3 = 

and, on squaring again, 


cc 


cx 


d 2 (a: — c) 2 -f y'CL 1 = a 4 — 2a 2 c.r 4- c 2 a; 3 , 


&.e. 


or 


o/o o\ , 22 

or (a‘ —c“) 4- y cr 


x' 

a 


+ 


y 


a 
2 


4 aV = a 2 (a 2 —c 2 ) 


1 


a. 


Since a > a, this is an ellipse with the points (c, 0), 
( —c, 0). as foci. (See § 61.) 

^5. Mechanical description of the ellipse.— -From 
§ 64 we can at once deduce the easiest method for the 
mechanical description of an ellipse. 

Take a thread SPS' and fasten its two ends 5, S' firmly 
to two nails fixed on the paper. 

Then place a pencil vertically 
against the thread so as to keep 
it always tight. Move the pencil 
about, and it will describe an 
ellipse whose foci are S and S' 
and whose major axis Fig. 30. 

= SP-\-S'P = length of thread. 

hToTE.—To describe the lower portion of the ellipse the 
whole thread must be brought to the lower side of oo 
and the pencil placed against the upper side of the thread. 



30. Find the simplest form of equation of the locus of a point that 
moves so that the sum of its distances from two points S , S is 10 

where SS' = 8. g L 

31. Find the eccentricity of the curve in Ex. 30, and the leng^ppx 

its semi-latus rectum. * 
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Ellipses are not all of the same shape. (Compare 
Corollary in § 30.) 

Suppose, after describing the cllipso A PA' with thread SPS' and foci 
S and S\ we fasten the ends of the threads to points V , V' on SS\ 
where SV = S' V 

Then it is clear that in general VP + V'P is not equal to SP + S'P y 
and consequently the curve described by the thread with V and V as 
foci will not pass through P. 



Similarly it will not pass through any* other point of the ellipse 
A PA' except A and A'. 

Hence the curve described will be another ellipse with AA' as major 
axis, lying entirely within or entirely withoutf ellipse A PA' except at 
A and A\ where they touch. 

Hence these ellipses are not of the same shape, which proves the 
propositiem. 

67.”^he circle is a limiting* case of an ellipse. 

If the two fixed points of § 64 coincide, the locus is clearly a circle 
of radius a. 

Hence we infer that, 

if the foci of an ellipse coincide , it becomes a circle , 

having its centre at the point of coincidence. 

This also follows from the equation of $ 64, for, if the two points 
coincide, c = 0 and the equation becomes 

x 2 + y 2 = a 2 , 

which represents a circle of radius a having its centre at the origin. 
Also, since CS = ae f and in the case of the circle CS = 0 , wo see that 

the eccentricity of a circle is zero. 

Also CX = — = go for a circle, and therefore its 

e 

directrices are at an infinite distance from the centre. 

• The curves therefore cannot intersect. 

t Within if J' and V lie in SS' produced, without if V and V’ lie in SS'. This 
can be proved by considering the position of P when it is on the minor axis, i.e, % 
When the two p^ta of the string make equal angles with SS'. 
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68. To show that the straight line y = mac + c 
meets the ellipse ac 2 / a 2 + b 1 /y 1 = 1 in two points, real 
or imaginary; and to find the condition that the 
line should touch the ellipse. 

To find the points common to the two loci, we mifst 
solve, simultaneously, the equations 


vix + c and 


+ 


Putting 


mx 4- c 


in the second equation, we have the quadratic for x 


or 


2 


(L + ^) + 

\ a 2 b 1 1 


x 2 . (mx + c) 


b 2 

2 me . c 2 
-^■ x+ b> 


i, 


o. 


This equation gives two values of x , and for each value 
of x we get one value of y from 


mx-\-c ; 


so there are two points of intersection. 

The values of x are real, coincident, or 
according as 


imaginary 


m 2 c 2 / 1 

b 4 \ a 


• _i_ — 

2 “h Jy'i 


?)( 


b- 


-l) | 0 , 

{Tut. Alg., II., § 159) 


m 


1 * r 2 


i.e., according as ^ 


^ 75 = 0 , 


or as 


Therefore, if 


a*m* + b 2 -<? = 0 


%/ arm 2 4- b 2 , 


the two points coincide, and hence the lines 

ti = mac ± ^a 2 m 2 + b 2 ... 


( 8 ) 
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touch the ellipse for all values of m. The double sign 
shows that there are two tangents parallel to y = rax. 

Coa. Since the ellipse is a closed curve, it is evident 
that no real line can meet it at an infinite distance. 

This also follows at once from the quadratic for x , for, 
if it had an infinite root, we should have 


1 m~ 
}? 
b_ 

a 


= 0, (Tut.Alg., II., § 16b*) 

v/~l, 


leading to m 

which is imaginary. 


3*2. Find, from first principles, the condition that y = 3a; -f c should 
touch the ellipse x 2 -f 4 y 2 — 1, and find tho coordinates of tlie point 
of contact. 

33. Find the equations of the tangents to x- -f- 4 y- = 1 that make 
an angle of 45° with the major axis. 

34. Find the coordinates of the points of contact of the tangents to 
x 2 /a- + y 2 /b' 2 = 1 making an angle a with the major axis, and show 
that the line joining these points passes through the centre. 


J 


69. The equation of the ellipse is of the second 
degree whatever he the axes of reference, and, if the 
terms of the second degree he, as usual, 

axr+ 2/i.ri/ by', 
then ah > Jr. 

In its simplest form the equation is of the form 

= 1 . 


. y 


+ 


a 


ft* 


1. 


Now, to change to any other axes, we have to replace x 
and y by linear functions of the new coordinates (Part I., 
§ 35) ; lienee the new equation is of the form 

n x y (l;X + + n,Y 

a 2 + " /3 2 

The terms of the second degree are 

F 

OBOM. PT. II. P ' 
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viz., tlie sum of two squares, so that the factqrs of the 
expression ax 2 -\-2hxy-\-by 2 must be imaginary, and hence 
ab > h 2 . 

We can easily verify this by putting in for a , 7i, b their 
values as determined by comparing the two equations, 



Hence 





which is clearly positive, since it is a perfect square. 


70 . The above result can also be shown as follows when the axes 
are rectangular. 

JLot (x' 9 y') be a focus, and a;cos a + f/sina—= 0 the corresponding 
directrix ; then, if (#, y) be on the curve, we have 

{y — y')'* = c (x cos a -t y sin a— p), 

or, on squaring, 

(x — x') <2 -f (y — ]/)- = c 1 (x cos a -f y sin a—p) z . 

The terms of the second degree are 

X 1 (1 — c* cos 2 a) — 2 xyr* sin a cos a + y- (1 — e 1 sin 2 a) ; 
so that, with the usual notation, 

a = 1 — c 2 cos 2 a, b = 1 — e 2 sin 2 a, h = — c- sin a cos a, 

whence a b — h 2 = 1 

which is positive, since e< 1 . - 

We shall afterwards see (Chap. VI.) that, if ab>h*, the equation 

ax- + 2 hxy + by- -f 2 yx + 2 fy + c = 0 . 

always represents an ellipse. We have hero proved the converse of 
this proposition. 

Exercise. 

35. Take the curve * 2 /9 + y- = 1 (axes supposed rectangular). 
Find its equation when the origin is transferred to the point 1, 1, and 
then when, further, the axes are turned through 30°. Confirm { 69 
by showing that, in each of the three stages, ab > h~ % 
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MISCELLANEOUS EXERCISES ON CIIAP. IV 


36. Being given a focus S of an ellipse and the corresponding vertex, 
show that the locus of the extremities of the minor axis is a parabola 
having its focus at S. 

[Use the relation SB — /tC.] 

37. Prove that the lino lx + >ny = 1 will touch the ellipse 
x 2 /a 2 + y 2 1b~ = 1 provided a~l- + b-m 2 = 1 . 

38. Find the coordinates of the middle point of the portion of the 
straight line x + y = 2 intercepted by the ellipse 3.r 2 -f 2y 2 = 6. 

39. Provo that, if lx + my — 1 meets x-/a 2 + y~/b 2 = 1 in real points, 
the coordinates of the middle point of the intercepted portion are 

a~l b 2 m 

aV- + //-m- * a-P + b'bn 2 * 


40. Of two circles one completely encloses the other. Show that 
the locus of the centre of a circle touching the inner one externally 
and the outer one internally is an ellipse, having its foci at the 
centres of the two circles. 

(See that the sum of the distances is constant. 1 

41. Find tho eccentricity, the length of the latus rectum, and 
the coordinates of the foci of tho ellipse 4(.r—l ) 2 + 3y 2 = 4 , and 
represent the curve in a figure. 

42. Find the equation of the lines joining tho origin to the points in 
which the line x cos a + y sin a — p = 0 meets the ellipse x 2 /a 2 + y-/b- = l; 
and lienee show that, if the intercepted portion of the chord subtends 
a right angle at the centre, it always touches a circle of radius 

—— concentric with the ellipse. 

•Va 2 + b- 

43. Which of the lines 3# + 4= 0 , 8.r + 9y— 12 = 0 lies 

nearer the origin ? DoeB either of them meet the curve $x 2 + 4y2 = 3 ? 

44. An endless string passes round two fixed cylindrical pegs and 
round a cylindrical pencil. Taking into account the dimensions of 
the cylinders, but supposing them to have equal radii, show that, if 
the string be kept tight and the pencil moved, the pencil will describe 
an ellipse if the tracing point is at its centre. 

46. If V be the mid-point of a chord PP' of an ellipse, VK the 
perpendicular on a directrix, and S the corresponding focus, then 

SP + SP' = 2e VK. 

Deduce that the locus of the middle point of a chord, when the 
sum of tho distances of its extremities from a focus is constant, 
ie a line parallel to the minor axis. 
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46. If S, S' are the foci of an ellipse, and P any point on the curve 

show that tan %PSS' tan %PS'S = (1 — <?)/( 1 +e). 

Conversely, if the base of a triangle be given and the product 
of the tangents of half its base angles, show that its vertex lies 
on an ellipse having the ends of the base for foci. 

Tuse 

L 2 v s(s-a) J 


47. Find the eccentricities, foci, and directrices of the ellipses 

(i.) x 2 + 4y 2 — 6x ; (ii.) 4x 2 + 4y 2 =- 5x . 


48. Prove that, if a bar of given length moves with its extremities 
on two fixed straight lines at right angles, any point marked on it 
describes an ellipse. 


49. Find the coordinates of the foci, and the equations of the 
directrices, of the conic x 2 + y 2 = c 2 (x cos a + y sin a—p) 2 . 

50. Find the equation referred to rectangular axes of an ellipse of 

eccentricity -i-, which passes through the origin, and has its focus 

y 2 

at some point of x 2 + y l —ax = 0 , the corresponding directrix being 

x + y — a= 0 . 


51. Find the equation of the ellipse x 2 /a 2 + y 2 /b 2 = 1 when the point 
( — a, 0 ) is taken for origin, the directions of the axes being unaltered. 

Deduce that the equation y 2 = 2 px + qx 2 represents an ellipse 
if q be negative. Show, further, that t he la tus rectum is of 

length 2 p, and that the eccentricity is \/l— q. What does the 
equation represent when q — 0 ? 

52. If x lf x 2 he the abscissae of the points P , Q on the ellipse 
v?la 2 + y 2 /b 2 = 1 , and P u Q\ be points on the major axis whose abscissae 

are eX\ and ex 2 respectively, prove that PQi — P 10 - 
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CHAPTER V. 


THE HYPERBOLA. 


71. Hyperbola. — Definitions. — A hyperbola is the 

locus of a point which moves so that its distance from a 
fixed point bears a constant ratio of greater inequality to 
its distance from a fixed straight line. 

The fixed point is called a focus, the fixed line the 
corresponding directrix, and the constant ratio the 
eccentricity. For a hyperbola, therefore, the eccentricity 
e is greater than 1. 

\2£\ To find the equation of a hyperbola. 

[Tho method is exactly the same as for the ellipse.] 


K 


Let S be a focus and XK the corresponding directrix, SX 
being perpendicular to XK. 

Take X for origin and let S 
be (p, 0) ; then, as in the case 
of the ellipse (§ 54), we have 

SP = ePK ; 

SP 2 = e 2 PK 2 ; 

O—p) 2 -f?/ 3 = 

or a? (A. — e 2 ) -f y 2 — 2 px +p 2 = 0, 

the only difference being that 
now e > 1. 


*2 2 
ex 


r 

Fig. 32. 
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Reduction of the equation of the hyperbola to 


the form 


oc 


!/ 


1 . 


a Ik 

[Here again the procedure is the same as in the case of the ellipse.] 
The equation just found may be written 


(l-e 5 ) {j + y- +p 


o, 


or, on completing the square with respect to x. 


(i 


e 1 ) j x 




P 


1 - 


.2 * 


but, as e > 1, we write this 


(e 2 — 1 ) ^ 


4 


e 




■ -p- 




2 


Now let us take as new origin the point [— p/(e 2 — 1), 0]; 


then 




P 


or 


x 


y 


+P 

2 2 
V e 


£4 (Pt.I.,§31) 


0 


l) 2 ' 

2 


e — 1 

Now put jp 2 e 2 /(e 2 —1)“ = a , 

then, on dividing across by a 2 , the above becomes 


and, on making 
this is 


Cor. 


aj 2 



’ & i 

a 2 a 3 

(e 2 - 

i) 

a 2 (e 2 - 

-1) 3 

= 6 2 , 

rc 2 

. v* 

= 1 


ft 

Id 

II 

ft 2 

= 14- 

6 2 

a 2 ' 

y 



A AA 0 , 

y i ^ V 

. (OA 

i - 4 Vy v . 

vaT ^ 


>' 


v xampU.—Find the equation of a hyperbola whose directrix is 2x 
vcits (1, 2), and eccentricity a/3. 

Here, if P (x, y) be a point on the curve, we have 

SP 2 = (* _ 1 )2 + (y _ 2)2, 

PK = perpendicular from (x, y) on 2x + y — 1 = 0 
2x + y — 1 
a/5 

Hence the equation is 

(#— 1)2+ (y—2 ) 2 = f (2a: + y— l ) 2 since = 3, 
or, on reduction, 7.r 2 + 12.ry — 2y 2 — 2x + 14y —22 = 0. 


ft - 1 . & 


cl 


I 
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_ f Find the equation of a hyperbola whoso focus is tho point ( 0 , 2 ), 
directrix x + y = 1 , and eccentricity V2. 

2. The focus being (v/V+l'S 0 ), the directrix x = 



and 


eccentricity 


v/ a 2 + b- 


a 




\/ a- + b~ 

show that tho equation of the hyperbola is 
x 2 j a- — y' 2 /b- = 1 . 

S. If tho focus of a hyperbola is at thff ,j 3 JL'igin r the directrix tho 
line j/T 07 and the eccentricity,, find the equation. 

Vlk Show that the equations x* —y 2 / 2 = 1, x 2 /2 — y- / 3 = 2, 
3 s 2 _ 4 y 2 = 5 , ( ,x 2 — by- = c («, b , c being positive) all denote hyper¬ 
bolas ; and find the lengths cf the semi-axes ; 


.1 


[Each equation must be reduced to the form — — — — 1, e.g., if 2r? y- — 3, 



lave 


jL x ~ — V— = 1 or 


- iL = i, and the curve denotes a hyperbola 
3" 3 ' 3/2 3 

whose semi-axes are V?* \/3.] 



6 . Find the eccentricities of the hyperbolas in Ex. 4. 

[Use e 2 = l + fc 2 /« 2 .] 


74r. Shape of the curve. —As in the case of the ellipse 


(§ 56), the equation 




gives us a good idea as to the shape of the curve. 
From the equation we have 






* 


and. since y 2 is positive, we see that # 2 /cr<fc 1, so that x 
cannot be numerically less than a. , 


Also 





but this gives us no limitation for y, ^pd in fact y can 
have any value. * 

Again, from the equations 

y = dr — vV — a 3 and x = d= ~ V y 1 -f b 2 , 

o, i b 
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we infer (1) x cannot be numerically less than a; 

(2) x = ± a makes y — 0; 

(3) any value of x numerically greater than a 

gives two equal and opposite values of y ; 

(4) any value of y gives two equal and opposite 

values of x. 



Hence the curve is symmetrical, with respect to both 
axes, and lies entirely outside the lines x = -f a and x = — a. 

Further, every chord parallel to one axis is of course 
bisected by the oilier. 

If >4, A' be taken on the axis of «r, so that 

CA = CA' = a, 

and 5, B' on the axis of ?/, so that 

CB = CB' = b, 

then A A ', BB' are called the axes. Sometimes the words 
“major” and “minor” are applied to them, as in the 
case of the ellipse ; but there is an important difference 
in the two cases, for in the ellipse B and B' are on the 
curve, while in the hyperbola they are not. Hence A A 
is more usually called the transverse axis, and BB the 
conjugate axis. Besides, as b 2 = a 2 (e 2 — 1), when e > 
b > a ; so that the name minor is clearly unsuitable. As 

before, C is called the centre. 

To obtain the shape properly here, it is necessary to use 

the polar equation, which we shall now obtain. 
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75. Polar equation of the hyperbola, the centre 
being the pole. 

= r cos 0 and y 

x /a — if i b 


If we write x 


we at once obtain 


cos 


*1 


6 


- r sin 0 

= 1 , 

sin 2 0 


in the equation 


r 


•» 


a 


•9 


b 1 


( 2 ) 


sm 


-0 


a 




two different forms of the polar equation required. 

76. Shape of the curve deduced from the polar 
equation. 

When 0 = 0 , ?* = =fca; as 0 increases, 1/r diminishes 
numerically, and so the curve goes further away from G 
continually ; r becomes infinite when 1/r = 0, i.e., when 

cos 2 0/a 1 = sin" 6/b 1 or tan 0 = I>/< t. 

Thus the radius vector that makes an angle tan -1 b/a 
with the axis meets the curve at an infinite distance. 

Hence the part of the curve in the positive quadrant is 
as shown in the figure. The radius vector r becomes 
greater and greater as its direction approaches the line 
for which 0 = tan" 1 b/a , and, as the curve is symmetrical 
in all the other quadrants, it can be drawn completely. 

It must be carefully noted that, as 1/r- is negative for 
values of 0 for which tan 0 is numerically greater than b/a , 
i.e. y for values of 0 between tan ~ l b/a and the supplement 
of this angle, there is no portion of the curve between 
the two corresponding lines, for the value of r correspond¬ 
ing to values of 0 between these limits is imaginary. (See 

Fig. 33.) 

The values of 0 which make r infinite are given by 

tan 0 = ± b/a , 

and the lines through the centre which thus meet the 
curve at an infinite distance are known as asymptotes. 
This, it must be observed, is not the definition of asym¬ 
ptotes which will be given later. 

77. Comparison between ellipse and hyperbola. 

The reader, while noting the points of similarity between 
the ellipse and the hyperbola, must carefully notice the 
points of difference. 
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(i.) The ellipse is a closed curve, while the hyperbola 
extends to an infinite distance. 

(ii.) The ellipse meets both its axes in real points; the 
hyperbola meets one axis only in real points. 

(iii.) The centre and a focus are on the same side of 
the corresponding- directrix in the ellipse, but on opposite 
sides in the hyperbola. 

Example (i.). In the hyperbola whose transverse and conjugate axes 
are 3 and 2 respectively , find the radii vcctorcs making angles 30° and G0° 
with the major axis. 

The polar equation is — = — s - - — When 0 = 30°, we have 

r- a 2 b 2 

1 A a l l i 

= 4 ±. = -—- = - or r = 4 V3. 

r 2 9 4 12 16 48 

When 0 = er, we have -L = | - | or >• = \j - 

Thus r is imaginary in this case, as it should be, for the asymptote 
makes an angle tan- 1 § with the major axis, and, as this is less than 
60°, the latter line does not meet the curve in real points. 

Example (ii.). The sum of the squares of the reciprocals of 
two radii vectores at right angles is constant. _ 

Here, just as in the ellipse, if the extremities he (r, 0) and (r', 0 + %tt), 

1 _ cos 2 0 sin -0 

r 2 “ « 2 y 2 ’ 

cos 2 ( 0 + \ Sin 2 (e+^) . 

^■2 = b 2 a*~ b 2 9 

. _L + J_ = J_L • 

* * >*2 t' 2 b 2 9 

but it must be carefully noted that r and r' may be either or both 
imaginary. 

Exercises. 

6 . Sketch roughly, in one diagram, the curves (i.) x 2 /9 — y 2 — t> 
(ii.) 4 x 2 -y 2 = 1, (iii.) 4.r 2 —9y 2 = 1. 

7. Find the lengths of the radii vectores of the curves in Ex. 6 that 
make angles of 30° and 45° with the transverse axes. 

8 . Sketch, in one diagram, the curves x 2 -y 2 = 9, x 2 - 4y 2 = 1; 
find the tangent of the angle the common radius vector makes with 
the axis of x, and find the length of lhat radius vector. 
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78. Equation of hyperbola referred to axes parallel 
to the principal axes. 

We shall now give a few examples illustrating the 
tracing of hyperbolas when the axes of coordinates are 
parallel to, but not both coincident with, the axes of the 
curve (c/. § 57). 

Example (i.). Trace the hyperbola 

4 (#—1)2 — 9 (y + 3)2 = 9. 

The equation can be written 

(a:-1)2 (y + 3) 2 _ j 



Transferring the origin to (1, —3), the equation becomes 

1 _ yi = i 

(I ) 2 l 2 

which is a hyperbola with semi-axes whose lengths are ® and 1. The 
curve is as drawn. 

The curve meets the original axis of x where y = 0, and 
4 (# — 1)2 = 9 + 81, or x = 1±4£, approx. It meets the original axis 
of y, where x = 0, and 9 (y + 3 ) 2 = 4 — 9 = —5, i.e., in imaginary 
points. 

The student should find additional points on the curve by giving 
x or y other values, as in § 4 3. 

Example (ii.). Trace the carve 

9#2_2//2—18#—4y + 25 = 0. 

Collecting terms [as in § 57, Example (ii.)] so as to make the terras 
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in x 2 and x a perfec t square, and similarly those in y 2 and y, we have 

9 {x 2 - 2x + 1) — 2 (y 2 + 2y + 1) + 18 = 0, 
or 9 (.r — l) 2 — 2 (y+ l) 2 = -18, 

or - fer-Jl! = 1. 

9 2 


Transfer the origin to the point 
(l, — 1), and we get 



9 2 


The curve is therefore a hyperbola 
whose transverse axis is along the new 
axis of y, the semi-axes being 3, V2 
in length. 

The intercepts on the original axes 
are given by 9x 2 — 18.c +25 = 0 and 
— 2y 2 — 4y *- 25 = 0. The former arc 
imaginary; the latter are 
or — 1 ±3*7, approximately. 


Trace the curves :— 

9 <£= !)“ _ (JL + Jl- = i 

9 4 

10. (.r + l) 2 — 4 (y — 3) 2 = 8. 

11. 4.r 2 — y 2 + 16.r + 2y — 13 = 0. 

12. 9.r 2 — y 2 — 18 36 = 0. 



Fig. 35. 


13-1G. Find the eccentricities of the curves in Exx. 9-12. Find 
also the coordinates of the ends of the transverse axes with reference 
to the original axes of coordinates. 


79. The hyperbola has a second focus and a second 
directrix:. 

Since the curve is symmetrical with respect to the axes, if we take 
CS'= CS (Fig. 33) and CX' = CX , and draw X K' at right angles to 
ACA'i then, just as in the ellipse, S' is a second focus, and X'K' the 
corresponding directrix. The eccentricity is, of course, the same for 
both foci. 

Caution. —It must be noticed carefuUy that the two different 
branches of the hyperbola constitute one and the same curve, and that 
with either focus and directrix we can obtain both branches of the 
curve, and not merely the branch surrounding that focus. 
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80. To show that CS = ae, CX — «/<?. 

Since A and A' are on the curve, we have 

SA = eAXy SA' = cAX. 

Adding these equations, we obtain 

SA + SA' = e (AX -t AX) or S'A' + SA' = c (/I X + /TX) ; 

SS' = cAA’. 

Therefore, since SS' = 2C5 and /4/T = 2CA, 


we have C<S = eCA . (4). 

\ ■ ■ \ k— i 1 ! -1- ♦ 

s A’ X c X A S 

Fig. 3G. 

Again, on subtraction, we have 

SA'-SA - e(AX-AX) = r(A'X - /IT) or A A' = eXX' y 
t.e. CA = e.CX . (5). 

Con. CS.CX = a-.(6). 


81. Iiatus rectum. — Definition. — A chord LSL' 
through the focus perpendicular to the axis is called 

the latus rectum. 

The semi-latus rectum = b 1 /<* . (7). 

The proof is exactly similar to that for the ellipse. (§ 62) 

Example. — Find the equation of the hyperbola whose focus is (1, 1), 
directrix 3x 4- \y — 32 = 0 , eccentricity 3. Also find the coordinates of 
the ends of the transverse axis , of the centre , and of the other focus. Find 
the two semi-axes. 

The equation is easily seen to bo, on squaring, 

25 {(z-l)= + (y-l)2} = 9(3* + 4y-32)2, 
reducing to 5 Gjt ? + 21 6xy + 119y 2 — 1678a;—2254y + 9166 = 0. 

As in Example, p. 59, the equation of SX (in the standard figure) 
is 4x — 3y — 1 = 0, 

and hence X is the point (4, 5). Then A and A' divide SX internally 
and externally in the ratio 3:1, and hence, by the usual formula, 

A is (-Vh 4) and A' is (-V-, 7). 

The centre is the mid-point of A A', and hence it is (3JL, JJ-). 

Again, since the centre is the mid-point of SS ', we easily find that 

S' is (-Y-, 10 ). 

Also 4a 3 = AA'* = (V—¥)* + (7 —4)* = 

Hence a = i/- and b = a 1 = .2V2 = JL 5 . V2, 
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Exercises. 

17. The semi-axes of a hyperbola are 4 and 7 units in length, the 
latter being the conjugate semi-axis : find the latus rectum, the eccen¬ 
tricity, the (iistance of the foci from the centre, and the distance 
of the directrices from the centre. 


18. If SX = p , show that J = pe. 

If the locus is (1, 1). th.e directrix 5.r +12 y 1-9 = 0, and the 
eccentricity 2, find the latus rectum. 

19. Find the semi-axes of the hyperbola in Ex. 18. 


20. In the hyperbola 




find the lengths of the radii 


vectores making angles 30° and 45° with the transverse axis. 


21. Find the equation of the hyperbola having a focus at (—1, 1), 
x + y — 2 = 0 for corresponding directrix, and eccentricity y/5. 

Find the latus rectum of the hyperbola. 


22. Prove that l = a(e 2 — 1). 

23. Draw the curve whose equation is 2a: 2 —3 y 1 = 5. 

✓ 

Tlie difference of the focal distances of any 
*foint on the curve is equal to the transverse axis. 

For we have, if P be O, y ) and PN be drawn perpendicular 
to the axis, 

SP = ePK = e(x-CX) 


- ° ^ = ex —a. 


Similarly, 


S'P 


e 


i x+ f) 


ex 4- n. 


... S'P-SP= 2a... (8). 7 > 

Thus, for the right- 
hand branch, 

S'P-SP = 2a, 

while, for the left-hand branch, 

SP-S'P = 


k' 

K 


7j 

x' 4 *\ 

V 


2a. 


Fig. 37. 

M 

f 

/ 
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83. Mechanical description of the hyperbola. — 

From § 82 we can deduce a process for the mechanical 
description of a hyperbola. 

Fasten one end of a flat ruler to the point S', so that 
the ruler can revolve round S' in the plane of the paper. 
Take a thread whose length 
is less than that of the ruler, 
and fasten one end of it to 
S , and the other end to the 
free end T of the ruler. 

Then, if a pencil P he 
pressed against the ruler 
and thread so as to keep 
the thread tight, the pencil, if placed as in diagram, will 
describe a part of the upper right-hand portion of the 
hyperbola, viz., from the vertex A up to a point P\ where 
SP is the length of the string. 

For S'P-SP = ( S'P + PT)-(SP+PT ) 

= ST-(SP + PT) 

= length of ruler — length of string 
— a constant quantity. 

The corresponding lower part of the right-hand portion 
of the hyperbola can be described by bringing the ruler 
below S'S ; while the same parts of the left-hand portion 
of the hyperbola are drawn by fixing one end of the ruler 
to S instead of S', and one end of the thread to S' instead 

of S . 

Exercises. 

24. Prove, as in § 64, that, if SP—S'P be constant, S and 
S' being fixed points, the locus of P is a hyperbola. 

25. Find the simplest form of equation of the locus of a point that 
moves so that the difference of its distances from two points S, S' is 
3 where SS' = 8. 

26. Find the eccentricity of the curve in Ex. 25 and the length of 
its semi-latus rectum. 
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84. To show that the line y = mcc+c meets the 
hyperbola or/a" — y 2 /b 2 = 1 in two points, real or 
imaginary, and to find the condition of tangency. 

Here, proceeding exactly as in the ellipse, we find as 
the quadratic for the abscissae, 

x 2 _ (mx + c) 2 _ , 

a 2 b 2 " ~ ’ 


or 



Also each value of x gives one value of y , by means of 
y = vix-\-c, and hence there are two points of intersection. 

The values of x are real, coincident, or imaginary, 
according as 


o o 


7 n~c~ 






z.e. 


1 + c 


7)1 


a 


O 7 *> 

a'6“ 


— 2 - = 0 or as b 2 -\-c 2 — a 2 m 2 = 0. 

b z - 


If c — ztz \/ci 2 m 2 —b 2 , 

the two points coincide, and hence the lines 

\/ erin 2 - 



y = mvc zn. v <rnr — b 2 . 

touch the hyperbola for all values of vi. 

Cor. If vi < —, the value of c is imaginary, so that a 

a 

tangent to a hyperbola cannot make a smaller angle with 
the axis than the asymptotes do. 


If vi 


b 

—, c 
a 


0, and the tangents are 


V 


a 


x. 


and these are, in fact, the asymptotes as found in § 76. 

As they meet the curve only at an infinite distance, we 

see that an asymptote may be looked on as a tangent 
whose point of contact is at infinity. 
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85. Asymptotes. — Definition. —A straight line which 
meets any curve in two coincident points at an infinite 
distance is called an asymptote of the curve. 

It must be noted that we have not hitherto given a 
definition, but that the asymptotes as found already 
certainly possess this property. 


86. To find the asymptotes of the hyperbola 


r 

i> a 


i. 


If yz=zmx-\-c be an asymptote, then the quadratic 
giving the abscissae of the points of intersection must have 
both roots infinite. 

Now the quadratic is 


WA 

Vo* 


\ o r mc 


\ a 1 V 1 ) b l b' 1 
and therefore the conditions for this are 


T~1 = 0 5 


VI 


_ ^ = 0 and 


2 me 


0. (Tut.Alg.,11.,§167) 


We at once deduce 


/ 

m 


, ;c = 0; 


and thus the only' asymptotes are the two already 
mentioned, namely, the two lines: 




(io). 


and their joint equation is 


/ , u ‘ * j ' u, U 

l*. 0 *£> * J v * 

87. Any line parallel to an asymptote will meet the 
curve in one point at infinity. 

One root of the equation for x in last article is infinite provided 

1 tn 2 


b 3 


o. 


— — = 0, 
TO f 


i.e. f if 


m = ± 


which is the case if the line be parallel to one of the asymptotes. 

CEOM. PT. II. G p 


tt- 
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'Example .—If 2a be tlie angle between the asymptotes, then 

— V cam n 


c = sec a. 

For 


tan a = —, 

a 


since the asymptotes are equally inclined to the axes; and therefore 

/.———— la 2 + b 2 

sec a = v 1 + tan- a = y 


Note that 2 a is that angle between the asymptotes which encloses 
the curve ; the other angle between them is n — 2a. 

r" « 

" 89’ Rectangular or equilateral hyperbola. 

A hyperbola is said to be equilateral or rectangular when b = a, 


so that the equation reduces to x 2 — y 2 = a 2 . 

The reason for the latter name is that the asymptotes are at right 
angles, for they are now the pair of lines 

x 2 — y 2 =0 or x + y = 0, x-y = 0. 

Cor. The rectangular hyperbola hears the same relation to the 
hyperbola that the circle does to the ellipse, for these particular forms 
are obtained by making the axes equal in the ellipse and hyperbola. 


27. Find from first principles the condition that y = px + 3 should 
touch the hyperbola x 2 -4y 2 = 9, and find the coordinates of the 

point of contact. 

28. Find the equations of the tangents to x 2 — 40y 2 = 9 that make 
an angle of 45° with the transverse axes. 

29. Find whether the straight lino x + y = 2 meets the hyperbola 
x 1 — y 2 = 1 in real points or not. 

30. Find the semi-axes of the hyperbola 2x 2 — 3y 2 = 5, and show 
that it is touched by the straight line y = x + 

31. Show that the straight line x + y = 0 meets the curve 

2x 2 + 3 xy + y 2 + 3x + 2y = 0 

in one point at infinity, and that the lines x + y + 1 = 0, 2 * + y + 1 = 0 
both meet it in two points at infinity. 

32 Find the value of c in order that the line y = x + c may touch 
the hyperbola whose focus is at (2, 0), directrix 2x-y + 3 = 9, ana 

eccentricity \/2. 

Show that the lines *+1=0, y + 3 = 0 are asymptotes of the 

curve xy + 3x + y = 0. # 

34. The angle between asymptotes of a hyperbola is 60°.: find its 


eccentricity. 


fUse e = sec a.] 
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>9. The product of the perpendiculars on the 
asymptotes from any point of the curve is constant. 


The asymptotes are 

x/a—y/b = 0 and .v/a + y/b = 0, (§ 86) 

and the product of the perpendiculars from (a*,, ?/,) on them is 
xja -J/Jb xja + yjb __ x'/a 2 — ?/,»/&» 1 _ 

/i_, r‘ /i r _i , i i i 

V a 2 6* V a* b 2 n 2 6* a 2 ^ b 2 


since (x’j, ?/,) is on the curve. Thus the product of the 
perpendiculars is always equal tc a 2 b 2 /(a 2 -f b 2 ). 



35. The ordinate through a point P of a hyperbola meets tho 
asymptotes in Q and Q' and tho hyperbola again in P': show that 

PQ . PQ' = b \ 

f lf P !?' PM' are the perpendiculars on the asymptotes, then show that tlte 

V"%* WZrQ&PM'PQf are constant. Hence, ns PM. PM' is constant, so also 
is PQ .PQ . fo hud the constant value, let P be at A.J 



36. Show that QP . QP’ = h~. 

37. If a line PRR'P" parallel to the transverse axis meet the 
asymptotes in R , R' and the curve again in P", show that 

(i.) PR . RP '= . (ii.) PR = R P ". (Hi.) PR . PR' = „2 # 

38. Show that, the further P moves along the bianch AP y the 
smaller do PM and PQ become ; and that, by taking P far enough 
away, they may be made as small as we please. 

fjy 18 we 8ee that tho curve approaches infinitely close 
to its asymptote at a great distance from the centre. 
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- 90. The equation of a hyperbola is of the second 
degree whatever be the axes of coordinates, and it 
differs from the equation of the two asymptotes 


in the constant term only. 

We have obtained the equations of the hyperbola and 
of the asymptotes m the forms 

*-£-1 = 0 and = 

a ft « P 

which only differ in the constant term. 

To change to any other axes, as usual we have to 
replace x and y by expressions of the form l x x + w, y -f n y 
and I.,x vi. 2 y respectively (Part I., § 35). Thus the 
new equations are 

(lyX + m x y + n } )~ _ Q 2 x-\-m. 2 y-\-v 2 y 2 = 0 

a 2 /3 2 

, (l,x + m,y + n,Y (Lx + vi^y + u,y _ n 

an ci " o ' 02 

' P 

These equations are clearly the same, except for the 
constant term wherein the first contains the part — 1 
which is wanting in the second. This proves the result. 


It must not be supposed that the difference in the con¬ 
stant term is always unity, for the equations are unaltered 
by multiplying them across by any constant, and so the 
terms independent of x and y may differ by any quantity. 


91. if, in the equation of a hyperbola, the terms 
of the second degree are rex 2 + 2 hocy + by 2 , then 

nb < h 2 . 

For, in the equation written above, the terms of the 
second degree are 

(l t x -j- w, y ) 2 ( h x 

a* ft 2 

i e., the difference between two squares so that ao? + 2 hxy + by 
must have real factors, and the condition tor this is 

ab < h 2 . 

This we can easily show by comparing coefficients, for 
we have 
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a 


l 2 

*1 


a 


7 2 

1 '2 


VI 




i*2 1 


1 

o 


a 


m 2 

(3* ’ 




V |! . 


« 


7.j w . 2 

0 2 


Hence 


(«& - 7r) 


7, Wo— Z 2 ?» i \ 2 


( il/5 


) */ 

■ 


and is negative, since a square is positive. 

We shall see afterwards that, when ab < 7i 3 , the equation 
ax 2 4- 2 lixy + by 2 4-2^.r-f 2/y 4- c = 0 always represents a 
hyperbola; we have here proved the converse of this. 


Alternative proof:— 

If j) l x + y + >*| = 0 and p$x + q»y + r 2 = 0 

be the asymptotes, since the product of the perpendiculars on them 
from a point on the curve is constant, we have 


Pl*+ '7«?/ + >1 Z's* + $2// + = ^ 

v'' 74 2 + 7i 2 y/ Pi 2 + 'Z? 2 

as the equation of the curve, and this clearly only differs from that of 
the asymptotes in the constant term. 

We leave the reader to obtain the equation of the hyperbola whose 
focus is (:r,. ?/,) and directrix x cos a t ysina— p = 0, and hence to 
see that ab < ft 2 . (See $ 70.) 


92. To find the equation of a hyperbola referred 
to the asymptotes as axes. 


Let CR, CS (Fig. 40) be the asymptotes and PM , PN the 

perpendiculars from a point on the curve ; then we have 
seen that the product PM. PN is constant. 

Now, if CR be the axis of a?, CS the axis of y, and 2o> 
the angle between them, we have 

PM — y sin 2<u, PN = x sin 2a*; 
xy sin 2 2oj — const. = A: 3 , 

k 2 2 

t.e., xy = - = c% say. 

sin 


To find the value of c 2 in terms of a and 5, we calculate 
xy in the simplest case, viz., when P is at the vertex A of 
the curve. 

Draw AV parallel to CS ; then 

AI/.I/C = c 2 . 

But, since z VAC = Z SC A = Z VCA ? 

/. VC = VA. 
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Again 


Thus 


But 


VA sin VC A _ sin 10 

Jc ~ sin A VC ~ 


AV. VC 


sin 2io 

AC 2 


2 cos at 

2 


a 


4 cos 2 oj 4 cos 2 a> 



tan w = b/a or cos 2 w = a 2 /(a 2 + b 2 ) ; 


c 


and the equation is cry 


1 (a*+ 6*), 

a 2 -f b 2 


( 11 ) 


Alternative proof. —The following proof is very instructive:— 

To change to any other axes from the principal axes, we have to 
replace a: and y in x^a 2 - y 2 /^ 2 * 1 by linear functions of the new 

coordinates, say 1 1 x + m x y + «| and h 2 x + m 2 y + « 2 . 

If the new origin is the same as the old, «j = = 0, for both the 

old coordinates vanish when both the new ones do. Hence, referred 
to its centre as origin, the equation of the hyperbola is of the form 

(/ t x+m x y)‘ _ (hx + »io?/)- _ , 


This is clearly of the form Ax 1 + 2 Hxy + By- = 1. 

Now the line x = 0 has to be an asymptote ; therefore the quad¬ 
ratic By 2 — 1=0 has both roots infinite, i.e. y B — 0. Similarly, A = 0, 
and the required equation is of the form 

2Hxy =1 or xy = const., as before. 

The value of the constant we calculate exactly as in last article. 

Tb© equation is generally written 

xy =? c" .... (*“/• 
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Find what the equations of the following: hyperbolas become when 
they are referred to their respective asymptotesas axes of coordinates: — 

39. * 2 -y 2 = a 2 . 40. 2x i -3y 2 = 5. 

41. ax 2 — by* = c. 42. y(x — y) = 2. 

43. Find the condition that y = mx + k should touch the hyper* 
bola xy = c 3 . 


44. From the result of Ex. 43 prove that every tangent to a 
hyperbola is inclined to an asymptote at an angle greater than the 
angle between the asymptotes. 


MISCELLANEOUS EXERCISES ON CIIAP. V. 

45. If B bo an extremity of the conjugate axis, prove that 

CS--BC 2 = * 2 . 

4G. Find the equation of the hyperbola which has a focus at ( — 1, 1), 
x + y — 2 = 0 for corresponding directrix, and eccentricity \A3. 

47 Determine the latus rectum of the hyperbola in Ex. 4 6. 

48. Show that the axis ot x will be an asymptote of the hyperbola 

ax 2 + 2 hxy + by- + 2yx + 2 J'y + c = 0 if a = g = 0. 

49. The perpendicular SQ from a focus on an asymptote is equal to 
the semi-conjugate axis, and CQ is equal to half the transverse axis. 

60. Show that the line y = x + c will touch the hyperbola 

x n - — 2xy — y~ = 1, provided c= ±1. 

61. The asymptotes of a hyperbola are x + y = 1 and x — y = 2, 
and the sum of the squares of its axes is 5. Find its equation. 

(Note that the asymptotes are at right angles.] 

52. In the hyperbola show that PN 1 : AN .AN = BC 2 : AC- where 
PN is any ordinate. 

[PN 2 = 1/*, AN. N = (.C - a) (x + «).] 

53. In any ordinate PN to a hyperbola a point Q is taken such 
that QN bears a constant ratio to PN. Show that the locus of Q is a 
hyperbola, having exactly the same transverse axis as the original one. 

54. Find the condition that the straight line y = mx + e should 
touch the hyperbola .r 2 / a- — ?/ 2 / b- — 1, and deduce that two real tan*- 
gents can be drawn from a point (#,, y x ), if only xf/a 2 — y x 2 /b 2 < 1. 

[Show that, if the tangent passes through (x, y ), there is a quadratic formed.] 

55. Write down the equations of the asymptotes of the curves 

x(x + y) = 1, x (x - y) = 1, y {x + y) = 2 ; 
and in general show that the asymptotes of 

(lx + my) (Vx + m'y) = a 2 

are lx + my = 0 and Vx + m'y = 0. 
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EXAMINATION TAPER IT. 


1. Define the terms hyperbola , eccentricity , minor axis , transverse axis, 
latns rectum , asymptote. 

Prove that in the ellipse or hyperbola the minor axis is a mean 
proportional between the major axis and the latus rectum. 

2. Trace the curve 4x- + 9y‘ — 4x — 6y +1 — 0, finding its eccen¬ 
tricity, the coordinates of the ends of the major and minor axes, and 
the length and equations of its latera recta. 

3. Find, from first principles, the locus of a point that moves so 
that the sum of its distances from two given points is constant. 


4. Interpret the equation 

r- a 2 V b m 

and deduce the shape of the curve. 



5. Show that bx—ys/c* — a 2 = be 

is a tangent to the ellipse x^a 2 + rf-jb 2 = 1, and interpret the meaning 

of c. 


6. Show that, if the equation 

ax- + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 

represents an ellipse, then ab—li 2 is positive. 

7. Trace the curve 1 r 2 - y 2 + 4x + 4y + 13 = 0, and find the co¬ 
ordinates of its foci. 

8. Find the asymptotes of the hyperbola .r*/ a--y~lb 2 = 1, and show 

that the anglo between them is 

(2 sec -1 e). 

9. State and prove a method for describing a hyperbola mechanically. 

10. Find the equation of the hyperbola having x + y+1 =0 and 
2 z—y + 2 -= 0 as its asymptotes, and touching the line x = 2. 
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CHAPTER VI. 


GENERAL EQUATION OF THE SECOND DEGREE. 

93. In this chapter we shall consider and classify, to a 
certain extent, all those curves whose equations are of the 
second degree. 

As usual, we write the general equation in the form 

air -f 2 hxy 4- by 2 -f 2 yx 4- 2 fy 4- c = 0. 

The-reader will note that the equations of the curves 
discussed in the last three chapters are all of the second de¬ 
gree, and therefore all included in the general form above. 

In the cases of the ellipse and hyperbola we saw further 
that there was a centre, and that the equation was sim¬ 
plest when that point was taken as origin. We shall now 
proceed to show that for the curve represented by the 
general equation there is generally such a point. 

y 94. If in a curve represented by an equation of 
the second degree all chords through the origin are 
bisected there, then the coefficients of oc and y in 
the equation must be zero. 

The equation of any line through the origin is y = mx, 
and this meets the curve 

ax 2 4 2 hxy 4- by 2 4- 2gx 4- 2 fy 4- c. = 0 

in two points whose abscissae are given by the equation 

ax 2 4- 2 hmx 2 4- bm'bir 4- 2 gx 4- 2 fmx 4- c = 0 

or x 2 (a 4- 2 hm 4- bm 2 ) 4- 2x ( g 4-/m) 4- c = 0. 

Now, if the chord is bisected at the origin, the roots of 
this equation must be equal and opposite, i.e. y the co*- 
efficient of x must be zero. {Tut. Alg., II. § 163.) 

Hence g +fm — 0. 
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But since all chords through the origin are bisected 
there, this equation must hold for all values of m, so that 
we must have .7 = 0 and / = 0, the required result. 

Conversely, if g =/ = 0, then all chords through the 
oriorin are bisected there. 

For then the equation for the abscissae, got by substituting 
?>i.r)for y, lias equal and opposite roots for all values of m. 

/ 

95. By a suitable change of origin we can always 
bring the equation of the curve to a form in which 
the coefficients of oc and y are zero unless ah = h \ 


Let us take an arbitrary new origin (V, y'). Then, to 
find the equation referred to parallel axes through (V, ?/), 
we have to substitute x 4- x’ for x and y 4- y' for y in the 
original equation. Hence the new equation is 

a (x + x') 2 + 2h (x 4- x) (y+ ?/') + b(y + y')* 

+ 2g(x + x')+2f(y + y')+c = 0 

or a x 1 4- 2 hxy 4- by 2 4~ 2x ( ax' 4- by' 4- g) + 2?/ ( bx 4- by' 4-/) 

4- tue* -1- 2hx'y' 4- by ' 2 4- 2 gx 4- 2 fy' 4- c = 0. 

Now in this equation the coefficients of x and y are 

zero if ax'by' 4 g — 0 and hx' 4“ by' 4*jf = 0 . (a), 

or, on solving by the method of cross multiplication, we 


must have 


x 

bf-bg 


y 


gh — af ab — b? 


, (Tut. Alg.II., § 68) 




X 


b.f—bg 


V 


gb — af 


ab-h V ab - h*' 

Hence, unless ab = hr, we can choose finite values of x 
and y’ so that the new equation has no terms in x and y. 


The two equations (a) can be easily r 
following device:— 

"Write down the letters a 
a , b , e as the diagonal of a 
square containing three dots ^ ^ 

in each side, thus : 

Then fill up the vacant spaces 
with the letters /, g , h as indi- • • 

cated by the arrow-heads. 


emembered if we adopt the 
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a h g 

We thus get 1* b f 

9 f c 

The letters in the first two lines are respectively the coefficients 
of x , f if, and the absolute terms in the equations of (a). 

Combining the last three articles, we see that, 

96- Unless ah = Jr, there exists a point connected 
with a curve of the second degree such that all 
chords through it arc bisected there. 

For we have seen that, if we take the point (V, ?/) of 
§ 95 for origin, there are no terms in x and y in the 
equation, and then the previous articles show that all 
chords through the new origin are bisected there. 

This point is called the centre of the curve, and every 
line through it is called a diameter. 

Note.—T he student will easily see that all this agrees 
with what was said as to the centre in Chaps. IV. and V. 

Cor. The coordinates of the centre of the curve are 
given by the equations 

ax/ + Jty' + y = O f liXt' + by'+f = O.(1) ; 

ancl, when the centre is taken as new origin, the equation 
becomes 

ax 1 + 2 hxy+ by 2 -f ax ' 2 -b 2 hx'y' + by' 2 + 2 gx -f 2 fy' 4- c = 0. 

Example .— Write down the equations for the centre of the curve 

3x} — 2 xy + 7/-—X— 3// +1=0, 
and find the coordinates of the centre. 

Here a = 3 V h = — 1, b =* \ ,'/= — %,/=—%, c — 1. 
f nierefore the equations for tiie centre 

ax + hy +g = 0, lix + by +f = 0 
become 3x — y — \ = 0, - x + y — % = 0, 

whence x = 1 , y = -®-. 


Write down the equations for the centre, and find the centre, of 
each of the following curves: — 

1 . x 1 +- 2.ry + 2y 2 + 8.r + 3 = 0 . 2. 2x , '- — ij‘ i —4x + 2y = 7. 

3 **- 2 * 1 /+ 3 * + $/ + 3 = 0 , 4 . x 2 + x + y+ 1 = 0 , 
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97. Equation of curve referred to the centre as 
origin. 

! Rule. —The equation referred to the centre as origin is 
found by substituting half the coordinates of the centre in the 
terms of the first degree in the original equation . 

We have seen that the equation required is 


a.r 2 -f 2 hxy -f- bif + ax 1 -f 2hx y + by ’ 1 -f 2 gx' 4- 2 fy 4- c 



Now the new absolute term is 


ax' 1 4- 2 lix'y 4- by' 2 4- 2^<r / 4- 2 fy 4- c 


x (ax +hy +g) + y< (hx + by’ +/) + gx' +fy + c 


(#)+ 2 /(i') +-• 


since ax' 4- hy 4- g = 0 and lix* 4- by ' 4-/ = 0. 

But, since the terms of the first degree in the equation 
are 2gx -\-2f y -\- c, this proves the rule enunciated above. 

This rule is very important, as it shortens the work in 
practice—the student should remember it. 

Example.—Foul the coordinates of the centre of the curve 

3.r 2 4 xy 4 y 2 4 Ax + y 4 1 = 0, 
and deduce the equation referred to the centre as origin . 

Here we have a — 3, h — h = 1, g = 2, f = c = 1. 

The equations for the centre are 

ax' 4 hi/ + g = 0 and hx? 4 hf +f = 0, 
or 3x? 4 \if 4 2=0 and \xf + i/ + $ = 0. \ ' 

Solving, we find z? = — f = — T * T 

as the coordinates of the centre. 

Substituting half these coordinates in the terms of the first degree, 
viz., 4x 4 y, the equation becomes 

3x-+ + y 2 + 4 (-&) + (-tt) + 1 = 0 or 3* 2 + xy + y 2 —-ft =* °. 


Exercises. 

Find the centres of the following curves and their equations when 
the centres are taken as origin:— 

.5. 3x 2 4 2xy — y 2 + 2x 4 4y — 1 = 0. 6. 4x 2 4 y 2 4 * 4 y 4 1 = 0. 

7. xy 4 2 y 2 4 4x + 3y 4 17 = 0. 

8. In the general case, show that the straight lines ax 4 hy 4 g » 0 
hx 4 by 4 f = 0 are diameters of the curve. 
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98. New absolute term in terms of the 
coefficients. 

In the general case, the new absolute term is 

grf +fy' + 

and this, written in the form 


* (i ) +2/ (i) + 


original 


l 


the student should always use in calculation ; we may, as 
a matter of theory, work out the value in terms of 
a, b, c, /, g , h . In fact, we have 

gx+fy’ + c = HW-W - l liah^JkO. 


-LL J- 

ab — K l ab-h 2 

on putting in for x and ij their values (§ 95) 
* fyh — bg 2 -j- fgh — af ' 2 -j- nbc — chr 




h* 


ab — h 2 

abc -1- 2 fgh — af 2 — bg 2 — r 


ab — h 2 

Hence the equation referred to the centre as origin is 


ax 2 + 2hxy + by* + 


abc + 2 fgh — af 2 — bg 2 —clr 


ab — h 


2 


v (2>. 

Caution. — As we have said, this formula for the new absolute 
term should not he used for calculation. The rule previously given 
is much more suitable, as in practice we nearly always require in 
addition the coordinates of the centre. 


Cor. The new constant term is zero, if 

abc + 2 [fgh - af 3 — bg 2 - — cti 2 = 0, 

that is, only when the curve of the second degree represents two 

straight lines (Parti., § 32). In this case the equation referred to the 

new origin is ax 2 + 2 hxy + by 2 — 0, 

which represents two lines meeting in the origin. 

Thus, when the general equation represents two straight lines, 
their point of intersection is the point obtained by finding the centre 
of the curve in the usual way. _ 

It is, in fact, clear from Geometry that this must be the case ; for, 
if O. he the. point of intersection and POP' a line through 0 such that 
OP — OP', then, whenever P is on one of the lines, so also is P', and 
this is precisely the condition that the centre of the curve satisfies. 
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99. An equation of the second degree can, by a 
suitable change of origin, be reduced to the form 

A,x? + 2 ItJcy 4- Ilf/ 2 = 1, 
provided that, in the ^original equation, 

ab Jr and abc + 2f</b~ af 1 — bff—ch* ^ O. 

For we have seen that the terms of the first degree in 
x and [f can be got rid of by taking the centre -as origin, 
and the equation then becomes 

ax~ + 2 hxy + by 2 = c, 

where A is * - +>'? - ch\ (§ 9g) 

Hence, dividing across by c\ and putting 

*a/c' = A, h/c = II, b/c = B, 
we obtain Ajc 2 + 2 Hjcy + By 2 = 1 . ( 3 ). 

100. By turning the axes round through a suitable 
angle 0 , we can reduce the equation 

Aocr + 2 Hjt u + By 1 = 1 
to the form oar -}-/?#/ 2 = 1. 

To turn the akes round rarrough an angle 0 , we have 
§ 33) to substitute 

x cos 0 — y sin 0 for x and x sin 0 -f- y cos 0 for y . 

Hence the new equation becomes 
A (x cos 0 — y sin 0 ) 2 4- 2 77 (x cos 0 — y sin 0) (x sin 0 -f- ?/ cos 0) 

+ B (x sin 0 + y cos Of = 1, 
z.e.j x 2 (A cos 2 0 + 277 sin 0 cos 0 + B sin 2 0 ) 

— 2xy \\A — B) sin d cos 0 —77 (cos 2 0 — sin 2 0) } 

+ y 2 «•{ A sin 2 0 — 277 sin 0 cos 0 + B cos 2 = 1. 

Now in this equation the coefficient of xy is zero if only 

(A — B) sin 0 cos 0 = 77 (cos 2 0 — sin 2 0 ), 

. -r 2 sin 0 cos 6 277 

II 


cos 2 0 — sin 2 0 A — B' 


• • 


tan 2 0 


A — JS 


( 4 ). 


* Its actual value, so long as it is not zero, does not affect the argument. 
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Now an angle less tliau 180° can be determined whose 
tangent is any real quantity, and hence this equation shows 
us through what angle the axes must be turned to get rid 
of the term in xy. 

Hence the equation of the second degree can be reduced 
to the form axP + fiy* = 1, 

where a = A cos' 2 0 + 2 H sin 0 cos 0 -f B sin 2 0 

and /3 = A sin 2 6 — 2 H sin 0 cos 0 + B cos 2 0. 


9. Reduce the equations of Exx.o-7 to the form Ax- + 2 Hxy + 11 y- — 1. 

10. Unless at* = h- r the general equation of the second 
degree represents an ellipse or a hyperbola. 


101. Reduction of the equation in actual practice. 

Although the quantities a and £ can he found by actually turning 
the axes round as wc have done in § 100, such a process is tedious, 
and accordingly in actual practice another method is adopted, which 
we proceed to explain. On comparing it with the last, the reader 
will see at once that it assumes that the curve represented is a conic, 
and therefore cannot replace the method of § 100 in the proof that 
the general equation can bo reduced to the form 

ax 1 4- Py 2 = 1. 

The method depends on the following lemma. 


102. A central conic is met by a concentric circle in four 
points which lie by twos on two lines through the centre 
equally inclined to the axes of the conic. 

This follows at once, since both kinds of central conics are sym¬ 
metrical with respect to their axes, but we can give a formal proof, as 

follows. Suppose the central conic is ax 2 + py 2 = 1 , and the circle is 

■2 


x 2 + y 2 = r 2 ; then the lines joining the centre to the common points 


arc 


ax- + = 


x * + !/ 2 

r 2 


for this represents a pair of lines through the origin, and both sides 
are equalJto unity at the points where the curves meet. 

Transposing, we get 


x 


(°-i) 


and this equation plainly represents a pair of lines equally inclined to 
their axes. 

Con. The two lines coincide only when r is equal to a semi-axis of the 
conic, and then they coincide in the corresponding axis. 
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1*03 . To find the equations and lengths of the 
semi-axes of the conic whose equation is 


Jioc? + %Hocy + 7>*/ 2 = 1. 


[Caution. —Note carefully that the right-hand side is unity.] 
We have seen that such a conic and the circle 


have a pair of common chords equally inclined to the axes 
of the conic, and these chords coincide in one of the axes 

if r is the length of the axiS. 

But the equation of the pair of lines joining the centre 

to the common points is fbuAd by making the first equa¬ 
tion homogeneous by means of the second, and is therefore 



* On transposing we get 




1 _ 

r 2 


) +2Hxy+y* ( B 



Now this pair of lines will be a coincident pair only if 
the expression of*- the left-hand side is a perfect square, 



Thus r is given by the equation 

or jL — * ( A + B) + A n-Il 1 = ° . (5)- 

By solving this as a quadratic in J, we find two rqpts 

which are the squares of the reciprocals of the semi-axes. 
Suppose i and ± are the roots ^ then r, and r 3 are the 
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semi-axes, and now 


A 


±).r + 2H.r, l +(B-^y- 


0 


is tlie square of tlie equation of one axis, and 

.2 _ 


y 


o 


is the square of the equation of the other. 

The first of these equations, on multiplying across by 


( 


A 



becomes 


( A -h)'*’ + 2n 


i.)( 


B 


r 


y- = o 


or 


A 



x 3 + 2II ( A 


x v + H Y 


0 , 


since 




B 


\) 




Hence the equation of the semi-axis whose length is r x 


is 


( 


A 



oc -f Jit/ = O 


(6), 


and the equation of the other is, in like manner, 


)* + HV = 0 - 

Caution.—The student should remember that the lemma (§ 102) pre¬ 
ceding this investigation is a part of thewholeproof,and hence he should 
give the lemma in proving the proposition. Further—and this is very 
important—he should carefully bear in mind that the equation we deal 
with has unity for its absolute term, and therefore in commencing an 
example it is essential to divide across in such a way that the absolute 
termbecomes unity. If this is not done, we do not get the semi-axes 
of the curve in question, but those of a curve of the same shape while 
not of the same size. Then finally, by way of checking his work, he 
should verify that the axes he finds are actually at right angles. 

OEOM. PT. II. H 
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Alternative method for finding the lengths of the semiaxes . 

_We can find the lengths of the semiaxes by making 

use of the invariants (Part I., § 37). 

Suppose that a, /3 are the semiaxes of 

ax 1 4 2 hxy -4- bif = 1 ; 

then the equation referred to the axes is 


/*> 12 

+ V- = 1 

* 2 l¥ 


Therefore, by some change of rectangular axes. 


ax 2 4- 2 hxy -4- bif becomes 


** . if 


Hence a + 6 


L + A and ab 


a 

h? 


2 + 


a 


u 


Now, by the theory of quadratic equations, 
are the roots of the quadratic in t 


1 

a 2 


and 


22 


t 


1 ( a* + /J 2 ) + a 2 /3 2 °' 


Therefore i and — are the roots of 


a 


/3 2 


h 2 = 0, 


t 2 — t (a-\-b) 4 at 

the same result as that in (5). 

Note that this method only determines the lengths and 

not the equations of the semiaxes. But it applies equally 
well when the axes are oblique, and, in fact, if w be the 

angle between them, we have 

a 4 b — 2h cos u) _ 1 

2 


sill” lO 

ab — h 2 
sin 2 id 


° 32 ’ 


a 

1 


JL 


a 


2 * 0 


2 ’ 


since the x\ y' axes are rectangular. 

v 1 1 " a 

Thus, in this case, — and are the roots of 

«“ F> 


0 a 4 b — 2 h cos oj ab 

t/ C . o * 


K 2 


sin <*> 


sin 2 u> 


0 


or 


t~ sin 2 w — t (a + 6 — cos w'j + ab — h 2 = 0. 
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104. Example (i.). Find the equations and lengths of the semi-axes of 
the conic 5x~ + 4xy -+ 2y- = 1. 

Here, if r be a semi-axis, the pair of lines 

c < o i x2 + y 2 

5x- + 4xg + 2 y 2 =- 


r 


coincide in that axis. Thus r is given by 


i.e. 





The equation of the axis is 

x + Hy = 0 or ^5 — -i^^+2y=0. 

If r 8 = 1, this gives (5 — l)x + 2y = 0, i.e., 2 x + y = 0. 

If r 2 = the equation becomes (5 — 6)r + 2y, = i.e., 2y — x = 0. 

Thus the lengths of the semi-axes are 1 and —, and their equa- 

\/6 

tions are 2 x + g = 0 and 2 y — x = 0, respectively, 

and the fact that the two are at right angles confirms the accuracy 
of the work. [This test should always be applied, at least mentally.] 

Example (ii.). To find the equation of the above conic referred to its axes 
as axes of coordinates. 

Since the lengths of the axes are 1 and —i—, the equation required is 

*/6 

Y + ^ = 1 or a? + 6i/ 2 = 1, 

o 

where OX is the major axis and OY the minor axis. 

Example (iii.). Find the equations and lengths of the semi-axes of the 
curve 7a; 2 *- 6xy-y~ = 4. 

We must begin by dividing across by 4, and then the equation is 

ix 2 + &xy — \y* = 1. 

The equation giving the lengths is 


\_ 

4-4 


1 


6 


- 1-0 
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= 2 or -i; 


r = 


1 


\/- 2 . 


r* V2 

Thus, one semi-axis being imaginary, the curve is a hyperbola. 
The equation of an axis is 

( A ~ -,5 ) * +^ - °- 

If -- = 2, this gives (£ — 2) x + \y = 0 or x — Sy = 0. 


If — = — £, it gives (i -r + = 0 or Sx + y = 0. 

r- 

As usual, we note in confirmation that the axes obtained are at 
Tight angles. 

Example (iv.). Find the equation of the above curve referred to its 
semi-axes. 

Since the values of r 2 are £ and —2, the equation required is 


£f + ?/* 

JL 
2 


= 1 or 2= !. 
-2 2 


i.e. 4**-**-2, > 

the transverse axis being axis of x. 

Example (v.). To verify that the axes obtained by the general method 
are at right angles. 

The axes are 

(^A-+) x + Hy = 0 and (xl- ^) * + Sy = 0, 

where A and A are the roots of the e< l uation in l ' 

t* — t (A + B) + (AB — H 2 ) = 0. 

The two lines are at right angles if only 


Now 




_I_ +_L = A+B _ and 

r, 2 r 2 2 


>'i 2 »*/ 


= AB-H -, 


bv the theory of quadratics. Consequently the condition required is 

A“ — A (A+B) + AB — FL~ + Ft m = 0, 

W T C h h ue S thehnes 1 Ire r at right angles, as they should be. 
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Exercises. 

Find the equations and lengths of the semi-axes of the following 
conics, and write down their equations referred to those lines as axes 
of coordinates :— 

11. Sx 2 + '2zy + 2y 2 = 1. 12. 7.r 2 + 4.ry + 4y 2 = 1. 

13. .r 2 + xy + y 2 = 3. 14. 11* 2 —72*y—54// 2 = 1. 

15. By applying the test for the sign of nb — h 2 , determine whether 
the above curves are ellipses or hyperbolas. 

16. Show that the lengths of the semi-axes of the conic 

(vi 2 + a) x 2 + 2 mnxy + (n 2 + a) y 2 = 1 

are — *- and —~ , and that their equations are 

\/ m- + n~ + a vu 

nx—my = 0, nix + ny = 0. 

17. The axes of the conic Ax 2 + 2Hxy + By- = 1 are given by 

= 0 , + = 

where are the roots of the quadratic 

* ' t 2 -t (A + B) + AB-H 2 = 0. 

Deduce their joint equation, viz., 11 (x 2 — y 2 ) — (A — ]f) xy = 0, and 
show that this follows at once from the fact that the axes bisect the 
angles between the asymptotes. 


105. To show that the roots of the equation in 
The roots of the equation 

\ - \(A+B) + AB-&* 
r 4 r 2 




are always real. 


will be real if (A + B) 2 -4 (AB-H 2 ) <0, (Tut. Aly. t II., §159) 

i.e. f if (A-B) 2 + 4Z7 2 <£0. 

Now the expression on the left, being the sum of two squares, cannot 
be negative, and hence the result follows. 

Cor. If the semi-axes are equal, we must have 

A — B = 0 and H = 0 ; 

for then the expression (A — B) 2 + 4H 2 must be zero. 

In this case the equation, of course, represents a circle, for the 
ellipse becomes a circle when its axes arc equal, and, as we knew 
before, the equation of a circle is of the form here indicated. 

The reader might have expected only one condition, for only one 
condition is necessary in general to ensure a quadratic having ‘equal 
roots. There are two, because the expression which has to vanish is 
the sum of the squares of two real quantities. 
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106. Tlie equation A.xr -\-ZHocy + Hy* = 1 repre- 
sents an ellipse if AB > H , and a hyperbola if 

A II < II 1 . 


The quadratic for 


(A + B) +AB-H 1 = 0, 


and we have seen that the roots are real. If they are of 
opposite signs, the conic is a hyperbola,; if^of the«*ime 
sio-n, it is an ellipse (see the forms in §§ 55, 73). ^ 

°Bnt they are of the same sign or not according as 

AB — H 2 iscpositive or negative. ♦ 

Hence K AB — H 2 is positive, the equation defiotes an 

ellipse (a4-eal ellipse if the two roots in 1/r 2 are po-Sitive, 

an imaginary \pllipse if they are negative); whereas, it 

AB — H ' is negative, the equation denotes a hyperbola. 

Cou If AB = II 2 , the equation denotes a pair of parallel straight 
■frnes jor the portion on the left-hand side is a perfect square, say 

or+’/#/)-, and hence ax + 0y = ± l, denoting a pair of parallel lines. 

' But it must bqnoticed that, in the discussion of the general equation, 
the case of ab = h" ha? been left aside throughout. 


lOl£ Supposing the equation of the second degree 
repre|entfra hyperb'ola, to find the equation of its 

asymptotes. ' v „ , 

We have seen that the joint equation of the two asym- 
ptdtes differs, from the equation of the curve only in the 
constant term (§ 86) ; hence we have the following * 
ftv&.—Tofind the equation of the asymptotes, replace the 

absolute term in the given equation by an unknown V^nHtyp 
and then determine P so that the new equation represents two 

straight lines. 

Example.— Find the equation of the asymptotes of the conic 

* X*—±xy+Zy-+'te— 4y+3 == 0. _ 

We have here to find p so that 

x* — 4z!/ + $!/ 2 + 2x— *y + P = 0 

represents two straight lines. The condition is 

3p •+• 8 — 4 — 3 — 4p = 0. 


(Part I., § 32) 
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80 


p = 1 and the asymptotes are given by 
xy + 3y 2 + 2x— 4y +1=0 or {x-Sy + 1) (x 

tnatftbey are the two lines 

^ x — Sy + 1 = 0 and x — y +1=0. 


-y + i) = o, 



the equation of the asymptotes of the following curves : — 

x^i- 2xi/ — 2y n - + x + y = 0. 

4* 2 + 14x1/+ 7*r + I1a? + 9y + 7 =0. 20. 3.r 2 + xy — y 2 + 2y 



= 0 


108. Two conics whose equations differ only in the con¬ 
stant term have the same asymptotes. 

For, in finding the equation of the asymptotes, we use all the co¬ 
efficients but tbe absolute term, and not that; hence the equation found 
depends only on the first five coefficients, and no$ jpfi the absolute 

thitn 

V 

109. Asymptotes of an ellipse. 

It Vill be noticed that we obtain an equation for the ,asvm 
whether the curve is an ellipse or a hyperbola ; the differenoeh^t 
the cases lies in the fact that, while for the hyperbola UieJKju 
determined for the asymptotes must split up. into real frtt* 
that for the asymptotes* of the ellipse splits up only into imaginary 
factors, so that the asyiyptote^ojfan ellipse are imaginary. 

110. To find the as^riptotes of the conic given by the 
general eq r *ftp.tiqp* — 

Following the Mile, we h^e replace the absolute term by,., a 
quantity so choserf that tMTinew expression is the product of two 
factors.* Let us then repteqc c + <f where d has to be determined. 

Then, since ax 2 + $i(xy + ^*y < + 2 gx + 2 fy + c + c' = 0 
y^presents two lines, we have 

ab (c + </) + %fgh — af 2 — bg} — (c + d) h 2 = 0. 



i 


, , abc + 2 fgh — af 2 — hg 2 _ ch- 

Hence we have c' =- —— ^ g -. 


and hence the equation of the asymptotes is 

, „ , abc -4- 2fall — (if- — b(f- — c/r A 

* «x a + 2lixy + 6|/ s 4-2^x* + 2/i/+f!-- ab — hr - 


Cou.'T. c' = 0 if abc 4 - 2 fgh — af 2 — bg 2 — ch 2 = 0, 
i.e ., if^he original equation represents two straight lines. 

c' = co if j ab = /t 2 , 

i.e ., if the e^alTon ^represents a parabola, and here, as we have seen, 
there are no asymptotes at a finite distance (§ 49). , 


V 
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Cok. II. The asymptotes of ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 are 
parallel to the pair of lines ax 2 + 2 hxy + by 2 = 0. 

For their equation is of the form 

ax 2 + 2 hxy + by 2 -f- 2yx + 2 fy 4 - c + d = 0, 
and this pair of lines is parallel to the pair represented by 

ax 2 +- 2 hxy + by 2 = 0. (Part I., § 32.) 

To find the asymptotes , then, we draw Vines through the centre parallel 
to the lines ax 2 'Ihxy 4 - by 2 = 0. 

Cou. III. The equation represents an ellipse or hyperbola according 
as ab > or < h' 2 . 

For ax 2 + 2hxy + by 2 has imaginar}^ or real factors according as 
ab > or < h 2 ., i.e. the asymptotes are imaginary or real according as 
ab > or < h 2 . (Cf . § 107.) 


111. Condition for a rectangular hyperbola. 

In this case the asymptotes are at right angles ; thus the lines 
I ax 2 + 2 hxy + by 2 = 0 

are at right angles, and accordingly the condition is « + 0. ^ ^ ^ 

Thus the equation of the second degree represents a rectangular 
hyperbola when the coefficients of x 2 and y 2 are numerically equal but 

I opposite in sign. 


112. To find the asymptotes by inspection. 

The asymptotes of a conic may sometimes be found by inspection. 
\ Thus, if the equation he (* + 3y) (x + 2y * 1) = 4, the asymptotes are 
Iclearly x+3y = 0, x + 2y + 1 = 0, for their joint equation differs 

from that of the curve only in the constant terra. , , 

Again, when the terms in x 2 and y 2 are wanting, the same method 

always applies. Thus, to find the asymptotes of 

xy + 2.r — y + 4 = 0 

we write it (.r-1) (y + 2) + 6 = 0, 

and the asymptotes are plainly a;—1 = 0 and y h 2-0. 


Find by inspection the asymptotes of 
' 21 . * ( * + y) =1. 22. „(,-*) = 1. 23. xy + 2x + 3y — 0. 

24. x* + xy + x + y+6 = 0. 2o. xy + 2x—y — 0. 

26. *(2* + y)-* + l. ^-y)(3x + 2y) = 6x + 4y + 6. 

28. Deduce from the results of Exx. 21-27 the centres of the 
respective curves. 
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MISCELLANEOUS EXERCISES ON CHAP. VI. 

29. Find the coordinates of the centre of the conic whose equation 

bx 2 4 6 x 1 / — by 2 — 22x 4 18y — 7 = 0. 

30. Transform the equation of the conic 

2bx 2 — 36xy 4 40y 2 4 10.r — 28y — 47 = 0 
to parallel axes through its centre. 

.31. Transform the equation of the conic 

b7x 2 — IbQxy — 23y 2 = 34 
to its principal diameters as axes of coordinates. 

32. Find the equation of the diameters of the curve 

Ax 2 4 2 Hxy 4 By ' 2 = 1 

passing through its points of intersection with the concentric circle 

x 2 4 - 2xy cos 4 - y 2 = r 2 . 

33. Prove that the asymptotes of 

ax 2 4 2 hxy 4- by 2 4 2 yx 4- 2 fy + c — 0 
are given by the equation 

ax 2 4 2 hxy 4 by 2 4- 2 gx 4- 2 fy 4- c = ax' 2 4- 2/ix'y' 4- fcy 72 + 2gx 4 2fy' 4- c 
where y 7 are the coordinates of the centre. 

34. Show that, if ax 2 4- 2hzy + by 2 — 1 and a'x 2 + 2Ji'j y + b'y 2 = 1 
represent the 6ame conic, referred to two different sets of rectangular 

axes, then a 4- b = a' 4- b' and ab — h 2 = a'b' — h 2 . 

Find the equations of the hyperbolas passing through the point 
(1, 2) and having the following lines as asymptotes :— 

35. 2x—y 4- 1=0, x + y = 0. 36. x = 0, y = 3. 

37. :£4-2y4-7 =0, Sx — y = 4. 

38. The asymptotes of a hyperbola being given by 

2 x 2 — 5xy — 3 y 2 = 0, 
find the equation of the axes. 

39. Find the joint equation of the axes of a hyperbola which has 
the straight lines Ax 2 4 2Uxy 4 By 2 = 0 for asymptotes. 

40. Find the equation of the hyperbola having the same asym¬ 
ptotes as 2a : 2 4 xy — y 2 — 3x + 3y = 9 and passing through the origin. 



a 
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TRACING OF ELLIPSES. 

113. We shall now work out a few examples of tracing 
an ellipse when its equation is given in the general form. 

On account of the simplicity of the form of the curve, 
there is no difficulty in obtaining a very good idea of the 
position of the curve when we know its s emi-axes in 
magnitude and direction, accordingly, we direct our 
attention to finding the semi-axes, and then, by way of 
confirmation, we obtain a few points on the curve. All 
the necessary processes have been explained in the last 
chapter, viz., 

v • (i.) we find the centre of the curve and the equation 

A . v* when that point is taken as origin ; 

> '/ (ii.) having done this, we proceed to find the lengths 

► and equations of the semi-axes. 

114. Example (i.). Trace the curve 

30a.*- + 24xi/ + 29^,- — 72# + 1 26?/ + 81 

[Noth.— The following must not be re¬ 
garded as a model solution, as the portions • 
given in square brackets form no radical 
part of the proof. vThey are hints which 
should always be applied, at least mentally, 
to test the accuracy of the work as the 
proof is evolved.] 

(a) Here ab-h 2 = 36 x 29-12- = a 
positive quantity. 

[It is clearly not necessary to determine the 
actual value of ab — h 2 .] 

Therefore the curve is an ellipse (§ 106.) 

\^(>b) The equations giving the coordinates 
the centre are 

36#+12y— 36 =0, 12# + 29y + 63 = 0, 

^whence x = 2, y = — 3. 

V \ » [After obtaining the value of x and y as 

above , substitute in the equations to confirm 
your solution .] 


A 



/ 
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(c) Substituting half the coordinates of the centre in tho terms of 
the first degree (see § 97), we get for the equation referred to the 

centre 36* 2 + 24*y + 29y 2 -72 (1) + 126 (-f) + 81 =0 

or 36 a* 2 + 24 xy + 29 y~ = ISO ^ 


or 


+ x z xy + T Vuy- 

c ' v ^' x m n - 

(<f) The semi-axes are given by_ / 


= 1. (See Caution, p. 96) 


TT- 


(4 103) 


or 


fJL.JLW _-U = (±V 

\5 r- / V 180 r®/ V 15 / 


or 




+ Ti 3 — ^ 


whence r 2 = 4 or 9 and r = 2 or 3. 

Equation of curve referred to its principal axes as axes of coordinates 

y* = i. - * . v 


is therefore 


f + 

9 4 



0 v 




(<?) The equation of the major or minor axis is 




h> x 



When r 2 = 9 ( major axis), this is 

(£ — = 0 or 4# + 3y = 0; 

when r- = 4 ( minor axis), this is 


(£-i)* + -rVy = 0 ol * 3 a — Ay ■= 0. 

stage , confirm your work by noting that the two lines found for 
axes are at right angles (Part I., § 19).] 

[ The easiest method of drawing the axes at this stage is as follows. For 
major axis in this case, put x = 3 ( because coefficient of y is 3), and then 
y — — 4 ; then pleSt this point P relative to the new axes , and draw the 
line CP through centre of curve and this point. For minor axis , put x = 4 
(because coefficient of y — 4), and then y = 3. Flot this point (Q in 
figure ), and draw line as before.'] 


(/) Marking off lengths 3 and 2 along the lines 4 a+ 3 y = 0 and 
3a —4 y = 0 respectively in both directions, we get the ends of the 
major aud minor axes, and the curve can now be plotted. 

[Before actually drawing the curve , it is best to confirm the work by 
finding the points in which the curve cuts the original axes if it does so , 
and , if not, the points in which it cuts some other suitable lines. Th is we 
give in (^).l 
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( g ) The curve cuts the original axis of y (x = 0) where 

29y 2 + 126y + 81 = 0 


or 


y 


= — 63 ^ry/(63 2 — 29 x 81 ) = -63 ± 40 


29 


29 


approx 


[Note the saving of work by talcing an approximate value at this stage .J 

y = — *8 or —3*6, approx. 

These are represented by N and N' in diagram. 



Similarly, the curve cuts the original axis of x where 

' ' 36x-—72x 4-81 = 0, 

which gives imaginary values, i.e the curve does not cut the axis of x. 

XThese values confirm the drawing of the ellipse if this has been done by 
aid of the lengths of the axes , but it is better to actually mark on the 
axes of coordinates the points in which the curve cuts them , and see that 
they are consistent with the lengths of the axes of the curve before actually 

drawing the curve.~\ 
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CHAPTER IX. 


REDUCTION OF THE GENERAL EQUATION 

WHEN ab = h\ 

116. General equation when ab = li 2 .— We shall 
now discuss the curve represented by the general equation 
in the case which we specially excluded in Chap. VI. As we 
there saw, when ab = 7i 2 , we are not able to get rid of the 
linear terms by taking a new origin, and consequently 
the method previously used will not apply to this case. 
When ab = Ji\ the terms of the second degree 

ax 2 -f 2hxy + by 2 

form a perfect square, let us say, 

(«+w. 

so that a = a 2 , h = a/3, b = /3 2 , 

and then the equation is 

(ax 4- f3yy 2 4- 2gx + 2fy -f c = 0. 

We have already seen in § 52 that such an equation 
represents a parabola. 



117- To find (a) the axis and tangent at the vertex 
of the parabola given by the general equation, (b) the 
length of its latus rectum. 

We know that, when a point lies on a fixed parabola, 
the square of the perpendicular from it on the axis 
varies directly as the perpendicular on the tangent at 
the vertex, and, hence, to solve the problem of this 
irticle, we must find two lines, bearing such a relation to 
he curve represented by the equation given, and carefully 
^member that the two lines have to be at right angles. 


V\- % 

/ 
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When we have found these the length of the latus rectum 
will enable us to determine the size of the curve. 

We shall first of all explain the process by means of a- 
particular example before dealing with the general equa¬ 
tion. 

Example.—Find (//) the axis and tangetu at the vertex , (b) length of 
latus rectum of the parabola 

l6x2- ( 24xy + 9y* — 44x-42y + 49 = 0. 

(a) This equation may be written 

(4x — 3y)' 2 = 44+* + 42y— 49 . (a). 

Now 4x— 3y and 44 .T+ 42 // —49 are proportional to the perpen¬ 
diculars from (x,y) on to the lines 4x — 3y =■ 0 and 44^ + 42y— 49 = 0. 

Equation (a) therefore states that the square of the perpendicular 
from any point of the curve on 4x —3 g = 0 varies as the perpen¬ 
dicular from that point on 44# +42//— 49 = 0. If these two lines 
were at right angles, they would be the two required (§ 41). They 
are, however, not perpendicular, but we can attain our result by the 
following manipulation of (a). 

Introduce the quantity A. into the left-hand side of (a), thus 

(4.r — 3// + A) 2 = ... . 

This results in the addition of 8\x — 6a// + A J to the left-hand side ; 
so that for (a) still to be true we must add the same quantity to the 
right-hand side. Thus we get ' % 

(4# — 3 y + A.) 2 = x (44 + 8a) + y (42 — 6A) + A- — 49. 

Now choose A so that the lines ^ 

4x — 3y + A = 0, x (44 + 8A) +y (42 - 6a) + A 2 — 49 = 0 

% 

are at right angles. 

We must then have 

4 (44 + 8A) — 3 (42 —6a) = 0 or 50+ 50 a = 0 ; (Parti. §19) 

A = — 1. 

Hence the equation may be written 

(4#— 3y — l) 2 = 36# + 4Sy — 48 = 12 (3# + 4y — 4) . (b). 

The lines 4x-3y— 1 = 0 and 3x + 4y — 4 = 0 are at right angles^. 
Hence (b) affirms that the square of the perpendicular from a point of* 
the curve on to the line 4.r — 3//— 1 = 0 varies as the perpendicular 
from the same point on to 3x + 4// — 4 = 0, which is perpendicular to 

the former. ~~~ , , 

Hence (§ 41) 4x- 3//— 1 =0 is the axis of the curve, and 

3x + 4y — 4 = 0 is the tangent at the vertex. 
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Caution. —Students are frequently at a loss to decide which of tl e 
two equations represents the axis, and which the tangent at the 
vertex. This difficulty can be diminished by a comparison with 
p = 4 aX y where Y — 0 (the axis of X) is the axis of the curve. 
Thus the “square” quantity corresponds to the axis of the curve. ^ 


(i b) The square of the perpendicular on 4.r —3y—1 = 0 is 

{Ax — 3y — l) 2 
25 

and the perpendicular on 3x + 4ij — 4 = 0 is 

3 a; + Ay — 4 
5 

Therefore the latus rectum 21 or 4 a is given by 

(4^:— 3?/— l) c = 07 3x + 4y — 4 

'26 A . 

but, since {x,y) is in the curve, 

(4a: —3y—1)2 = \2 {3xyty—4) . 

) From (c) and (b) we get by division ^ J 

• IS _ / 1 • 

* • 11 * 3 * jgfO 

latus rfectum = -V-. 


(C); 


(B) 



't? 


Since (4a:— 3y — l) 2 is positive, it follows that, for every point 
the curve, the quantity 3x + 4y — 4 must be positive, so that the v 
curve lies on tjjpt side of the tangent at the vertex 3x + 4y — 4 = 0 
for which 3^r >- —4 is positive. 

But the origin is on that side of 3a; + 4y — 4 = 0 for which 
3x+ Ay —4 is negative (Part I.y § 13). 

TEIence the origin and the curve are on opposite sides of 
3a; + 4y —4 = 0. 

This last point will be found to bo of great importance when we 
come to tracing a parabola. 


Caution. —If equation (b) had appeared in the form 

(4*-3y-l)= =-12 (3-r+4y-4), 

for every point of the curve —12 (3a; + 4// — 4) would have had to be 
positive, i.e.y Sx + 4 y — 4 would have had to be negative, and then the 
curve and origin would have been on the same side of 3x + 4y — 4 = 0. 

We shall see further illustrations of this point in the next chapter. 

The reader should now work Exx. 1—7 at the end of the chapter. 

118. General case. The general equation, being written 

(ax-\-fiy') 2 = — 2>(jx — 2fy — c, 

shows at once tbat the square of the perpendicular from a 
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point on tlie curve on the line ax-{-ft y = 0 varies as the 
perpendicular on the line 2gx + 2fy + c = 0 (§§ 51, 52). 

If these two lines were at right angles, they would be 
the two required ; they are, however, generally not at 
right angles, so we put the equation in the form 

(ax 4- fty -+- A) 2 = ( — 2 gx —2 fy — c) 4* (2a\x 4- 2ft\y 4- A 2 ) 

= -2x (f/ —aA) - 2 y (f-ftX) c-f A 2 . 

We now see that, whatever A may be, the square of the 
perpendicular on ax 4 fty 4- A = 0 varies as the perpendicu¬ 
lar on 2x (g — a A) 4- 2 y (/— ftX') 4 -c — A 2 = 0, 

and we therefore proceed to choose A so that these two lines 
are at right angles. The condition for this is 

a(j7-aX)+/3(/-/3A) =0 or X = . 

When A has this value, the square of the perpendicular 
on ax 4- fty 4 A = 0 varies as the perpendicular on 

2 x (g — «A)4-2y(/—/3A) 4 -c — A- = 0, 

and the two lines are at right angles ; lienee the equation 
represents a parabola having the former line for axis and 
the latter for tangent at the vertex. 

Caution. —In applying this process to an example, the 
reader must follow out the general reasoning, and not 
quote the formulae. 


119. To find the latus rectum of the above curve. 

If P be a point on the curve. PM the perpendicular on 
the tangent at the vertex, and PN that 
on the axis, we have M _ 

P/ll 2 = 2 1 . PM, 

where 2 1 is the latus rectum. y 

Now, using the equations above, we y 

have PN = / 

DM — -- 1 ' (r /—« x ) +2y +c ~^ ~ Jl-^- y - 

H 2v/(<7-«A) 2 +(/-/3A) 2 ’ 5 


PM 


PN 


and 


A - 


«( 


a 2 4 ft 


2 9 


s 


aT .v0-- 


Fig 
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(a X-\-Py + A ) 3 


21 


2.v (g — aX) +2 1 / (/ —/3\) -\-c — X 2 


* 


2 v/(</— «A)‘“ + (/ — /^A‘) 2 

But (a?, ?/) is on the curve ; therefore 

(c ix + fiy + \) 2 = — 2x (# —«\)—2*/ (/— /3\) — c-f A 2 ; 

hence by division __ 

2Z- 2v / (^-qX) 2 4-(/-/3\) 3 


« 3 4- /3 2 

x _ a <7 + ft.f 

A 2 _i_ /02 ' 

a 4-p 

(The sign is of no importance, since we want merely 
the length of the latus rectum.) 

Now (g — c<A) 2 -f (/— /3 a.) 2 

= <f +f— * («<7 +/?/) + x { x (a 2 + /3 2 ) - (ag, + /3/) } 

_ (»*+/*) (a*+ /y)-(«g + /3fV-‘ 

a 2 + U* 

[for A («'- + /3 2 ) 

— (a/—/V) 3 


where 


OS' + Z 3 /) = °] 


a 


+ /3 2 
2Z 


2 (af-ftg) 


(a 2 + /3 2 )H- 2 + /3 2 ) 

- 2 (a /_-/3gr) 

(« 2 +/3 2 )* * 

But a = Va, ft — a/ 5 ; 

2Z = 2 (f^a-gVh) 

(a + b)* * 

We have given the above with more than necessary 
fulness in order to recapitulate the process to some 
extent; it is evident, a priori, that the numerators in the 
functions first written down are equal, and hence we can 
cancel without writing them down. 


* Comparing with Y 2 = 4aA, in which Y = 0 is the axis, we see that 
«^+£l/+A = 0 is the axis here. (§ 41.) 
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120. Exceptional case. 

In discussing the general equation of the parabola, we found that, 
lor a point on the curve, 

(ax + fry + A)- = — 2x (g — a\) — 2 g (/— £A) — c + A 2 , 

and the two lines 


cjc + fiy + A— 0 and 2.r (y — aA) 4- 2// C/ — £A) + c — A? 

ay *- 


are at right angles when 


A = 


a 2 4- /8 2 


If, now, — = ^, each = - ^ = * : 

3 a- 4- £ 




a 


>2 


g — a\ = 0 and /—/ 3A = 0. 

Therefore the right-hand side becomes a constant, and the rest of 
the proof breaks down. 

We then have ( ax + @y + A) 2 = A 2 — c ; 

or ax 4- J0y 4- A = rb A 2 —u, 

which obviously represents two parallel straight lines. 

Hence the equation ax 1 + 2hxy e £y 2 4 - 2 gx + 2 fy 4 - £ = 0 represents 
two parallel straight lines if 

ah = A 2 and gfi = y*a, 

i.£., if = A 2 and g Vh = f\'a, 

i.c ., if = A 2 and q/* 2 = by 2 . 

This case is very easily recognized at sight; for, since f/g = a/& • *t 
follows that ax + 0y differs from gx+fy only by a numerical factor, 
and the equation is of the form 

(ax 4 - /3 y) 2 4- P (ax 4 - &y) 4* C = 0. 

Solving the quadratic for ax + fiy, we get two values, and hence 
two parallel lines. 

Cor. If, in addition , A 2 = c, the two lines coincide. 


Example.—Find what the equation 

9x~ 4 - 2-kxy 4 - 1 6y’ 2 — 9x — 12y 4- 2 = 0 

represents. 

This may be written 

(3x + 4yY 2 -9x-12y 4-2 = 0, 

and therefore falls under the head of this chapter. 
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122. In this chapter we shall solve some miscellaneous 
examples of tracing curves of the second degree by 
availing ourselves of the principles explained in Chapters 
-VI. and IX.*' 

It is, of course, always possible to trace a curve whose 
equation is given, for we can obtain as many points as we 
like on it, but this expedient alone would be very tedious ; 
for example, in the case of the hyperbola, for we should 
need a very large number of points to be sure of getting 
the curve correctly. Accordingly, in practice we* apply 
the general principles set forth in the preceding chapters 
to acquiue a general idea of the shape and position of the 
curve. 

123. We shall begin with some general directions which 
will serve also as a convenient summary of the results of 
Chapters VI. and IX. To some extent we recapitulate 
what has been said in Chapters VII, VIII., X. 

Suppose the equation to be, as usual, 

ax 2 -f 2/ixy 4- by 2 4- 2 gx 4- 2 f y 4- c = 0 ; 

then the following method may be used in tracing the 
curve:— 

(1) From the value of ab — & a , find the nature of the 
curve, viz., ab — h 2 is positive for an ellipse, zero for a 
parabola, and negative for a hyperbola. 

(2) If ab = h 2 , then the tangent at the vertex, the axis, 
and the latus rectum must be found as in Chapter IX., 
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and care must be taken to place the curve on the right 
side of the tangent at the vertex. 

(3) If ab > ti 2 , then find the centre of the ellipse, and the 
directions and lengths of the semi-axes. The tracing is 
then easy from the simple shape of the curve, but care 
must be taken to associate with a length of a semi-axis the 
right direction as determined by § 103. 

(4) If ab < 7r, it is quite essential to find the asymptotes 
and draw them after finding the centre of the curve. The 
equation referred to the centre as origin must also be 
obtained, and the directions and lengths of the semi-axes 
as in the case of the ellipse. (The fact that the axes 
bisect the angles between the asymptotes affords a good 
test of the accuracy of numerical work, in which the 

beginner is very apt to make slips.) 

If the expression ax 1 -\-%hxy -4- by 2 has rational factors 
(which, in general, is not the case), the equations of the 
asymptotes may be found separately by solving the 
equation for the two as a quadratic in y, or guessing its 
factors in any way. To get the asymptotes, we have thus 
to draw lines parallel to ax 1 -h '2hxy -\-by~ = 0 through the 
centre which we have found already. If the factors are 
not rational, we may trace the asymptotes from their joint 
equation very easily, for we have only to find the points 
in which they meet one of the axes, and then join these 

points to the centre. , 

As we have already given examples of drawing tne 
asymptotes in the first way, in this chapter we shall give 
examples of the second. The first method is, however, 
the one the reader should use in beginning the subject. 

If the asymptotes are POP and Q0Q\ the curve may lie 
either in the angular spaces POQ and P OQ or m the 
angular spaces POQ' and POQ. As we know which axis 
is the transverse axis, we can at once settle ° 

finding a single point on the curve will suffice also. Alter 
settling this, we should mark a number of points on the 
curve, as, for example, those in which it meets the axes. 

For others give x the values 1, 2, 3, ..., and solve for y. 

It will be noticed that we do not use the ordinary test 
for a pair of straight lines. There is no need to do this, 
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for we shall see that the equation does represent lines when 
we refer it to its centre as origin, for the constant term 
will then be zero. Thus, in using the test ah —h\ a pair of 
real lines is included under the head of hyperbola, a pair of 
imaginary lines under ellipse, and a pair of parallel lines 
under parabola. 

We shall now give some examples. 

Example (i.). Trace the conic whose equation is 

6# 2 + 4 xy + Qnj** —20.r+4y-fl4 = 0. 

Here a = 6 , b = 6 , h — 2 so that ab — h 2 is positive and the curve 
is an ellipse. 

The equations giving the centre are 

6# + 2y —10 = 0 and 2x + 6y + 2 = 0, 

leading to x = 2, y = — 1. 



Fig. 50. 


To get the equation referred to the centre, we substitute half the 
coordinates of the centre in the terms of the first degree. The 
equation is, therefore, 

OBOlg- ?t. n. 


K 
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Gx- 2 + 4xy + 6y 2 —20 x 1 +4 ( — J) + 14 = 0 
or 6x 2 + 4xy + 6y 2 == 8 or %x 2 + ~xy + f y 2 = 1. 

Hence the semi-axes are given by 

( a -^) I*--*)-*’ 


or 


(*-*) (*"*)-(*)* - T~ 7*“ 


4 9 


from which 


1 i i 

— = 1 or 
r- 

r = 1 or V2. 


The equation of the first axis (referred to the centre as origin, of 

course) is (£— \)x + \y = 0 or x — y = 0, 

and the other is (£ — \)^ + \y = 0 or x + y=0. 

For the points of intersection with OX we have 

6x 2 —20# + 14 = 0 or x = 1 or % (M and M' in figure), 

and it is easy to see that OY meets the curve in imaginary points. 

Hence, marking the centre and drawing the semi-axes, and then 
noting the points of intersection with OX , the curve can be readily 
drawn. 

The reader shouhTnote that one end of the major axis is on OX. 


Example (ii.). Trace the curve whose equation \s 

9x- — 24xy + \6y 2 + 32x — 76y + 16 = 0. 

Since here ah — h 2 = 9.16 — (12) 2 = 0, 

the curve is a parabola. Writing the equation in the form 

(3x — 4y) 2 =— 32x + 76y— 16, 
and introducing A in the usual manner, we have 

( 3 * _ 4y + \) 2 = - 2x ( 16 - 3a) + 2 y (38 _ 4a) - 16 + A 2 . 

0 

The two lines 

3x — 4y + A = 0 and -2x (16-3a) + 2y (38-4a) -16 + A 2 = 0 
are at right angles if 

3 (16 — 3A) + 4 (38 —4A) = 0, i.e. if A = 8. 

Hence the axis is 3 x — 4y + 8 = 0, 

and the tangent at the vertex 

4 (4x+3y + 12) = 0 or 4*+3y+12 = 0, 

the final form of the equation being 

(3x — 4y + 8) 2 = 4 (4x— 3y + 12). 

Thus the curve is wholly on the positive (i.e., the origin) side of 

4x— 3y + 12 = 0, 
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the tangent at the vertex, as also follows from the points where it 
meets the axis. The latus rectum is given by 

^ 3.r— 4f/ + 8 ^ 2 _ —3;/ + 12 . 

but (3#- 4 y + 8) 2 = 4 (4#- 3y + 12) 



Fig. 51. 


Where it cuts the axis of x we have 

9* 2 + 32#+16 «= 0; 

. „ — 16±v/l0 2 —16.9 

• • = - - 

9 


= —•6 or —2*9, roughly (/V, N' in Fig. 61). 

Where it cuts OK, 4y2_i9y + 4 = 0 ; 

. _19±v/297 

•• y - 8 -- 

= -2 or 4-5 («, M' in Fig. 51). 

Constructing the tangent and axis, then, knowing the points in 
which it meets the axis, we can draw the curve fairly accurately. 
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Example (iii.). Trace the curve whose equation is 

2z 2 -2y 2 -xy-6z-7y-4 =■ 0. 

Here ah — A 2 is negative and the curve is a hyperbola. 

Since here a = 2, A = — 4, b = —2 y g = —3, f = — 4 , c = —4, 
the equations giving the centre are 

2x — \y — % = 0 , - \x — 2y—\ = 0 , 

leading to x — 1, y = — 2. 

Referred to the centre C as origin> the equation is 

2.r 2 — 2y 2 — xy — G (£) — 7 (— 1)— 4 = 0 or 2# 2 — 2t/ 2 — ary = 0, 

and hence the equation represents two straight lines at right angles. 

(See Caution below. J 

Where the curve meets 
OX we have 

2* 2 —6# —4 = 0; 

. * _ 3=fc^/17 

= 3*5 or — -5, 
roughly (M and M') \ 

and where it meets OY 

2y z + 7y + 4 = 0 ; 

— 7 =t a/17 

y -- - - 

= —2-8 or —*7, 
roughly (N and N'). 

Thus the equation represents two lines meeting in the point (1, — 2), 
so that, joining this point to the points of intersection with either axis, 

we have the curve required. 

Caution.—If, in the course of our work, the curve appears to 
reduce to two straight lines, we at once apply to the original equation 

the test for two straight lines, viz., 

abc + 2fgh — a/ 2 — bg 2 — ch 2 = 0. 

Here abc + 2fgh - af 2 — bg 2 - ch 2 

= 2( -2 )( -4) + 2(-f)(-3)(-i)-2(-|)*-(-2)(-3)*-(-4)(-i) * 

= 16 —104-244+ 18 + 1 =0. 

Hence the accuracy of our work is confirmed. 
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Example (iv.). Trace the conic 

(*+2y-2)* + 4(2*-y + 1)2 =45. 

We notice that the two lines 

x +<ly— 2 = 0 and 2x — y+1 — 0 

aro at right angles, and that the expressions in brackets are pro¬ 
portional to the perpendiculars from a point P (x, y) on the curve to 
these lines. 

Making the expression in the 
brackets actually equal to such, 
perpendiculars, we get 


V5 
= ¥ = 9. 


If, therefore, we take 

x + 2y — 2 = 0 
and 2x 


■ 2y —2 = 0 1 

—y + l = of 


(A) 


as axes, calling them the axis of X 
aod Y respectively, the equation 
reads 

(perp. from P on axis of X ) 2 

9 

+ (perp. from P on axis of Y) 2 _ ^ 

a 

4 

This evidently is an ellipse, with 
the lines (a) as axes, and the length 
of its semi-axes are 3 and 4L 



■2 


Caution.—By a comparison with = 1, it is seen that 3 is 

a 2 b 2 

the length of the semi-axis measured along the line corresponding to 
y = 0, i e. along 2x — y + 1 = 0. This point should be noticed very 
carefully. 

To confirm the work, we find the intercepts on the original axes. 

x — 0 gives (2y—2) 2 + 4 (y— l) 2 = 45, whence y = 3’36 or —1*36; 
y = 0 gives (#—2) 2 + 4 (2x + l) 2 = 45, whence x = -19 or 12. 


Caution. —The above method is of use only when the equation is 
given in the foim aR? + bS' 2 = constant, 

where R — 0 and S = 0 are two straight lines at right angles. The 
process is analogous to the method of procedure in the case of the 
parabola. 
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'Example (v.). Trace the curve xy + Sx + 4y + 4 = 0. 

Hero ah—h? = 0— (£) 2 and is negative. 

Therefore the equation represents a hyperbola. 

The ordinary processes can be shortened here, for we can write the 
equation in the form (x + 4) (y + 3) = 8, 

and now we see that it represents a rectangular hyperbola having 
#+4 = 0 and y + 3 = 0 for asymptotes, and —4, —3 for centre. (In 
fact the product of the perpendiculars on these lines is constant.) 



Referred to the centre as origia, the equation is 

xy = 8 

[for, in order to transfer to (-4, —3), -we must write x-4 for x and 
y _3 for y\. From this the tracing is easy, for, giving x successive 
values 1, a, 3, 4, —1, -2, —3, we can write down the values 

of y and trace the curve. 

The equation giving the semi-axes is 



for A = B — 0 and II = T V* 

16. 

Thus the real semi-axis is of length 4, and its direction referred to 
the centre as origin is x-y = 0. This gives the points A,A . lhe 
other axis is of course the line x + y == 0. 

The curve meets the original axes m 

y = 0, x = -4 (M, Fig. 54), and * = 0, y = -1 ( N, Fig. 54). 
Hence the curve is clearly as in Fig. 54. 
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Example (vi.). Trace the curve whose equation is 

x* + ixy + 4y 2 + 7x + lit/ + 6 = 0. 

This clearly satisfies the condition for a parabola. 

' Writing it in the form 

(x + 21/)' 2 + (7* + 14y + 6) = 0, 

we introduce A in the usual manner, viz.: 

(.r + 2y + A) 2 = —x (7-—2A) —y (14 —4x) — 6 + A 2 , 

and the two lines x+ 2y + A = 0, 

x(7 — 2 A) + y (14 — 4^) + 6 — a 2 = 0 

are at right angles if 

7 — 2A+28 —8 a = 0, i.e. if A = 3£. 

Hence the equation becomes 

(#+2y+3£) 2 = 12^ — 6 = 6J, 
so that it represents two parallel straight lines, viz.: 

# + 2y+3^ = ±2£, 

or x+ 2y+l = 0 and x+2y+6 = 0 

[Cofifirni this result by applying the abc + 2fgh —... test. J 



Fig. 55. 


The curve cuts original axis OX where x = - 1 or —6 (M> M'), and 
0 Y where y = — £ or — 3 ( N , N') . 

Knowing these intersections, it is an easy matter to draw the 
straight lines. 

That the equation represents two parallel straight lines is evident, 
a priori , for we may write it in the form 

(x + 2y) 2 + 7 (x + 2 y) + 6 = 0, 
or (a; + 2y + 1) (x+ 2y + 6) = 0. 

The above analysis shows that the true nature of the curve is 
discovered easily enough in the ordinary process. 
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Exampie (vii.). Trace the curve whose equation is 

4.r 2 + 12 xy — y 2 — 40.r— 20// +24 = 0. 

Since ah — 7< 2 = 4 (— 1) — 36 and is negative, this curve is a 


hyperbola. 

The equations giving the 
centre are 

4.r + 6y — 20 = 0, 

6 a:-// —10 = 0, 

leading to x = 2, y = 2. 

The equation of the curve 
with the centre as origin is 

4a; 2 + 12 xy—y 2 = 36 

or ,^a- 2 + 2 . ±xy - -^y 2 = 1 ; 

so that the equation for the 
semi-axes is 

JL __ -L. .I- !L = 0 , 

r* r 2 12 162 

leading to r 2 = or — ™-. 

Thus the length of the semi- 
transverse axis is 



Fig. 56. 


6 

2^/2 


6 a/2 

4 


= 2*1, roughly. 


and its direction is given by 

(3V — 35) - v + = 0 or 4iE - 3 -v = °- 

The equation of the asymptotes is of the form 

4a: 2 4- 12 xy—y 2 —40a:—20 y + c = 0, 
where c has to be found from the condition for straight lines. 

We easily find c = 60 ; so the asymptotes are 

4a: 2 +12 xy — if 2, — 40a; — 20y+60 = 0. 

Where they meet OX we have x = 8*16 or 1*84 ; 
and where they meet OY y — 2-64 or —22*64. 

Marking these points, it is easy to draw the asymptotes, bearing in 
mind that they meet in (2, 2). 

W4iere the curve meets OX we have 

x 2 - 10*+ 6 = 0 ; x = 9*3 or ’7, roughly. 

Similarly, where it meets 0 Y 

y 2 + 20y — 24 = 0 ; y = 1-1 or —22-1. 

The curve is thus as in Fig. 56. 
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Example (viii.). Trace the curve 

(x — 2y + 1) (# + 2y — 3) = 5. 

This is evidently a hyperbola, having 

(x-2y+\) = 0, (*+2y-3) = 0 

as asymptotes. 

Wo can decide easily in which pair of angles the curve lies by 
giving particular values to x or y — c.g., x = 0 gives y imaginary and 
= 0 gives x = 4 or — 2. Or we note that for any point of the curve 
— 2y+l and x+2y — 3 are both positive or both negative, while 
for the origin the former is positive, the latter negative. The curve 
is therefore, not in the same angle as the origin. 



Fig. 57 


The axes bisect the angles between the asymptotes, and are there¬ 
fore easily drawn. In this particular case the asymptotes x—2y+ 1 = 0 
and x+2y—3 = 0 are equally inclined to the axes of coordinates, so 
that the axes of the curve are parallel to the axes of coordinates. 

A few other points on the curve may be found in the ordinary way 
and the curve drawn. 

The only defect of this method is that it does not readily lend 
itself to finding the actual lengths of the transverse and conjugate 
axes, or the eccentricity. 


MISCELLANEOUS EXERCISES ON CHAP. XT. 
Trace the following curves :— 

1. 6* 2 — xy— 12y 2 -8;r + 29y- 14 = 0. 

2. llo£— 4xy + 14y 2 = 240. 

3. 9x 2 — 24xy+ 16y 2 + 44x + 8y + 5 = 0. 

4. 4 (#— 2 f/ + 3) 2 + 9 (2x + y —l ) 2 = 80. 
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5. 5a; 2 + 6o;y —5*/ 2 —22a; + 18// —7 = 0. 

6. (x — 2y + 1) (x + 2y — 3) = — 5. 

7. 57a; 2 —150o;y—23y 2 = 34. 

8. x 2 — y 2 —10.r + 4y — 7 = 0. 

9. .r 2 — xy + y 2 — 7 a; + 8y + 18 = 0. 

10. (x + 2i/ — 2) 2 —4(2.r—//+1) 2 = 45. 

11. (4a; — y + 12) (a; — 3// + 9) = 40. 

12. 8a; 2 — 2xy — 15y 2 + 6x + 46y— 35 = 0. 

13. x 2 + 2x + 3y + 3 = 0. 

14. 4a; 2 — 12xy + St/ 2 + 8x — Gy + 1 =0. 

15. y 2 +2xy + 2y = 1. 

16. 4 (a;-2y+3) 2 -9 (2a; + y-l) 2 = 80. 

17. // 2 + 4y + 6a;+-3 = 0. 

18. (4a; — y+12) (x— 3y+9) = 108. 

19. (.*-// + l) 2 +2 (.r + y-3) 2 = 0. 

20. 4a; 2 — 12a;//+9y 2 + 13a;— 2Gy = 0. 

21. a; 2 + y 2 — 1 Oa; + 6// — 2 = 0. 

22. 2a; 2 — 3a;y — 2y 2 + 5y + 2 = 0. 

23. 4a; 2 — 12a;y + 9y 2 — 4a; + 6y —5 = 0. 

24. (3a; + 4y — 3) 2 + (8a;— 6y + 3) = 60. 

25. 1 5x 2 — 23xy — 28y 2 + a; + 29y — 6 = 0. 

26. x 2 + Gxy + 9y 2 + 5a; + 15y + 12 = 0. 

27. 25a; 2 — 36a;y + 40y 2 + 10a;— 28y — 47 = 0. 

28. (x + y — 2) (x —y + 4) + 20 = 0. 

29. 49.r 2 + 126ary + 81y 2 + 23a; + lly + 12 = 0. 

30. (a; + 2y) 2 + 3 (a; + 2y) + 2 = 0. 

31. 161a; 2 + 480a;y—161y 2 + 289 = 0. 

32. 7x?— GOxy + 32y 2 — 106a; + G8y — 37 = 0. 

33. 13ar + 8xy >v/3 + 21y 2 + (75 — 36 \/8)x + (36 + 75 a/ 3) y+ 144 = 0. 

34 . 9a; 2 —2 %/3a;y+lly 2 —2(9—>v/3)a; —2(11—v/3)y —2(2+ v'3) - 

35. x 2 + 3xy + 4y 2 — 28a; — 56y + 196 = 0. 

36. 3 a; 2 + 2 a;y + y 2 —10a; —14y+19 = 0 

37. (a; + 3y) 2 +(6a;-2y+6) 2 = 40. 
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EXAMINATION PAPER III. 

1. Show how to find tho coordinates (x' , if) of the centre of the 

curve ' ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0, 

and prove that the asymptotes are given by the equation 

ax 2 + 2hxy + by 2 + 2 gx + 2fy + c = ax' 2 + 2hx'y' + by" 2 + 2gx t + 2 fif + 

2. A hyperbola has for its asymptotes the lines 2a;-y— 3 = 0, 
Sx + y-7 = 0, and it passes through the point (1, 1). Show that it 

will also pass through the point (4, \^19), and that its eccentricity is 

V4 + 2 v/2. 

3. Explain, briefly, how to determine the nature of the locus repre¬ 
sented by the general equation of the second degree, the axes of 
coordinates being rectangular. 

4. Interpret the following equations :— 

(i.) x 1 + 6xy + 9i/ 2 + ix + I2y —12 = 0j (ii.) xy-^x-2y + i = 0 

Trace the following curves :— 

6. (2 x~y) 2 = 5(x — 2y). 

6. (2 a; + 3y) 2 + (2a; + 2y + 2) = 0.^» U l \T3> 

7. 180a; 2 +120a;y+145y 2 —48a;—86y-23 = 0. 

8 . 25a; 2 + 120a*y + 144y 2 — 46a;— 9y— 11 = 0. 

9. Find the equations of the two ellipses that have the lines 
3 a; + y_ 1=0, x— 3y + 2 = 0 for their principal axes, their major 
and minor axes being of lengths 6 and 4 respectively, 

10. Find the conditions that 

ax 2 + 2hxy + by 2 + 2 gx + 2 fy + c = 0 
represents two parallel straight lines. 



CHAPTER XII. 


CHORDS AND TANGENTS. 

124. Chords and Tangents. —In this chapter we shall 
discuss some of the properties of chords and tangents, 
and, in all cases, we shall look on a tangent as a line 
which meets the curve in two coincident points, or, what 
is the same thing, as a line intersecting the curve in two 
points that are infinitely near together. 


125. A line is drawn through a given point in a 
given direction : to find the distances from the given 
point in which it is met by the conic 

axr + 2haci/ + bi/ 2 + 2(/JC + 2fi/ + c = O. 


Let (x x , 7/1) be the given point 0 , and suppose the 
direction makes an angle 0 with the axis of x. 

The coordinates of a point P on the line distant r from 


0 are 


x x + r cos 0, y x + r sin 0 , ^ 

(Cf. Part I., § 10, B., Cor.) 


and hence, if P be on the curve, we must have 
a (x x + r cos 0 ) 3 + 2h (x x + r cos <9) (y x + r sin 0) 

+ b (j/i + r sin 0)’+ 2<j (a^ +r cos 0) + 2/(y, + r sin O') -\-c - 0. 
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This equation contains r in the second degree, and, 
therefore, may be looked on as a quadratic giving the 
required distances. It is evident a priori that the equation 
must be a quadratic, for the line meets the curve in just 
two points. 

Arranging this equation as a quadratic in r, we get 

r 5 (a cos* 0 + 2/i sin 0 cos 0 + 6 sin 2 0) 

+ 2 r {(«cc 1 + /t 2 / 1 + #/) cos 0+ (/isc 1 + 6y 1 +/) sin0} 

+ aa? 1 i + 2/ta? 1 2/ l + 6j/ 1 2 + 2(/a: 1 + 2/i/ 1 + c =0 ... (1). 

The two roots of this equation are the required distances. 

Note.— This proof assumes that the axes of reference 
are rectangular. 

In the following articles we shall make some extremely 
important deductions from the above quadratic, which is 
of fundamental importance in the theory of conics. 

126. Deductions from the quadratic for v. — One 
zero root. 

The equation for r has a zero root if 

ax? + 2 hx l y l + by? + 2 gx x + 2/y, + c = 0, 

which is just the condition that (x x , y?) should be on the 
curve. This is as it should be, for only in that case can 
r have a zero value. 

127. Two zero roots. 

The quadratic has two zero roots if (x ly y?) is on the 
curve, and, in addition, 

cos0 (aas l + /*i/ 1 + (/)+ sin0 (/«c 1 + &y 1 +/) = O ... (2). 

(Tut. Alg ., II., § 165) 

In this case the line is clearly the tangent at (x 19 ?/,), for 
it meets the curve in two points coinciding with (a?„ y ,), 
and, therefore, the above equation gives the direction of 
the tangent at (x lf y x ), viz., 

€iai x +hy x + 0 

h& x + hy x +f 


tan 0 


(3). 
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128. To find the equation of the tangent at (a^, y 1 ) m 

[Caution. —A formal investigation of the equation of the tangent 
should embody §§ 124, 126, 127, 128.] 

The equation required is 

iy—yd = (*—*,) tan 6, (Parti., § 10,B) 
■where 0 is the inclination to OX. By § 127 this is 

j,-y 1 = ( a ,-* 1 )(_gi±|a±a) 

or (x —*,) (ax x + hy t + gr) + (y — y x ) (hx l + by x +/) = 0. 

The equation just found becomes, on multiplying* out, 

X (arr, + hy l + fir) + y Qix x + by x +/) 

— (a.i-, 2 + 2hx x y x + by 2 + gx t +/?/,) = 0. 
But, since («t,, 2 / 1 ) is on the curve 

ar, 2 + 2 lix x y x + by 2 + 2gx x + 2 fy x + c = 0, 

.'. ax 2 + 27i.a-, y x + by 2 + gx x +fy l = — (gx x +fy x + c). 

Hence the equation of the tangent finally is 

ac (ax x + hy l + y)+y + *>V i +/) + ff&i +fv i + c = O 

. (4). 

This may be written 

aococ x + h(acy x + oc x y) + hyy x + g (oc + oc x ) +f(y -f 2/,) + c = O, 

which ig derived from the equation of the curve by putting 
scx 1 for x 2 , yy x for y 2 , xy x -f x x y for 2xy, x-j-x x for 2x, and 
y \-y x for 2 y. This form should be remembered. 

Tangents in the simple cases. 

In the parabola y 1 — ±ax = 0 the tangent is yy\—x (2a) — 2ax x = 0 

by formula (4), i.e. 2 / 2/1 = 2a (se+a? 1 ) . (5). 

2 2 

In the ellipse + —p = 1 

a- D- 

the tangent is ^1 + ^ = 1 . (®)» 

2 o 

In the hyperbola ^ = 1 

itis ^-^=1 . <*>• 
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129. The - general method applied to the simple 

cases. —To illustrate the application to particular cases, 

we shall investigate the “ r ” quadratic and the equation 

of the tangent for the parabola y 2 = 4aa and the ellipse 
2 2 

— q- */- = 1. We start from first principles. 
a 2 b 2 

^9 - 

I. To find the quadratic for “r” for the parabola 

y 2 — 4 ax, 

and to deduce the equation of the tangent at the point (a^, ?/,). 

If the line be drawn through (x l9 7 /j), and r be one of 
the values required, then (by Part I., § 10, B, Cor.) the 
point (sCj + r cos 0 , y x -\-r sin#) must be on the curve, z.e., 

(2/i + r sin 0) 2 = 4 a (a^ -f r cos 0), 

t.e., f* 2 sin 2 6 2?- {y x sin 0 — 2a cos 0} +y* — 4:aa\ = 0, 

the quadratic required. 

One root is zero if 

— 0, 

i.e., if (x l9 t/,) is on the curve ; another root is zero only if 
the line be the tangent at (a„ yf). The condition for this 

is 7/1 sin 0—2a cos 0 = 0. 

Therefore the equation of the tangent is 

^—2k = tan 0 = — ; 

* ““ *1 2/i 

VVi — yx = 2aa? —2aaj L . 

But 2/i 2 = 4 a» l . 

Therefore the equation is 

Wx = 2a (a + #!>• 


II. To find the “r” quadratic for the ellipse 

a 2 + 6 2 

and to deduce the equation of the tangent at the point (ajj, y 1 ). 


£ 


1 , 
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Here the point (a^+rcos#, y x + r sin 0) must be on the 
curve, and therefore 


(;r, 4- r cos 0) 2 (y x -b r sin 0) 
a 2 ^ b 2 


1 , 








which is the quadratic required. 
One root is zero if 




i.e.y if the point (x„ y x ) be on the curve; a second root 
can be zero only when the line drawn is the tangent at 
this point to the ellipse. From the quadratic the 

condition for this is 


or 



tan 0 


b 2 a\ 


Hence the equation of the tangent is 

y-y ± ---- tan0 = 
x — x x a 2/i 


or 


and, since 


J (x —a 1 ,) + p- (y-Vi) = °> 



this becomes 
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Exercises. 




1 For equation — tt = 1 show that quadratic for r is 

a- b z 

-/cos-0 8m’#\ . /ar,cos0 */. sin 0\ _ */i? _, =0 

r - V~) + 2 ’\>«* *' > « 2 

2. By means of the above quadratic deduce the equation of 

tangent at any point on the hyperbola ^t 2 ~~T 2 = 


.^ 3 . Find the equation of the tangent to tho curve x 2 + x + y = 4 
at the point (1,1) on it. 

4. Write down the equation of the tangents to the curve 

3# 2 + oxy + 2y 2 — 6x + 2y —25 = 0 

at the points where x — — 1. 

5. Find tho points on the curve x 2 + xy + y 1 = 3 at which tho 
tangents are parallel to the line y = x. 

[If (x lt Vi) be such a point, the condition of parallelism gives one equation, 
and x x * + x, y x + y? — 3 is another equation for x x and y ,]. 

G. A straight lino is drawn through a point 0 (1, 2), making an 
angle 45° with OX, and it meets the conic x : + xy + y 2 + x + y + 1=0 
in P and Q. Obtain the quadratic whose roots are OP, OQ, and show 


that 


OP + OQ = - 


\\V2 


OP.OQ = 


22 


7. Show that the lino through 0 in Ex. G meets the conic in real 
points. 

8. A line is drawn through tho point (—1,0) making an angle 
tan~ 1 -fc with the axis of x. Show that the distances from ( — 1, 0) of 
the points in which it meets tho conic xy + x + y = 0 are roots ot the 
equation 30r ? 4- 156r — 1G9 = 0. 

What is the geometrical interpretation of the fact that one root 
is negative ? 

9. In Ex. 8 find tho coordinates of the middle point of the inter¬ 
cepted portion. 

[Find the distance from 0 — ^{0P\0Q), and then use x' = x +- r cos 9, 
= y+r sin#.] 

v/ 10. The tangent at P to a parabolq, meets the directrix at 
Q . Prove that PQ subtends a right angle at the focus. 

11. Show that, if a straight line be drawn parallel to the 
axis of a parabola meeting the directrix in M, the curve in 
0, and the focal radius parallel to the tangent at 0 in Q f 

then TO = OQ. 


OEOM. PT. 11. 
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130. Further deductions from the quadratic for r, 

'—One infinite root. 

The quadratic for r ■will have one root infinite if the 
coefficient of r 2 be zero, that is, if {Tut. Alg ., II., § 166) 

cos 2 #4-2 li sin 0 cos sin 2 0 == O.(8), 

or b tan 2 6 4- 2 h tan 0 + a = 0. 

This may he looked on as a quadratic for tan 0, and we 
therefore infer that there are two values of 0 ivhich cause 
the line to cut the curve at infinity. Or, in other words,, 
through any point two lines can be drawn each to meet 
the curve in one point at infinity, and they are clearly 
parallel to the pair of lines 

ax 2 + 21ixy -f by 2 — 0, 

i.c. they are parallel to the asymptotes of the conic. 

The lines are real and distinct if ab < h 2 , i.e. if the 
conic is a hyperbola (§ 91). 

They are coincident if ab = h 2 , i.e . if the curve is a 

parabola (§ 52). . . 

And, finally, they are imaginary when ab > h , that is 

when the curve is an ellipse. 

All this corroborates what has been already said as to 
the lines meeting the three species of conics at infinity. 


131. Two infinite roots. — Equation of asymptotes. 

In order that both roots maybe infinite, the coefficients 
of r 2 and r must both be zero, that is, we must have 

a cos~0 -\-2h sin 0 cos 0-\-b sin 2 0 = 0 ( Tut . Alg., II., § 167) 

and cos 0 (ar x -f hy 1 -f- g) + sin 0 (1ix x + by l + /) = 0. 

Thus, eliminating 0 by substituting the value of tan 0 
from the second equation in the first, -we see that (ah V\) 
cannot be chosen arbitrarily, but must satisfy 

b (ax x + Ky 1 + g) 2 — 2h’ (ax l +hy x + g') (T^ + fyi+Z) 

+ a(]uc l + by l +fy=0 (a). 

Now there can be two infinite roots only when the line 

drawn is an asymptote. Therefore Oh yO s on ^ a ?^‘ 
ptote if condition (a) is satisfied. We therefore mfe 

that the equation of the two asymptotes is 




CHORDS AND TANGENTS. 


147 


b (ax -f hy 4- gy~-2h (ax 4- hy 4- g ) (hx 4- by 4-/) 

4 -a (Jtx + by+f)* — 0 ... (b)*. 

We may add that., as the centre is given by 

ax x + hy x + g = 0 and hx x 4- by x +f = 0, 

the two lines ax + liy + g = 0 and lix 4- by +f = 0 repre¬ 
sent two lines through the centre, ancl therefore the 
expression (b), which is homogeneous and of the second 
degree, represents also two lines through the centre, as 
it, of course, should, since both asymptotes pass through 
the centre. 

The reader should now verify by actually multiplying 
out that this form of the equation of the asymptotes only 
differs from that found already (§ 110) by the constant 
multiplier (a& — h*). 

132. If through a point 0 two chords are drawn 
in fixed directions to meet a conic in P, Q and P\ Q\ 
respectively, the ratio of the rectangles 0P.0Q and 
OP'. 0Q is independent of the position of 0. 

Let x x , y x be the coordinates of 0 , and suppose the chords 
make angles 0 and & with the axis OX ; then, if the conic 
be given by the general equation, the lengths OP , 0Q are 
the roots of 

r 2 (a cos 2 0 + 2 h sin 0 cos 0 + b sin 2 O') 

4- { cos 0 (a#! 4- hy l 4- g) 4- sin 0 ( hx l 4- by l 4-/) } 

4- ctx* 4- 2 hx x y x 4- by* 4- 2gx l 4- 2 fy l 4- c = 6. (§125) 

Hence, by the theory of quadratics, 

OP. 00 = ax ' i + ^ h ' Xl + hy ' 2 + + 2 ///i 4 - c 

a cos 3 0 4- 2 h sin 0 cos 0 + b sin 2 0 ’ 

and, similarly, 

OP. 00' = ggL-+ 2hx i ?/ i + by* + 2 gx t + 2fy, 4- c 

a cos 2 O' 4- 2 h sin O' cos 0'+ b sin 2 0'' 

Consequently, 

QP^OfL _ €t cos 9 sin 0' cos O'+b sin 2 0' M . 

OP '. 0Q* & cos 2 0+2/t- sin 0 cos 0 + b sin 2 0 ^ 
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Since the value of c ^ oes Tl °^ Evolve x x or y l9 it 

is independent of the position of 0, and depends only on 
the directions in which the chords are drawn. 

Cor. In particular, when P and Q coincide with each 
other in T and P, Q' in T ', then the two lines are tangents, 

or 


and we infer that the above ratio is the same as 


0T 


'i 


12. If the conic be a circle, deduce from the above that 

OP. 0Q = OP'. 0Q\ (Euc. III. So, 36) 

133. The tangents drawn from any point to a 
central conic are in the same ratio as the parallel 
semi-diameters. 

Suppose the tangents 0T, 0T' from 0 make angles 0 , 0 
with the axis of x, and that LCL' and MGM' are the parallel 
diameters ; then, by the general result, we have 

OT 2 _ LC .CL' a cos" O' 4- 2 h sin ff cos ff + b sin 2 ff 
0 T 2 MG. CM' a cos’ 0 + 2h sin 0 cos 0 + b sin 1 ff 

= , , since CL' = CL and CM' = CM ; 

CM 1 

. OT _ CL 

or cm * 

This result is, of course, obvious for the circle ; for, in 
that case, the tangents are equal and the diameters 
are equal. 

Example.—Find the directions of the two lines through the point (1, 1) 
which meet the curve x 2 — Sxy + lif 2, + 2x = 0 in one point at infinity , 
and find also the finite points in which they meet the curve. 

The distance quadratic is here 

(1 + r cos#) 2 — 3 (1 +r cos 0) (1 + r sin 0) + 2 (1 + r sin0) 2 + 2(1 + r cos 6) = 0 
or r 2 (cos 2 0 — 3 sin 0 cos 0+2 sin 2 0) + r (cos 0 + sin 0) + 2 = 0. 

If one point of intersection is at infinity, 

cos 2 0 — 3 sin 0 cos 0+2 sin 2 0 = 0, whence cot 0 = 1 or 2. 

The finite root is given by 

r (cos 0 + sin 0) + 2 «= 0- 
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When cot 0 = 1, this gives r ^ j+2 = 0orr= — a'2. 

When cot 0 = 2, this gives r ^ ~~ + -^-r ^ +2 = 0 or r = — 2 v 5 


V5J 

Thus the coordinates of the finite points of intersection 

1 + r cos 0, 1 + r sin 0 

1 - 1 
a/2' 

2 a/5 2 


are for cot 0=1, 1 — a/2 . 


1 - v/2 


for cot 0 = 2, 1 — 


~ 9 


a/5 


1- 


a/2* 

2 v/5 1 

3 " a/5* 


i.e. y 0, 0 ; 


x.c. 


-h, h 


Hence the lines make angles 45° and tan _1 (i) with OX, and the 
finite points of intersection are (0, 0), ( — ^). 


13. Two lines are drawn through the point (—1, 1), each meeting 
the curve x 2 — Axy + 3// 2 + *2x + Gy = 0 in one point at infinity: find 
their directions and the finite points in which they meet the curve. 

14. Show that only one line can be drawn through (3, 2) to meet 
the curve x - + 2 xy v y 2 + Sx + y + 1 = 0 in one point at infinity. Why 
is this? Find the finite point of intersection. 

15. Find, from first principles, as in § 131, the equation of the 
asymptotes to 

aria 2 —y 2 lb 2 = 1 and Ax 2 — 2xy — 3y 2 + 3#+ 2y = 0. 

16. From the result of § 132 show that, if a central conic and 
a circle intersect in four points, their common chords are 
equally inclined to the axis of the conic. 

17. Show that, if a circle touches an ellipse at P and cuts it at Q 
and R t then PQ , PR f and the axis of the ellipse form an isosceles 
triangle. 

18. Through a variable point 0 a line is drawn in a fixed direction 
meeting a conic in P and Q. Find the locus of 0 (i ) when 0P+ OQ 
is constant, (ii.) when OP. OQ is constant. 

What does (ii.) become for the circle ? 

[Take the equation of the conic to bo of the general form, and use the 
direction-quadratic for r.] 

134. We shall now explain another method by which 
the equation of the tang’ent at any point of a conic as 
well as some other important results can be deduced. 
This method we shall apply first of all to a simple case. 
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135. To find the ratio in which the line joining 
two points is divided by the parabola y- = 4aaf, 

and to deduce the equation of the tangent at the 
point (or lf ?/,) of the parabola. 

We may remark afc the outset that, as the line cuts the 

conic in two points, a quadratic may be expected to arise 
tor the ratio. 

Suppose A («Tj, i/j) and B (a\ 2 , y») are the two given 

points. ° 

If P divide AB so that 


k : Z, 


(Part I, § 3) 


AP : PB = 

then the coordinates of P are 

kx 2 ~f~ lx^ ky. 2 4- 7?/ T 

k + l ’ k + l 

and, accordingly, we have to determine the ratio k : l so 
that this point may be on the curve. 

Hence we have 

(A-y., + ly l Y _ . A-.) -., + lx t 

c k+iy (k+i) 

or (%., + Zy) 2 = 4a (kx 2 + lr ,) (k +1) ; 

A 2 (y 2 3 — 4cuc. 2 ) +2kl (y, y., — 2ax x — 2ax 2 ) + Z 2 (y, 2 — 4ax t ) = 0, 

which is a quadratic equation in the ratio k/l, and gives 
the two values of 7c/1 in which the parabola cuts the given 
line. 

The ratio k/l has one zero value when y , 2 —4air, = 0, 
i.e.y when the point A (a^, y x ) is on the curve. The second 
value of the ratio can only be zero when (x 2 , y/) is on the 
tangent at (.t 1? y ,). The condition for this is 

Vi Vi — 2oa?i— 2ax 2 = 0. 

Consequently, the equation of the tangent is 

V'Ji = 2 a (x + x/), 

as found before. 


Find, by the method of § 135, the tangent at any point of the 
ellipse * 2 /« 2 + y 2 /b 2 = 1. 
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13S. To find tlie ratio in which, the line joining 
two points is divided by the conic 

rtx 2 +2/ta:?/+&j/ 2 +2f/^+2///+c = Om 

As in § 135, if (asj, 2/0 > 0’ a , 2/0 are the S' iveu P oillts an9 

h : l the required ratio, the point 


( 


kx q -4- Ia \ hy 9 +ly x \ 

' k + l ’ &4Z / 


must be on the curve. 

The condition for this is 


• (^) + 1 ) 


+2 »(^TT , ) +!1/ ( 4 *+i !,, ) + 


0 , 


or, on multiplying* up by (7c 4 Z) 2 , 

a (kx 2 4 Ix+y 4 27i (7*\r a 4 Za^) (fcy 2 4- 7y0 4 & (&y 2 4 7y,)“ 

+ 2y (fc+ 7) (fePa + Z®!) +2/ (&4Z) (% 2 4 ^ 2 /i) 4 © (7c 4 ?) 2 = 0. 


Hence, arranging this as a homogeneous quadratic in 
7c and i, we get 

7c 2 ( aay* 4 2hx 2 y 2 4 by 2 2 4 2gx 2 4 2/y 2 4 c) 4 

2kl [ax 1 x 2 4 h(&i y 2 4 x 2 y x ) 4 by l y 2 4 g 4as*) 4/(y 1 4 y 2 ) 4c} 

4T 2 (a£c 1 2 427ia; 1 y 1 4 7)y 1 2 4 2ya; 1 4 2/y 1 4c) = 0, 


or, as we may write it for brevity, 


¥c*S 2 + 2IclT 12 +l 2 S l = O. (11), 


the coefficient T u being symmetrical in x u y x and a* 2 , y 2 
(i.e.y it is not changed if we interchange a*! with x 2 and y l 
with y 2 , simultaneously). 


This is clearly a quadratic for 7c : Z, and therefore on 
being solved gives the required ratio. 

This result is known as Joachimstal’s. 
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Note. —Representing the general equation of the second 
degree by S = 0, we shall frequently use Si to denote 
the result of substituting the coordinates x 2 , y x for x and 
y in the expression S. 

Cor. If the roots of the quadratic 

(A)- s , +2 (|) r , !+S| = 0 

are real, the line meets the curve in two real points P and 
Q , and if P corresponds to the value h'i/U of the ratio, then 
when this is positive P is between A and B ; when it is 
negative P is outside A and B. 

If the roots are equal, the line cuts the conic in two 
coincident points, t.e., touches it. 

If the roots are imaginary, the line meets the conic in 
imaginary points. 

We give some examples to assist the reader in appreciating the 
important principle just explained. 

Example (i.). To find the ratio in which the line joining (#„ y x ) to 
(.r 2 , y 2 ) * s divided hij the line Ax + By +-(7=0. 

If lc : 1 be the ratio required, then the point 

7.x. 2 + lx t ///•> + hj\ 

k+l 9 k+l 

is in the line, and hence we obtain 

A (kx 2 + lx |) 4 - B (ky 2 + ly\) + O {k + 1) = 0 

k A ."I'i + By | + (7 _ 

° r 1 Ax 2 + By 2 + C' 

giving the ratio required. 

An important result follows at once from this formula. Suppose 
(# 1 , y x ) is A f and ( 4 * 0 , y 2 ) is B ; then, when A and B are on opposite sides 
of the line, the line divides AB internally; consequently the ratio & \ l 
is positive; hence Ax x + By x + C and Ax. : + By 2 +C have opposite 
signs. If A and B are on the same side of the line, then the ratio 
lc : l is negative ; so Ax x + By x + C and Ax. 2 + By 2 + C have the same 
sign. 

It follows at once that Ax + By + C has the same sign for all points 
on one side of the line, the opposite sign for all points on the other 
side, while it vanishes for all points on the line. (See Part 1., 

§ 13.) 
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Example (ii.). To find the ratio in which the line joining the points 
(j^l, i) and (6, 7) is divided by the circle x 2 + y 2 = 65. 

If the ratio he l' : l , then the point 

GA + Y-f 7 A + f f 
A + l 9 k+l 

i6 on the circle, and hence 

(6A + -y -l) 2 + (7A + f7) 2 = 65 (A + l)\ 

which reduces to BA 2 —2A7 — l 2 = 0, 


or, on solution, 



1 

4 




Thus one point of intersection is internal, and the other is external 
and nearer to the first point. 

To find the actual points of intersection, we have only to use the 
ratio found above. Thus the coordinates of the internal point aye 


1-6 + 2. Y 1-7 + 2^ 
1+2 * 1+2 

or 7, 4, 

and the coordinates of the external point are 

1.6 — 4 . Y 1 . 7 — 4 .-I 
1 —4 * 1 — 4 


or 8, 1, 

and it is easy to verify that these two points are actually on the curve. 


Exercises. 

19. Find the ratio in which the straight line 3 x + y = 1 divides 
the line joining the points (—1, 1), (3, 5). 


20. Find the locus of a point such that the line joining it to (1, 1) 
is bisected hy the straight line 2 x + y = 5. 


21. Find the ratios in which the line joining the points (-*-,£), (§, -R) 
is divided by the conic xy — x—y = 6, and find the coordinates of 
the points of intersection. 


22. Show that, with the notation of § 136, the line joining (x lt y } ) to 
(# 2 > y 2 ) meets the conic in real, coincident, or imaginary points according 
as T| 3 2 > = < jSj S 2 . 


23. If 0 he a fixed point, and P any point on a fixed straight line, 
show (without taking 0 for oiigin) that, if OP he divided in a given 
ratio at P', then the locus of P' is a line parallel to the locus of P. 

[Suppose 0 is (a, b) and P' is ( x , y ); then P divides OP in a fixed ratio. Write 
down its coordinates in terms of a. b, x, y, and express the condition that P 
lies on a fixed line.] 
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137. To find the equation of the tangent at (pc l3 y x ) 
by means of the ratio quadratic. 

The ratio quadratic is 

k 2 S + 2MT u + PS 1 = 0. 

The ratio Tc : l has one zero value when Sj = 0, t.e* 
when the point A (a?,, ?/i) is on the curve. This is clearly 
as it should be. The ratio Jc : l has two zero roots when 
not only A lies on the curve but B is on tlie tangent at A. 
The condition for this is T V2 = 0, i.e., 

aa\ x, + h (re, y 2 + a- 2 y,) + by, y, + g (x x + x 2 ) +/ (y, + y 2 ) -f c = 0 

or x 2 (aa\ + liy x + y) + y 3 (hx, + by x +/) + gx x +fy 1 -he = 0. 

As this is the condition that (.r 2 , y 2 ) should be on the 
tangent at (a? n 2 / 1 ), it follows at once that the equation of this 
tangent is 

x (cw;! + ky x + y) + y (Jix 1 + byi +/) + gx x +/y, + c = 0 ... (4), 

as we have already found by the former method. 

This method has the advantage that it applies equally well whether 
the axes are rectangular or oblique, for we have never assumed any 
property of rectangular axes in the proof. (Cf. Part I., § 3.) 


Exercises. 

24. Write down the equations of the tangents to the parabola 
x 2 = 8 y at the points where x = 2, 3, 5 respectively. 

25. Write down the equations of the tangents to the h 3 'perbola 
. r 2 / 9 _y 2/4 = i a t the points where y = 2, 4, £ respectively. 

26. Find the equations to the tangents to the following curves at 
the ends of their latera recta:— 

(<?) A' 2 /4 + y 2 = 1 ; {b) y 2 = 8 px ; (e) y~ — 9x 2 — 9. 

27. Find the equations to a tangent to 

(«) y- = 8.r, (3) 4x 2 + 9y 2 = 18, 

that cuts off equal lengths from the axes. 

28. Show that the equation of the tangent _ to the 
hyperbola xy = c 2 at the point (x lt yi) may be written 

— 4- — = 2. 

*i 2/1 

Deduce that, if the tangent at any point of a hyperbola meet 
the asymptotes CL, CM in P and Q , then CP . CQ is constant. 
Also PQ is bisected at the point of contact. 

29. Find the equation of the tangent at any point of the circle 

x 2 + 2 xy cos a> + y 2 + 2 gx + 2fy + c = 0. 
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138. To find the joint equation of the two tan¬ 
gents from any point to a conic. 

[Of course, for a full proof, the ratio quadratic of § 136 must be 
obtained and not assumed.] 

If the ratio quadratic has equal roots, the line joining 
A (a?!, 2 / 1 ) and B (.r 2 , y 2 ) touches the conic. This can only 
happen when B lies on a tangent drawn from A to the 

conic. 

The condition for equal roots is 

T x 2 = S X S 2 , (Tut. Alg ., II., § 159) 

and this is therefore the condition that (.r 2 , y 2 ) should be on 
the tangent from A to the conic. A.s it is of the second 
degree in x. 2 and y.>, it follows at once that there are two 
tangents given by the equation obtained by replacing 
a* 2 , y. 2 by x , y ; i.e. the equation is 

{aocac x h (acy x +ac x y') + byy x -b y (oo + ^,) +/ (?/ + ?/i) + c } 2 

= {aar + 2b ary + by 2 + 2*/a?+ 2fy -be} 

x { b 27# ce, y x + by 2 + 2 yac x + 2/7/j + c } 

. (12). 

For the simpler cases, this equation takes the following 
forms :— 

Parabola, y 2 — 4o# ; tangents from ( x x , y x ) are 

{yyi — 2a (® + a?i) } 2 = (y* — 4;ax) (yf —4o.r,). 


Ellipse, 

• a 

x*\ , Vlh 
d 2 h 2 

Hyperbola, 




tangents from (a*„ y x ) are 




tangents from (a?„ y,) are 


/ 


C .TiC, 

C a 2 


yy i 

b* 


J/L— 

\ a 2 6* / V a s 


2/i 

b 2 


)■ 


/ The reader should obtain all these equations, starting 
from first principles as above. 

/ By way of guidance, we give the investigation for the 

rr s.$, 
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-r 


X Tj—. A 

JiJKy V\) 


To find the equation of the two tangents from the point 


to the ellipse 


x 


a- 


+ 


K = 1 . 

i 2 


— ✓ u c/ 

\s If Q (x 2 , y 2 ) is a point on either tangrnt, then the line joining this to 
P cuts the ellipse in two coincident points. Let us find the ratios in 
which this line is divided by the ellipse, and put down the condition 
that they should he equal. 

The coordinates of the point dividing PQ in the ratio k : £aro 

kx 2 + lx x kg . 2 + lg i 

’ k +T~ ’ 


k+l ’ 

If this is on the ellipse, we have 


(kx 2 + lx\) 2 

(k + If 


a* 


4- 


(kg2 + ?!/\) 2 


1 

b 2 


= l; 


(k + if 

or, on multiplying up by (k + l) 2 and collecting terms, we get 


Jc- + tg -1) + 2 Id 
(. a- b 1 ) la 


^2 . V\ V 2 
2 12 




! 2 ' h 

The condition that this should have equal roots in k/l is 

This, therefore, is the condition that (a* 2 , y 2 ) should be on one of the 
tangents sought; thus the equation required is 

(W-MSMf-H?**-')'- 


Exercises. 

30. Find the equation of the tangents to 3x 2 + 7y 2 = 42 from the 
point (11, —5). 

31. Find the equation of the tangents from the point (0, p) to the 
parabola y 1 = 4 px. 

32. Find the equation of the tangents from the origin to the curve 

(x — 3 «) 2 / a 2 + y 2 j IP = 1. 

33. Find the equation of the tangents from («) (4, 3), (b) (1, 1), 
to the ellipse ar 2 /9+y 2 /4 = 1. Interpret the latter result. 

34. Find the equation of the tangents from (1, 2) to the conic 
2x 2 —3xy — 2 y 2 + x — y— 2 = 0, and find the angle between them. 

flf ax z + 2hxii + bi/ 2 + 2(jx+2fy+c = 0 represent a pair of straight lines, they 
are parallel to the straight lines ctx 2 -4 2hxy + by z = 0.] 

35. Show that the tangents drawn from the point (x lf y x ) to the 
ellipse ax 2 + by 2 = 1 arc parallel to 

(ax 2 + by 2 ) (axf + byf — 1) = (axx x + byy x f . 
fPick out the terms of the second degree.] 

^»* L . 
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139. Equation of the chord joining two points on a 
conic, and of the tangent at a given point. 

We shall now explain a third method of finding the 
equation of the tangent at any point of the curve of the 
second degree. This method has the advantage of giving 
the equation of the chord in a very useful form. 

Let (ar l5 yO and (x 2 , y 2 ) be two points on the conic 

ax 2 2 lixy + by 2 -f 2 gx + 2 fy + c = 0. 

Consider the equation 

a(ac—c c,)(a? -zcJ + Zi , {(sc—sc,) (j/ — 2/,) + (*—a?.,) (y —yO} 

+ 6(y—!/,) (jJ—Vi) 

= «x ! -|-2/ixj/-j-&j/ 2 + 2#/a? + 2/y + c ... (13). 

In the first place, although apparently of the second, it 
is really of the first, degree in x and y (for it is easy to see 
that the terms of the second degree cancel out), and 
therefore it is the equation of some straight line. 

Next, if we put x = x t and y = ?/,, the left-hand side 
vanishes identically, and the right-hand side vanishes, 
because (a?,, y x ) is on the conic. Hence (#,, y x ) is on the 
line ; similarly, (x 2 , y 2 ) is also. 

Therefore (13) is actually the equation of the line joining 
the two points (x l9 y l9 ) (x 2 , yf). 

If we put x % = x l9 y 2 = 2 / 1 ? we obtain the equation of the 
tangent at (x i9 y,), viz., 

a(x—x i y + 2h(x—x 1 ) (y — y x ) + b(y — y x ) 2 

= ax 2 -f 2 hxy -f by 2 -f 2 gx + 2 fy -f- c. 

Squaring out and collecting terms, this becomes 

2.c (cue, + hy, + g) + 2y (J>x, + by, -+/) = ax,- + 2hx, y, + by? — c 

= — ( 2 9 x i + 2 /yi + c) —c, 

since (x„ 2 / 1 ) is on the curve. 

Hence, on dividing by 2 we get the equation of the 
tangent as before :—- 

* (ax, + hy, + g')+ y (/«;, ++/) +gr.B,+/y,+ c = 0 ... (14). 

The reader should carefully notice the mode of formation of 
the expression in the equation of the chord. 

(a) On the right-hand side we place the expression which, when 
equated to zero, is the equation of the conic. 
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V On the left-hand side we place expressions depending on the 
term* of the second degree only. The rule for forming the expression on 
the left is this : — 

Take the term* of the second degree, replace x 2 by (x — x,) {x-xj), 

*/- by (y — y x (y — y«), one half of the x*fs by (x — x,) (y — yj), and the 
other half by (x —x-)(y—y,). 

The point is. of course, to form an expression which vanishes 
identically when x = x, and y = y,» and also when x = x 2 and y = y*, 
so that every term must contain either x— x x or y —y it and either x — Xj 
or y — y t as a factor. Further, it is essential that the terms of the 
feoynd degree should he the same on both sides. 

Examples .—(i.} In the parabola y 2 — A ax the equation of the chord 
is (y — yj) (y—yj = y- —4or. 

(ii.) In the ellipse + id = i it is 

a- b~ 

(-r —x-g) + (y—y x {’/ - y.) _ x 2 y? __ j 
a* a* 6* 

Exercises. 

Obtain the equations of the chords joining the points (x ; , y,,) (x«, y-) 
on the following curves, and deduce the equation of the tangent 
at (x,, y|). Verify your answers by comparing them with the general 
equation. 

36. ~ = 1- 37. y 2 = lux. 

< 1 - tr- 

38. xy = r 2 . 39. ax z + 2 hxy + by 2 = 1. 

40. ox 2 2Jixy -r by- + *2yx = 0. 

140. Comparison of tlie three methods of finding the 
equation. to the tangent. 

The first, as we have explained it, applies only to rectangular axes, 
whereas the second and the third apply equally well to oblique axes. 
But the first has the advantage of giv ing the important theorems 
relating to the rectangle under the segments of chords which cannot 
be readily deduced from the second or third. 

The second, depending on the ratio quadratic, enables ns to find 
very easily the equations of the two tangents from a point to a conic. 

The third method, although of less importance than the former two, 
gives ns a simple method of writing down the equation of the chord in 
a form which is very often useful. 

We need hardly say that all three should be remembered, and, once 
they are grasped, the rest of the geometry of conics will easily follow 
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141. Condition that the line 7x-4-my-4-l =0 should touch 
a conic. 

Various methods may he used to find this condition. As we have 
explained already (§ 68), we may eliminate y, and find the condition 
that the quadratic lor x should have equal roots. Ihis is the hest lor 
any simple case, as it starts from first principles. 

There is another method which is often useful. 

Suppose the conic to he ~ ^ = 1. If Ix + my + 1=0 touches it, 

let (a?j, y j) he the point of contact. 

CCJC Wi 

As the tangent at (# 1 , 2 / 1 ) is —^ + '~tt — 1 > 


this line must he the same as the given one, and hence 

I m — 1 


Thus 

hut 




a 2 l 2 4-& 2 i» 2 = 1 


is the required condition. 

, if the conic he ~ — yr = 1, 

1 a? b z 

the condition is a?I' 3 — b z in? = 1. 


Similarly 


142. In the case of the parabola y 2 = 4 ax the tangent at (x l9 y,) is 

yy x = 2 a(x + x x ), 

and, if this he the same as lx + my +1 = 0, we must have 

y.=_2f = 2 

m l 


Hence 

but 


x x =- 


T’ 


o m 

y 1= - 2o ; 


yi 2 — \ax x = 0 


2 


or 


4a 2 — + 4a-i- = 0 
l Z l 

cmh 2 +I = O. 


143. Alternative method for finding the condition that a 
line may touch a conic. 

We shall give an example of another method in a simple case, viz., 
to find the condition that the line x cos a + y sin a—p — 0 should touch 


the ellipse 






= 1 . 
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The lines joining the origin to the points of intersection are repre¬ 


sented by 


£2 + yf __ / x cos a -f y sin a \ 2 _ q 
a 2 b : \ p ) 


P 

or -W ^ ^ - 2 , y ^2“ + ( J_ _ ^5 ) = 0 . 

\ r<- j)“ J p- V b 2 p 2 J 

If the line touches the ellipse, these two lines must coincide, i.e. 9 

si n 2 a cos 2 a / 1 cos 2 


P 4 


_ / 1_ cos 2 a \ / 1 _ 

\ a 2 p'- ) \ b 2 


sin 2 a 


P 


■ 


which, on simplification, gives 

jp = a 2 cos 2 a+6 2 sin 2 a. (15). 

Thus the line whose equation is _ 

a? cos a+»/ sin a = =fc y/ a 2 cos^a + fr 3 sin 2 a . (16)* 

is a tangent to x 2 j a 2 -r y 2 / b 2 = 1. 

41. Find (i.) by the method of § 141, (ii.) by the method of § 143, 
the value of c if x + y -= c touches the ellipse 2x 2 + 3 y 2 — 4. 



42. Prove as in $ 143 that _ 

a; cos a4-//sin a = =t \S u 2 cos'- a — b 2 sin 2 a 
is a tangent to tlie hyperbola xr/a 2 — y 2 /b‘ 2 = 1. 

43. Find the condition that the line x/m + y/n = 1 should touch the 
ellipse x 2 /a 2 + y 2 /b 2 — 1. 

41. Find the equations of the tangents to the ellipse # 2 /2 + y 2 /7 = 1 
that makes an angle of 30° with the axis of y. 

45. Find the distance of the origin from a tangent to 
b 2 x 2 + a 2 y 2 = a 2 b 2 that makes an angle of 60° with the axis of y . 

46. Show that the condition that 7x + my + 1=0 should touch the 

conic ax 2 + 2 hxy + by 2 + 2 <jx -♦ 2 fy + c = 0, 

is l 2 (be - f 2 ) + m 2 (ca — y 2 ) + n 2 (ab — h 2 ) + 2 mn (gh — af) 

+ 2 nl(hf—bg) + 2lm (fg—ch) = 0. 

144:, The locus of the point of intersection of two 
tangents at right angles is a circle or a straight line 
according as the conic is a central conic or a parabola. 

To solve this problem we write down the equation of 
the tangents from the point (x n */,) to the conic, and then 
expressing the condition that the pair of lines are at rig i 
angles, we obtain an equation in x x and y x which represen s 

the locus required. 
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Thus, in the ellipse 


the tangents from (aj 1? yj are represented by the equation 

fr*?- 1 )*(Sf+Sf- 1 )- 

and, if the two lines are at right angles, the sum of the 
coefficients of x* and y 2 is zero (Part I., § 29), i.e. 9 




xf 1 / Xi 
a * a 2 \ a 


.2 ?/ 2 
1 i . 71 

x 2 ^ 6 2 


/ ^ fc 4 6 2 V a 


L -f ?/L 
2 “T ^2 


)=°’ 


or, on simplifying. 


A. + L 

a* + 6 a 


■V ■ Vi 

aV aW ' 


a^ 3 + y t 2 = a 2 -|-6 3 . 

Therefore the locus required is the circle 

a ; 2 +// 2 = «* + &• . ( 17 ), 

which is concentric with the ellipse, and the square of 
its radius is equal to the sum of the squares of the 
semi-axes. 

This circle is called the director circle of the ellipse. 
In the same way, for the hyperbola 

u 2 

_ IL — l 


the locus is the director circle 

x? + V 2 = 


( 18 ) 


For the parabola we take the equation in the form 

y 2 = 4 ax, 

and now the tangents from (a^, y,) are given by 

{yV\ — 2a (ai-fa^)} 2 = (y £ — 4 ax) (y, 2 — 4aa^). 
The coefficients of a? and y 2 are, respectively, 

+ 4a 2 and y, 2 —y, 2 + 4aa^. 

OKOM. PT. II. M • 
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The locus is therefore 


4a 2 + 7/ 2 — y 1 -f* 4 ctx l = 0 

or qo + ci = O . (19). 

This plainly represents the directrix of the curve (§41). 
S Exactly tlie same process applies to all equations. 

; ^145. There are other useful methods of solving the problem of the 

Qasfc article. 

/For example, i n the ca se of the ellipse we have seen ($ G8) that the 
line y = mx i/ b 2 + a 2 in 2 touches the ellipse for all values of m. 

If the tangent passes through the point (j:,, y x ), we have 

— mx\ = i */ b 2 + a 2 in 2 

or (y i —wiri ) 2 = b 2 + a 2 m~ ; 

or m 2 (a 2 — xf) + 2 in.v l y l + b 2 —y{ z = 0. 

This is a quadratic in in ; and therefore gives the directions of the 
two tangents through the point (x lf y x ). If the tangents are at right 
angles, the product of the roots nu 8 = — 1. 

. b 2 — y x 2 _ 

* * "9 9 - 

a? — Xf 

whence x x 2 4 - y x 2 = a 2 4 - b 2 , leading to tho same result as before. 

We leave the reader to make similar deductions from the equation 


y = mx 4 - 


a 


in 


for the parabola, and from 

y = m x ± \/ a 2 in 2 — b 2 

for the hyperbola. 


146. Alternative method applicable to ellipse and hyperbola. 

The line x cos a + y sin a = y/ a 2 cos- a 4- b 2 sin 2 a 

touches the ellipse x 2 /a 2 + y 2 /b 2 = 1 for all values of a. 

The tangent at right angles to this one is therefore_ 

X cos (90° 4 - a) 4- y sin (90° 4- a) = \/ a 2 cos- (90° + a) 4- b- sin- (90 4- a), 
since the perpendicular to it from the origin makes an angle (90 4 a) 

with the axes. This equation is ___ 

— x sin a + y cos a = \/a 2 sin 2 a 4- b 2 cos 2 a. 

The locus of the point of intersection is obtained by eliminating a. 
This is done by squaring each equation and adding. I his gives at 

once v + V = « 2 + b' 2 , 

vlb before. 
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147. The equations of the type 

y = mx -f- s/ a 3 m a 4* & a , 


y = 777.T4" 


777* 


are essentially the easiest ones to use in problems where 
we deal with the directions of tangents. Witness, for 
example, the ease with which they are applied to the locus 
of the intersection of perpendicular tangents. In all cases 
we may regard (a% y) as the point from which the tangents 
are drawn, and the equation as a quadratic giving the 7//'s 
of those tangents. 

E.g .—To find the angle between the tangents drawn 

2 3 ° 

from (a* ls y,) to the ellipse -r + ^= 1, we remark that 

or b~ 


tan 0 


m, 


vufxi v —— — j 

1 4- 777,7773 

where 771 ,, m a are the roots of the quadratic 

(y, — 77W/,) 2 = a 2 m?-\-b 2 , 

or vi 2 (a? — x 2 ) 4 - 2nuc l y, 4 - 6 3 —y , 2 = 0 ; 

m,d-77i 2 = — ? x iVi 771,7773 = -3 —^ 

er — a?, a 2 — x 

Hence (f77, — 77? a ) 3 = ( 777 , 4 - 77? 2 ) 2 - 4777 , 777- 2 


772-, 4“ 777-0 


777 , 777-3 = — 


a — x 


yl 

~ 2 


Hence ( 777 , — 77? a ) 2 


T 3 7 / 2 

4 x \ V\ 


2 -.t, 2 ) (6,-yi 8 ) 


tan 0 


(a 3 —a-,) 3 

4 (fcV + a 3 //, 3 —a 3 6 3 ) 

(« ■’- -V) 3 1 

2 v/7Ar, 3 + try, 2 — u-b~ (a 3 — a;, 2 ) 

(a 3 — a;', 3 ) 6 s - Vl * + a* - x* 


2 cib 


4 


+ 


?/, 


a*+ *-(*,* + „,*) ’ 

so that 6 = 0 only when (a?,, y,) is on the curve, in which 
case the tangents coincide, and 0 =■ 4tt only when (a;,, y,) 
is on the director circle, as already found. 
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148. In tlie ellipse the locus of the foot of the 
perpendicular from a focus on the tangents is 
the circle on the major axis as diameter. 

For this purpose we use the equation of tlie tangent in 
the form y = vix 4- ^'b 1 -J- a 2 m 2 , 

;j ,! if 

the ellipse being —-I- = 1, 

1 cc Zr 

and we consider the focus (ae, 0). 

The equation of any line perpendicular to the tangent is 

my 4- x — k, 

and, if this pass through the focus in question, 

m . 0 T ae = k 

or k = ae. 

Hence the foot of the perpendicular is the intersection 

of the lines y—mx = y/b 2 ■+• (fvf, 

my + x — ae. 

If we eliminate m , we obtain an equation satisfied by 
the feet of all the perpendiculars, which is, accordingly, 
the equation of the locus sought. 

Squaring and adding the two equations, we have 

(of 4- y 2 ) (1 4- vi 2 ) = b 2 (fin 2 4- are 2 

= a 2 (l 4- vf ), since b 2 = a 2 (l— e 2 ). 

i/ 2 = <t 2 .( 20 ), 

which proves the result required. 

Auxiliary Circle.— Definition. —The circle on the 
major axis as diameter is called the auxiliary circle. 

In like manner, the feet of the perpendiculars from the 
other focus ( — ae, 0) lie on the same circle ; for all that 
is altered is that in the equation of the perpendiculai’ we 

have my-\-x = — ae , 

and then, on squaring, this difference disappears. 


47. Apply 

locus is now 


Exercise. 

the same method to the hyperbola, and show that the 
x 2 + y* = a ? t i. e . the circle described on the transverse 


axis as diameter. 
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149. In the parabola the locus of the foot of the 
perpendicular from the focus on a tangent is the 
tangent at the vertex. 

Take the parabola to be y 2 = 4 ax ; then the focus is 

O, 0) 

A tangent to the parabola is 

. a 

y = mx H-. 

in 

The perpendicular on this from (a, 0) is 

(x — a) -\-my == 0. 

To find the locus, we have to eliminate m between 
two equations. 

Since the first is equivalent to 



my — a = 

= rn~x 

and the second to 

my — a = 

= —v. 

we have 

m 2 x = 

= — X. 


Therefore x = 0 is the locus required. 

150. The product of the perpendiculars from the 
foci of an ellipse on any tangent is equal to 
the square on the semi-minor axis. 

Let the ellipse be a -- -f- = 1 ; 

a lr 

then the foci are (ae, 0), (— ae, 0). 

Now any tangent to the ellipse is 

x cos ri -f- y sin a = p, 

where P — ^ cos* rt + sin 2 a. 

The perpendiculars from the foci (— ae y 0), (ae, 0) are, 
respectively, —ae cos a — p and ae cos a — p. 

Hence the product is 

p 2 — a 2 e 2 cos 2 a = a 2 cos 2 a+6 2 sin 2 a — a 2 e 2 cos 2 a 

= a 2 cos 2 a (1 — e 2 ) + b 2 sin 2 a . 

But b 2 = a 2 (1 — e 2 ). 

Hence the product = b 2 (cos 2 a sin 2 a) 

= b 2 . 
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Exercises. 

48. Apply the same method to prove the proposition of § 150 for the 
hyperbola x 2 /a 2 -y 2 /b 2 = l - 

Prove the proposition for the ellipse by taking the tangent to be 

y = mx + y/ b 2 + a 2 m 2 . 


MISCELLANEOUS EXERCISES ON CHAP. XII. 


49 . Find the condition that the line lx + my = p may touch the 
conic y~ = 2Ax + J)x~. 


50. A line is drawn through the point (1, 1) in a direction making 
an angle tan- 1 (}) with axis of x. Find the distances from (1, 1) in 

which it meets (i.) the ellipse $x 2 + y~ = 1 ; 

(ii ) tlie rectangular hyperbola xy = 2 ; 

(iii.) the parabola y 2 = x+2y + 1. 


51. A 
making 



OP- OQ 


line is drawn through the point 0 (x x , ?/,) in a direction 
an angle 0 with the axis of X. If it meets the ellipse 

= 1 in P and Q , show that 

_ x t 2 /a 2 - 4 - y^/b 2 — 1 . np oO = - 2 c° s e ta 2 + ?h sin 0/b 2 ) . 

cos 2 6/a 2 + sin 2 0/b 2 ’ V cos 2 0/a 2 + sin 2 0/b' 2 

1 1_2 (x x cos e/a 2 + y t sin 0/b' 2 ) 

op 4 oq *, 2 /" 2 + - 1 


52. Prove that the equation of the pair of lines which join the 
origin to the two points in which the straight line x — c + Ay = 0 cuts 

■' 2 + *1 - = 0 is .r 2 (A-—) - — xy + 

\ a~ ac / 


x 


o 

a- 


b 2 


v ' 1 __ 


a 


ac 


b 2 


= 0 . 


53. Find the equation of the tangent to the circle x 2 + y 2 — 2ax = 0, 
at the point (a l + cos 9, a sin 0) on it. 

54. Find the coordinates of the point of intersection of tangents 
drawn at the points (xf 9 i/), (x", y") to the parabola y 2 = px. 

55. A line is drawn through the point 0 (x x , y making an angle 0 
with OX. If it meets the general conic in P and Q , show that 

1 _ a cos 2 0 -f- 2h sin 0 cos 0 + b sin 2 0 _ 

OP. OQ = ax x 2 + 2//.r, y x + by x 2 + 2yx x + 2 fy x + c 
Hence, show that, if OPQ , ORS be two lines at right angles 
through 0 , ^ i 

WpToq + OR. OS 

is independent of tlic position of the perpendicular chords and 
depends only on the position of 0 . 
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56. Find what point of the parabola y 2 = 4x is nearest to the lino 
y = x + 2 ; also the least distance. 

67. If two tangents to a parabola make angles 0 and 0' with the 
axis, find the locus of their intersection when cot 0— cot 0' = n. 

58. Find the inclination to the axis and the length of that chord 

of the conic 2a: 2 + 4 xy + 3 y 2 + 5x — 64 y + 127 = 0 

which is bisected at the point (1, 3). 

59. Show that the tangents from the point (x lf y x ) to the conic 

ax 2 + 2 hxy + by- + 2 gx + 2 fy + c = 0 
are parallel to the pair of lines 

(ax? + 2 hx x y x + by? + 2 gx x + 2 fy l + c) (ax 2 + 2 hxy + by-) 

= {axx x + h (xy x + x x y) +• byy x + gx +fy}~. 

Write down the condition that they should bo at right angles, 
and deduce the equation of the director circle in the form 

(a + b) (ax- + 2 hxy + by- + 2 gx + 2 fy + c) = (ax + by + g ) 2 + (hx -t by +/) 2 . 

60. The director circle of x 2 + xy + y 2 + x + y = 0 is 

3 (x 2 + y 2 ) + 2(x + y-l) = 0. 

61. When is the director circle to a hyperbola imaginary? Inter¬ 
pret your result. 

62. Find the locus of intersection of tangents to a parabola y 2 = 4ax 
drawn at points whose ordinates are in the ratio p 2 : q 2 . 

63. A number of ellipses on the same axis major are cut by any 
common ordinate. Prove that the tangents at the intersections all 
meet in a point. 

64. Prove that the secant through (x\ y') and (#", y")> points on 
the parabola y 2 = 4 ax, cuts the tangent at the vertex at a point whose 
ordinate is half the harmonic mean of y' and y". 

65. Find the point of intersection of tangents to xy = k 2 at the 
points (x u 2 / 1 ), (x 2 , y 2 ). 

66. Two tangents are drawn to the parabola y 2 = 4 ax from a 
point (/*, k), and make angles 0, 0' with the axis. Prove that, if k is 
constant, then cot 0 + cot 0f is constant. 

fi7. Prove that the straight lines drawn from the point (£. 77 ) to meet 
tho curve ax 2 + 2hxy + by 2 + 2 gx + 2 fy + c = 0 at infinity are 

a (x — £) 2 + 2h (# —£) (y — rj) + b (y — v) 2 = °- 

Hence (or in any other way) show that the asymptotes of the hyperbola 
2* 2 — xy — 6y 2 + 7y — 6 = 0 are x — 2y-y\ = 0 and 2.r+3y —2 = 0. 
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08. Find the equation of the straight line which passes through the 
point (3, 5,) and meets the curve 4x 2 — 1 2xy + 9y 2 + 2x + y — 04 = 0 at 
infinity. 

Find also the coordinates of the other point in which this 
straight line meets the curve. 

09. The difference of the ordinates of two points of a parabola is 
constant. Show that the tangents at these points intersect in a para¬ 
bola having the same latus rectum. 

70. Prove that the tangents to the curves 2x- + 3y 2 = 4, 3z* — 3y 2 = 1 
at the points where the curves intersect are at right angles to each other. 

71. Prove that the length of the perpendicular from the origin on 
the tangent at any point of the curve a& + 2hxy — y- = q is inversely 
proportional to the distance of that point from the origin. 

72. Prove that a tangent to a parabola meets the latus rectum and 
directrix at points equidistant from the focus. 

73. Prove that the parabolas y 2 = ax and x 2 = ay cut one another 
at an angle whose tangent is -J. 

74. P, Q , R are points on a parabola such that their abscissae are in 
geometrical progression. Prove that the tangents at P and R intersect 

on the ordinate through Q. 

. • r v- 

75. Find the locus •* the point of intersection of two tangents to a 
parabola making a given angle a with each other. 

76. If the line joining (r,, y x ) to ( x 2 , y 2 ) pass through a point 
common to the line px qy + r = 0 and the conic 

ax' 2 + 2 hxy + by 2 + 2 gx -f- 2 fy + c = 0, 

prove that the equations 

lc (px 2 + qy 2 + r) + l (px l + qy x + r) = 0 and k 2 S 2 + 2klT i2 + PS x = 0 

have a common root. _ ... , 

Deduce that the equation of the lines joining (x ly y x ) to the 

common points is 

(ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c ) ( px x + qy x + r) 2 

— 2 (px i + qy x + r) { x (ax x + by x + g) + y (hx x + by x +/) 

+ gx\ +fpi + c} { px + qy + r} 

+ {ax x 2 + 2 hx x y x + by x 2 + 2 gx x + 2fy x + cj {px + qy + r) 2 = 0. 
Verify this result when (x lf y x ) is the origin, by the method of § 38, 
Part I, 
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CHAPTER XIII. 


MID-POINTS OF PARALLEL CHORDS. 

CONJUGATE DIAMETERS. 

151, To find tlie locus of tlie middle points of a 
system of parallel cliords of tlie conic given by the 
general equation of the second degree. 

Suppose the chords are all parallel to y = rnx. 

The equation of the chord joining the points (a?i, y ,) 
and 0* 2 , y 2 ) on the conic is 

aCx-'x,) (x — x%) { (as—a?i) (y- y? ^ (x—x 2 ) (y—y,)} 

+ b (y—yi)(y — y*) = ax * + 4 &2/*4 4 2/y 4- c. (§ 139) 

Hence, expanding, collecting terms, and changing signs 
throughout, we get the equation 

x {a ( x x 4 x.,) 4- It (?/, -I- //•») 4- 2f /} 

+ y \h (a*! 4 a\ 2 ) 4 b Oji 4?/•>) 4 2/} 

= r. 2 4- ^ G’i 2/» 4 a* 9 y 2 ) 4 by t y 2 — c. 

This line is parallel to y = mx if 

a (a:, + -Q + ft (?/, + + 2g _ _ m (Pt.I.,819) 

// (.T| 4-a\ 2 ) 4 b (tj j 4- 2/ 2 ) 4 2/ 

But, if ( X , K) be the middle point of the chord, we have 

^4« 2 = 2X and y { 4 y» = 2K, 
so that the above becomes (Parti., § 3,Cor.) 

aX±hY±q = _ 

JiX + bY+f 

showing that the locus is the straight line whose equation 

is 0 £c4%4^4»w (to4 6//4/) = O . (1). 
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152 . Second method of finding* the locus of the 
middle points of parallel chords. 

We use the first method of last chapter. 

Let the parallel chords make an angle 0 with the axis 
of x , and be parallel to y = mx, so that 

m = tan 0. 

Let the middle point of one of these chords be (x 1 , y x ). 
Then the distances from (a?„ t/,) of the points in which it 
meets the conic are given by the quadratic in r , viz., 

r* (a cos 2 6 4 2 h sin 6 cos 0 + b sin 2 0) 

4 2 r { cos 0 (ax x 4 -f g) 4- sin 0 (hx x -f by l -/) } 

-f ax* 4 2 hx x y x 4 by* 4 2gx t 4 2 fy x 4 c = 0. 

Since the chord is bisected at (a*,, ?/,), the distances are 
equal in magnitude but opposite in sign, i.e. their sum 
is zero. 

The condition for this is that the coefficient of r in the 
above quadratic should be zero, and thus we have 

cos 0 (a#! 4 by x 4 g) 4 sin 6 (1ix x 4 by x 4/) = 0. 

Consequently, since m = tan 0 , 

ax x 4 hy x 4 g 4 m (hx x 4 by, -f/) =0, 
or the locus of (a>„ y x ) is the straight line 

aac + hy + 0 + 1*1 (hac + by+f) = O . ( 1 ). 

Cor.—F or all values of m, this line passes through the 
point of intersection of the lines 

ax 4 by 4 g = 0 and lix 4 by +f = 0. 

Now, in the case of a central conic, these two lines intei- 
sect in the centre, for the centre is on both of them, and 
hence, for a central conic, the locus in question is always 
a diameter of the curve. (See § 96.) 

If the conic be a parabola, the lines 

ax + hy + g = 0 and hx + by+f = 0 

are parallel, so that, for varying values of m, the loci are 
parallel straight lines. 
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We append separate investigations for the parabola 

x* y 2 -| 

y 2 —4 ax = 0 and the ellipse 4- ‘ ^ = 1* 


I. In the parabola i/ ? = 4 ax the quadratic for r is 

(2/i ■+■ r s ^ n ^) 2 = ('^ 4* cos $) 

or r 2 sin 2 0 4- 2r ( 2 /! sin 0 — 2a cos 0) 4 = 

If (aj t , 2 /,) be the middle point of the chord, the roots 
must be equal and opposite, t.e. 9 

2 /, sin 6 — 2a cos 0 = 0; 

2/1 = cot 0 ; 

Therefore for a system of chords making an angle 0 with 
the axis, the locus of the middle points is the line 

y = 2a cot 0. 

2 2 

II. In the ellipse -- + ^- = 1 the quadratic for r is 

a~ 6“ 

(x^ 4-r cos 0) 2 , ( 2 / 1 4-r sin 0 ) 2 _ 1 


a 


V 


or 


* (+ =S«) +2.- 




6 2 


4-^r 


^-1 = 0. 

a - 

If (ai,, 2 / 1 ) be the middle point of the chord, the 
coefficient of r must be zero or 

Xj co s 0 
a 


_, ?/i siD A 

2 ^ fc* 


0 ; 


Therefore the locus of the middle points of the chords, 
making an angle 0 with the major axis, is the line 

x cos 0,2/ s * n 0_ n 

a 2 7> 2 

If the lines are parallel to y = mx, we have tan-0 = m, 


and the locus is 


V 


b 2 COS 0 
a 2 sin0 


& 2 


x 


Or 


ct?m 


x . 
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153. Only one chord. o£ a conic can be drawn 
which is bisected at a given point. 

The equation of a chord through (x l9 y^) is 


x — x 


i _ y—V\ 


cos d sin 6 ’ 

but when the chord is bisected at (# 1? y^), we have 

tan 6 =- gg' + h V' + 0 ■ 


(§ 151 ) 


hx l + by 1 +f ’ 

so that there is only one direction for the line, and there¬ 
fore there is only one such chord, and its equation is 

y—yi = O — a*,) tan0, 

when tan has the value given ; that is, the equation is 

(« - a?,) (ax, + /ii/i +1/) + (y - VxXJitti + hy^f) = 0..(2). 

This form of the equation of a chord is often useful. 

•> o 

For the ellipse — -f- = 1 we find at once that it is 

or b~ 



and for the parabola y 1 2 = 4 ax it is 

yy l -~2ax = y 2 4 — 2ax l . 

The general rule for writing down the equation is: “ Put 
down the left-hand side as though the equation of the 
tangent was required, and then on the right-hand side 
place an absolute term so that the line represented passes 
through (x l9 2/,).” 

For an illustration of its application see Ex. 1, p. 187. 


1. Find, from first principles, by both methods ($$ 151, 152), the 
locus of the middle points of the chords of x 2 + xy + x + y = 0 which 
are parallel to (i.) y = x y (ii.) y = 0. 

2. Show that in the parabola y 2 = 4 ax the locus of the middle 
points of chords parallel to y = mx is the straight line y = 2 ajm. 

3. In the hyperbola x 2 /a 2 — y 2 /# 5 = 1 use both methods to show that 
the locus is the straight line y = b 2 x/a 2 m. 

4. In the general case the locus of the middle points of all chords 
which pass through the fixed point (£, tj) is the conic 

ax 2 + 2 hxy -f by 2 + x (y — a£ — hri) + y (f— b\ — brj) — — vf= 0 . 

[Put down the condition that chord bisected at (*, y) passes through (£, ijj.J 
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154. Having explained the methods which may be 
applied to the general equation, we shall now discuss the 
properties of systems of parallel chords in greater detail 
for the ellipse, hyperbola, and parabola. It will be seen 
that, although there is great similarity between the 
properties deduced for the ellipse and hyperbola, there 
are, nevertheless, important differences, just as, although 
the equations are so similar when referred to the principal 
semi-axes as axes of coordinates, the forms of the curves 
are widely different, and (what is of importance in what 
follows) one of the axes does not meet the hyperbola in 
real points. The properties for the parabola, as far as we 
can treat them in this book, are different from those for 
the central conics. 


155. In a central conic, if tlie first of two diameters, 
bisect all chords parallel to the second, then the 
second will bisect all chords parallel to the first. 

Take the centre as origin; then the equation of the conic 

is of the form ax~ 4- 27ixy 4- by 2 = 1. 

Let y ■=■ mx, y = m x x be the two diameters. 

Let (a*,, ?/,), (a\>, y 2 ) be the extremities of a chord 
parallel to y = vix. 

As in § 151, the equation of the chord is 
a (x—x,) (x—x^ + h { (x— aj) (y —?/ 2 ) + (* — a>.) (y —y,)} 

+ Hy — yi) (y —y 2 ) = ax* + 2hxy + by i - 

and, as it is parallel to y =^ynx, we have 

coeff. oUT x 

— —m 


1 , 


or 


coeff. of y 
a Q, + + 7/ (y, + y. 2 ) 


VI 


h (x x -f a\ 2 ) 4- b ( 2/1 -L 2 / 2 ) 
so that, if (a?, y) be the middle point of the chord, we have 

a . 2x 4- h . 2y 

-2. r= — 

<3 ^ . 2x 4 - bk. 2 y 

Thus the locus of the middle points of chords parallel 
to y = Tnx is 

ax 4- hy 4 - m ( hx by) = 0 or x (a 4- hvi) 4 -y (Ji+ bvi) = 0. 
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By hypothesis this is y 


n. 


m 


vi x x 
a 4- h m 


h -f bm 

or a+Fi (m+ m x ) + bmm l = O . (4). 

Similarly, the condition that y = mx bisects chords 
parallel to y — m x x is 

bm, x m + li (m, + vi) -f a = 0. 

But this is the same condition as before. Hence the 
proposition is proved. The above condition should be 
remembered. 

Note. —The equation of the diameter bisecting chords 
parallel to y = mx might have been written down as a 
particular case of the general result, viz., cj — f — 0 and 
c = — 1 ; but it is better to repeat the work, so that only 
the equation of the chord has to be remembered. 

156. Conjugate diameters.— Definition. —When two 

diameters are such that each bisects all chords parallel to 
the other they are said to be conjugate. 

As a simple case of conjugate diameters we may men¬ 
tion two perpendicular diameters of a circle, for each 
clearly bisects all chords parallel to the other. 

157. The tangents at the ends of a diameter are 
parallel to the conjugate diameter. 

Suppose Q X Q\, QjQ 2 , Q 6 Q\ (Big. 58) are a system of 
parallel chords, and CP the diameter bisecting them; then 
we have to show that the tan¬ 
gent at P is parallel to each of 
the chords. 

Now Q i and Q 2 and @ 2 , ..C 
are on opposite sides of CP 
always, but when the extremi¬ 
ties of the chord are infinitely 
close together it becomes a 
tangent, and, since its ends are „ 
on opposite sides of CP, when * 
they coincide they do so at Pf* 58 

Thus the tangent at P is the # . 

ultimate position of one of the chords, and hence it lfl 

parallel to QiQu 
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Exercises. 

5. The equation of the chord of the ellipse x 2 /a 2 + y 2 \b 2 = 1 which is 
bisected at (<r„ y,) is + Mi = 11 + . 

G. Show, from first principles as in § 155, that, if // = »»* 
bisects all chords of oc 2 j a''+ y' : / tr = 1 parallel to y = »»V, 

then iiiw' = — b'/a\ 

7. In the case of the hyperbola .r 2 /a 2 —y 2 /6- = 1 show that it is in 

like manner w/w' = l 2 la~. 

8. Provo the truth of § 157 by analysis. 

[Take the conic to be cu?+21ixy + by* = 1. The tangent at (*,, y\ is 

x(ax x +hyi) + y (hxi+byi) = 1. 

This is parallel to y = vix if (a*!-!-Tiyi) = 0, i.e., if (r lt 2 /j) is on 

the conjugate diameter.] 

9. Write down the condition that the lines y = mx, y = m x x should 
be conjugate diameters of x 2 + xy + y 2 =1. 

10. Show that the asymptotes of 

ax 2 + 2hxy + by 2 = 1 

are conjugate diameters of 

Ax 2 + 2Hxy + By 2 = 1, 
if aB + bA — 2hII = 0. 

11. Show that, if the equation to an ellipse be 'lx 2 + 3 y 2 = 4, the 
diameters y = 2x and .r+3 y = 0 are conjugate. 

12. Using the result of Ex. 6, find the condition that the pair 
of lines represented by Ax 2 + 2Hxy + By 1 = 0 should be conjugate 
diameters of the ellipse x 2 /a 2 + y 2 /b 2 =«= 1. 

13. Show that the condition that the pair of lines repre¬ 
sented by Ax- -4-2 TTxy-\-J$y 2 = O should be conjugate dia¬ 
meters of the conic ojb 2 +2/wi5// + 6i/'’ = 1 is 

aB + bA — 2/*// = O. 

[See § 155. This result should be remembered.] 

14. In a rectangular hyperbola conjugate diameters are 
equally inclined to either asymptote. 

[Take equation to be xy = c*.] 

15. What are conjugate diameters of a circle if the circle be 
considered as a case of central conics ? Show from the formulae of 
this chapter that they are at right angles. 

/ 
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158. Properties of conjugate diameters of the ellipse. 

Suppose PCP' and DCD' are 
conjugate diameters of the 
ellipse x 2 fa 2 + y 2 /b 2 = 1, a and b 
being the semi-axes ; let P be 
(.>!,//,) and D (;r 2 , >/ 2 ), so that 

P' is ( —*i, -f/i) 
and D' is ( — .r 2 , —// 2 ). 


I. 


JC \ jt 


a 


it i //.* _ 


ft- 


= o ... (5). 


For let theoquitionsof CP and 
CD be y = m x x and y = m 2 x; 
then, since they are conjugate 
diameters, = —b : /d 2 . 



(§ 157 and Ex. 6) 


But 

;/»i 

= yi/^i 

and 

so that 

y i //2 

_ *2 

O 

3 

or 


• r l * r 2 

«* 


11 . 


= dh — 

and 

a 

b 



•> 


b* 

V\ — zp 
b a 

cr 

o 


( 6 ); 


either the two lower or the two upper signs being taken. 

For by I. we have 

y 2 /b x 2 ja 

and, by the properties of proportion, each of these 

= n/ #i 2 /a- + yf/b 2 _ -v/1 _ ± j ' 
v/ x^ja 2 + y<fjb : * a/1 

The result follows at once. The reason of the ambiguous sign is 
that when we take P to be a definite end of the one diameter, D may 
be either end of the other. In our figure the upper sign refers to D 
and the lower one to D ’. 


Cor. 


y* = db — ; 

a 


a 


~ T 7 Ul 


III. The sum of the squares on two conjugate semi- 
diameters is equal to the sum of the squares on the 
semi-axes .... 

CP 2 = x \ 2 + y i 2 and 

and //«- = ^ z (by II-) 


For 

but 


2 a 2 
** = & 


hence 


^ 2 ( 1 + 5 ) +?/,2 ( l+ ' 

CP"+CD = « r +6 2 


CD 2 

“ *2 

3 + vi 


fr 2 _ 

ik 1 * 

' o. 

^2- 





b 2 

+ Ifl 

y» 2 + 


) = 

/ *» 

\ « 2 

+ y ' 2 
£2 


( 7 ) 
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IV. The parallelogram constructed on CP and 
adjacent sides is equal to ah . 

The parallelogram = 2 A CPD = 2 . J — * r 2 ?/i) = X \V^~ 

,. = ab, as required. 


CD as 
... ( 8 ). 

*2*0 


(by HO 




V. CD- = SP. S'P. 

We express both in terms of a*j, the abscissa of P . Thus 

cv = ** + »■? = g y, 2 + 5 *. 2 - (1 - ) + g 

(P-b 2 

a 

SP. S'P = (a + exd (a - e*\) = i 3 - 

CD' = SP.S'P . 


= <7“— --r- .Tj 2 = a 2 —e 2 x 2 

.2 1 


1 

1 


Again, 


(§ « r >' r >) 

(§ 63) 

. ( 8 ). 


VI. If he the perpendicular from the centre on the 
tangent at P, then jt.CD = ah. 

The tangent at P (a*,, yj) is 

* g | . vjly = i . 


a 2 


b 2 


V = 


s/ x x 2 /a* + i/i 2 /b* * 


cd 2 = * 2 2 + y , 2 - g y . 2 + ~ -r = « 2 * 2 (* + $ ) • 

Hence j>.CD = «6 . (lO). 

Or VI. can be obtained at once from IV. by noticing that the 
tangents at P and D form with CP and CD the parallelogram of IV. 

159. Equi-conjugate diameters. 

If two diameters of an ellipse be conjugate and equal, they are 
called the equi-conjugate diameters. 

We leave their properties as exercises for the reader as follows : — 


16. In an ellipse the tangents at the ends of the axes 
form a rectangle. Show that its diagonals are equi- 
conjugate diameters, and find their equations. 

17. If CP, CD are the equi-conjugate diameters, show that 

(i.) CP 2 = CD 2 = £ (a 2 + b 2 ) ; (ii.) L PCD = 2 tan.- 1 (b/a). 

18. Prove that the product of two conjugate diameters is greatest 

when they are equal. . 

oeom. pt. n. n 


< r 
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19. Show that the point P (1, 2) is on the ellipse 'lx 2 + 3 y 2 = 14. 

Find the length (i.) of CP , (ii.) of the conjugate semi-diameter 

CO , (iii.) of the perpendicular from the centre on the tangent at P. 

Find also the focal distances of P and the angle between CP 
and CD, and hence verify the properties III., IV., V., VI. of § 158. 

20. Verify that the point P (1, 1) is on the ellipse x 2 + xy + yj = 3, 
and find the coordinates of the extremities of the diameter conjugate 

to CP. 

21. If a. p "be two semi-conjugate diameters and w tlie 
angle between them, show that 

a 2 +p 2 = ar+b 2 , ap sin to = ub. 

Hence, being given two conjugate diameters in magnitude and 
position, show how to find the lengths of the semi-axes. 

22. If, in Ex. 21, a = 2, 3 = 1, w = 30°, find a and b to two 
places of decimals. 

23. If the equi-conjugate semi-diameters be each 3 units in length, 
and the angle between them 45°, find the semi-axes correct to two 
places of decimals. 

160. Equation of the ellipse referred to two conjugate 
diameters as axes. 


The equation must be of the form 

Ax 2 + 2 Hxy + By 2 = 1, 

since the centre is the origin (§ 94). But the line y = 0 bisects all 
chords parallel to the axis of y, so that any value of x must give two 
equal and opposite values of y ( i.e. y in the quadratic for y in terms of 
x the coefficient of y must be zero) ; hence H = 0, and equation is 


of form Ax 2 + By 2 =1. 

Again, let 2 a' and 2 V be the lengths of the diameters; then in the 

equation Ax 2 4 By 2 = 1 

y = 0 must make x = ± a ; 


A = 


Thus the equation is 


a' 2 


similarly, B = 


b ' 2 


x 2 


a 


'2 


111 = 

b ' 2 


(ID 


an equation of exactly the *ame form as when the principal axes are 
taken as axes; but it must be borne in mind that the axes are no 

oblique. r 

Note.—T he equation of the tangent, of the diameter bisecting 
chords parallel to y = mx, and the condition that two diameters 
should be conjugate are just the same as with rectangular axes. 


Exercise. 

24. The equation of an ellipse referred to its equi-conju gates 

axes is of the form xP+y 2 = 




MID-POINTS OP PARALLEL CHORDS. CONJUGATE DIAMETERS. 179 


161. Conjugate diameters of a hyperbola.—If one 
of a pair of conjugate diameters of a hyperbola 
meets the curve in real points, the other meets it 
in imaginary points. 

Suppose the hyperbola is 

x n -/a-—y-/b 2 = 1 ; 

then the diameter y = mx only meets the curve in real 
points if m is numerically less than 6/a, for y = bx/a is an 
asymptote, and no line further away from the transverse 
axis than an asymptote meets the curve (§ 76). 

Now the lines y = m v x and y = m 2 x are conjugate 
diameters of the hyperbola if 

?n 1 m 2 = b' 2 /a 2 , 


so that, if m l < 6/a, m* > 6/a, and, if m l > 6/a, m. 2 < 6/a, 
and hence one of the two meets the curve in real points 
and the other in imaginary points. 

Note.— A system of parallel chords may be such that the extremities 
of any chord of the system lie on the same branch of the curve or on 
different branches. In the first case, we can clearly move the chord 
parallel to itself so that it becomes a tangent, and hence the conjugate 
diameter which passes through the point of contact of the tangent 
meets the curve in real points, one on each branch. But, if the ends 
lie on different branches, the chord can never become very small 
because the branches never come close together, and hence tho 
conjugate diameter does not meet the curve in real points. 


162. In the ellipse we defined the ends of a diameter 
conjugate to a given one to be the points in which it 
meets the curve. Since, however, in the hyperbola one of 
two conjugate diameters is certain to have imaginary 
extremities (§ 161), we cannot define them in the same 
way, but must introduce some entirely new considerations. 
These we shall explain in the next few articles. 


163. Conjugate hyperbola. — Definition. —The hyper¬ 
bola whose equation is 

af. _ V 1 _ _ « 

b*~ . 


a 


( 12 ) 


is called the hyperbola conjugate to that whose equation 

*2 •> ^ 
is *L _ £. 


0 


6 


*+■ It 
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. 164. Properties of a hyperbola and tlie conjugate 
hyperbola. 


I. The two curves have their axes in the same 
directions, but the transverse axis of the one is 
the conjugate axis of the other, and vice versa . 

In fact, bearing in mind that the transverse axis is that 
which meets the curve in real points, we see that y = 0 
is the transverse axis of 



while it is the conjugate axis of 



since it meets the latter in imaginary points. 
x = 0 is the transverse axis of the latter. 


Clearly, 



Fig. 60. 


II. The two curves have the same asymptotes. 

The asymptotes of both are clearly 



for to obtain them we equate to zero the terms of the 
second degree. (§ 86.) 

\ f ; - 
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III. Any line through the common centre meets 
one in real and the other in imaginary points, 
unless it be one of the common asymptotes. 

For, where the line y = nix meets the first we have 


.> / 1 m 2 \ 

X \ a- b 1 ) 


4-1; 


and where it meets the second 


\ d 2 b 1 ) 


i. 


Tims the first is met in real points, i.e. the value of x 3 

X i? 

is positive if —^ is positive, 


a 


and the second is met in real points if 

1 


a 


w 

b* 


is negative ; 


and hence, unless m = ±fr/a, 

one curve is met in real and the other in imaginary points. 

The figures of the two curves are thus as shown, the 
continuous one being 

a 3 b 2 ^ ’ 

and the dotted one being 


x 

a 


v J 


— 1 . 


IV. If a pair of diameters are conjugate with 
respect to one hyperbola, they are conjugate with 
respect to the conjugate hyperbola. 

The lines y = m x x and y = m 2 x are conjugate with 
respect to x*/a 2 — y 2 /b 2 = 1 

if m 1 7n. 2 = b 2 /a 2 . 

We deduce* the corresponding condition for conjugacy 

to a? / (k — = — 1 or y 2 /b 2 — x 2 /a 2 = 1, 

by interchanging x and y, a and 6, and writing l/m t for m x 
and l/m a for m 3 [since y = m x x makes an angle whose 
tangent is l/m l with the axfei^f y]. 
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The requisite condition is therefore 

1 /'*n l x 1 /m 2 = a 2 /b' 2 or m x m 2 = b 2 /a 2 , 

which is the same as before. Hence the proposition follows. 

We see at once that, of a pair of conjugate diameters 
to a hyperbola, one meets the hyperbola in real points and 
the other meets its conjugate in real points. 

Hence we make a new definition, as follows :— 

165. Conjugate semi-diameter.— Definition. —If a diameter 
PCP' meet the hyperbola x 2 l / a 2 — y* /b 2 = 1 in the real points P, P', 
then the conjugate diameter meets the conjugate hyperbola 
x 2 / a- — i/ 2 / b 2 = — 1 in real points D t D and CD is called the semi- 
diameter conjugate to CP in magnitude and direction. 

Thus the extremities of the conjugate diameter are the points in 
which it meets the conjugate hyperbola. 

166. To find the equation of the hyperbola con¬ 
jugate to a given hyperbola. 

In the simple form, the equations of the hyperbola, 
asymptotes, and conjugate hyperbola are 


,2 


a 


K 

b 2 


x 


— — V- —— 1 . 

.2 


= 1 i_ V- = o 

’ a 2 b 2 ’ a 2 b 2 

How to transform to any other axes, oblique or 
rectangular, we use substitutions of the form 

x = l x x-\- m x y -f w„ y = l 2 x-\-m 2 y + n 2 . 


Thus the three equations become 

(l x x + m x y-\-n x y £ _ (l 2 x + m 2 y + n 2 ) 2 


(Pt.I.,§35) 


a 


b 2 


_ (l 2 x + m 2 y + n 2 ) 2 

a~ b 2 • 


(l x x + m x y-\-n x ) 

,2 


1, 

0, 


(l x x + m x y + n x ) 2 (l 2 x + m»y-\ -n , 2 ) 2 __ 

a 2 ‘ b 2 

We infer that, to form the equation of the asymptotes of a 
hyperbola , we have to subtract a certain quantity, say A, from 
the absolute term , and then , to find the equation of the con¬ 
jugate hyperbola , we have to subtract the same quantity A from 
the equation of the asymptotes. Note that A is not neces¬ 
sarily unity, for the equations may be each multiplied by 
the same quantity. (See § 90.) 
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Example.—To jind the equation of the hyperbola conjugate to 

xy + x+ y — 4 = 0. 

This equation may be written 

(.r + l)Q/ + l)-& = <>* 

The asymptotes must be (x + 1) (y + 1) = 

Hence the conjugate curve is 

(x+ 1 (y+ 1) + 5 = 0 or xy + x + y + S = 0. 


Exercises* 

25. Find the equations of the hyperbolas conjugate to 

^ X ‘ — y 2 — 1, 3 jfi—y* = 2, Ax- + 2 Kxy + By 2 = C, xy -4- 2x + 3y + 1 = 0* 

26. Find the equation of the asymptotes of 

x 2 + 2 xy - y 2 + 2x + 4y = 0, 

and deduce the equation of the conjugate hyperbola. 

27. If CP, CD be two conjugate diameters of a hyperbola, D bemg 
on the conjugate hyperbola, prove that the tangent at D is parallel 

to CP. 


167. Properties of conjugate diameters of a hyperbola. 

Suppose (*„ ;/,) and (* 2 , j/») are the extremities of two conjugate 
6emi* diameters CP, CD of the hyperbola 


*1 _ y 2 = 1 

a? b 2 

P being on this hyperbola, and therefore D on the conjugate hyper¬ 
bola, so that we have 

= 1 and 1- 

a 2 b 2 a 1 b- 

The 'proofs of the following properties are almost identical with 
those of ;he ellipse (§ 158), and should be worked as an exercise by 
the reader. 


(*•> 


X\Xo _ y x y 2 = Q 


(13). 


a 


(ii.) = ± ^ and *1 - ± £*■ . (14). 

' ' a b b a 

(iii.) CP 2 —CD 2 = a 2 — b 2 .. (16)- 

(iv.) The parallelogram constructed on CP and CD as adjacent sides is 
equal to . . (* 6 )- 

(v.) CD 2 = SP . S'P . (17). 


(vi.) If p be the perpendicular on the tangent at P y then p . CD — ab^ 
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16S. Equation of the hyperbola referred to two conjugate 
diameters as axes. 

Since the centre is the origin, the equation is of the form 

Ax 2 + 2 Hxy + By 2 = 1. 

Now any line parallel lo the axis of y is bisected by the axis of x. 
Therefore any value of x gives two equal and opposite values of 
//, and therefore II = 0. 

Hence the equation becomes of the form 

Ax 2 + By 2 = 1. 

The equation of the asymptotes, which are two straight lines 
through the origin, is therefore 

Ax 2 + By 2 = 0. 

Therefore, by § 1GG, the equation of the conjugate hyperbola is 

Ax 2 + By 2 = -1. 

Now suppose that, of the two diameters, the one along the axis of 
x is of length 2 a' and meets this hyperbola, while the second is of 
length 2 IS and meets the conjugate hyperbola. Then, when we make 
y = 0 in Ax 2 + By 2 = 1, we must get 

* = ± a '; 

and when we make x = 0 in Ax 2 + By 2 = — 1, wo must get 

y = b'. 

Hence we have Aa' 2 = 1 and Bb’~ = —1, 

n o 

bo that the equation is ^ — — = 1 . ( 19 )- 

«■ b z 


Exercises. 

28. Find the diameter of the hyperbola x 2 + xy — y 2 = 1 which is 
conjugate to x + 2y = 0, and actually verify that, of the two diameters, 
one meets the curve in real points, and the other in imaginary points. 

29. Show that, if the parallelogram CPLD bo completed, then L lies 
on one of the asymptotes. 

30. If a, p be a pair of conjugate semi-diameters of a 
hyperbola, and <a the angle between them, show that 

a 2 — p ; = (i- — b~ and a.p sin a> = ah. 

Hence, being given a pair of conjugate diameters and the angle 
between, show how to find the lengths of the axes. 

31. In Ex. 30, if a = VS, 0 — 1, « = 30°, find a and b to two 
places of decimals. 

32. The point P (1, 1) being on the hyperbola 3x 2 — 2y 2 = 1, with 
the usual notation find the lengths of CP, CD, and the angle between 

CP and t h a t sp . S'P = CD 2 by actually finding SP and S P. 
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169. Parallel chords of a parabola. The locus of 
the middle points of a system of parallel chords 
cf a parabola is a straight line parallel to the axis 

of the curve. , 

We may use the general result, but it is as easy 1 

work ab initio. Take the parabola to be y — 4oa:, the 
axes being rectangular. 

The chord joining the points (an, y,), (»„ ]h) on the curve 

is (y—yO ( 2 /—2/a) = y 3 — 4ax 

or y (yi + y-i) — 4a* = y, y 2 . 

If this be parallel to y = mx, we have 

4 a 

- = 711 , 

yi+y* . . 

Since 4(2 /i + 2/s) is tlie orc ^ nate . mldclle P omt ot 

the chord, that point lies on the line 

y 1 2a 

-f- — — or y = —, 

2a no m 

which establishes the result. 


170. Diameter of parabola.— Definition.^ —A line 
parallel to the axis of a parabola is called a diameter of 

the curve. • n 

Note that, whereas the diameters of a central conic all 

meet in, a point, those of a parabola are all parallel to each 

other, yjfo make the analogy complete we suppose the 

parallel lines to meet in an infinitely distant point, the 

centra of the parabola. 

171. A diameter bisects all chords parallel to the tangent 
at its extremity. 

The proof, which is precisely as in the ellipse, we leave as an exern ^ 
cise for the reader. 


Exercises. 

33. In the parabola t / 2 = 3x, find the diameter conjugate to chords 
parallel to y = x, and find also the coordinates of its extremity. 

34 . In the parabola y 1 — 4x + 3 , find the diameter which^ bisects 
chords parallel to 2x— y = 0 , find the coordinates of its extremity, and 
verify that the tangent there is actually parallel to the system of 
chords. 
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172. Equation of a parabola when a diameter and 
the tangent at its extremity are taken as axes. 

Let the diameter be OX and the tangent OY. 

To find to what the general equation 

ax- 4 2 hxy 4 by 2 4 2 gx 4 2fy 4 c = 0 
reduces in this case notice that— 

(i.) The origin is on the curve; 

(ii.) Any value of x should give two equal and 

opposite values of y ; 

(iii.) Any line parallel to OX meets the curve in 

one point at infinity, (§ 49.) 

From (i.) we have 

c = 0 . 

From (ii.) 

h = 0 , / = 0 , 

so that the equation reduces to 

ax 2 4- by 2 4 2 gx = 0. 

From (iii.), when y = 0, the 
values of x have to be 0 and oo ; 
hence a = 0 (Tut. Alg., II., § 166), 
and the equation is 

by 3 4 2 gx = 0, 



Fig. 61. 


which may obviously be written in the form 

y 1 = 4 ax. 

(The fact that a = 0 follows also because the terms of 
the second degree form a square, and so ab = 0 and b=£0, 
for then the curve would be two straight lines.) 

The value of a ' in the equation y 2 = 4 a'x can easily be proved to 
be the focal distance of the point of contact, i.e., SO. 

Draw the focal chord NQSn parallel io 0Y « meeting the curve in N 
and /j, and the axis of X in Q. 

Draw NY, ny perpendicular to the directrix, and let OX meet the 
directrix in M. 

Then NQ 2 = 4 a'OQ. 

NQ = \Nn = $(SN+Sn) = $(NY + ny) 

= QM = 2 0M (by Ex. 11, p. 145) 

= 2S0 

4 SO 2 = 4«\ 0Q = 4a'.0M = 4 a'.SO. 

= so. 
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173 We see by comparing the results of §§ 160, 168, 172 with the 
equations of central conies referred to the principal diameters, that 

the form of the equations 


+ t. =1, 

n h' 2 


__ \L = l, V* = 4«'* 
a' 2 V- 


are two conjugate diameters at right angles. 


35 The tangents at points P, P' on a parabola meet in 7, 1/_is tho 

mid-point of PP' , and TU meets the parabo’a in Q, show that TQ - QU 

P rTake for axes the diameter bisecting PP' and «ie tangent at lLs « tr ™' y j 
,e equation is y’ = 4n'i, Q being the origin, and P, P are (*i, Vl). C*l. 


the 


Illustrative Examples. 

(i.) To find the locus of the middle points of focal chords of a parabola. 

Let (*„ y,) be the middle point of a chord of y- = 4«*. Then, by 
$ 152, the equation of the chord is 

yy i— 2ax = j/i 2 — 2 ax l . 

This must pass through the focus («, 0), and we must have 

y l 2_2rt.r l = — 2« 2 . 

Therefore the equation of the locus is 

yi = 2a (x — a), 

so that the locus is a parabola having the same axis as tho 

one, but its vertex is at the original locus («, 0), and its latus rectum 

is 2a. 

(ii.) To find the middle point of the portion of the line y = mx \ c 

intercepted by the conic x^/a 2 + y l jb 1 = 1. 

The following method is applicable in general: , , 

Let (x\Z) (L y 2 ) be the points of intersection of the line and the 

curve. To find the abscissae we eliminate y between the two equations 
above, and thus obtain the quadratic 

{tnx + cY 


o 

X- 


or 


& 


h- a 


+ ^ x+ f! _1 = 0 

A2 


( — + — ^ 

V a 2 & ) 

2me 11 1 , m- \ . 

*»+*.---p-/V-s + v) ■ 


Hence 
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but, if £, i) be the coordinates of the middle point, we have 

_ + .r 2 _ me I ( 1 m 2 \ 

* “ 2 _ b 2 I \ a 2 P ) ’ 

v wiStf / / 1 m 2 \ . 

” = +« = —sr/U* + ») +c - 

Since the ratio 77 /£ does not depend on c, this gives another proof 
of the fact that the locus of the middle point of a system of parallel 
chords is a diameter. 

(iii.) A tangent to an ellipse meets the director circle in P , Q. Show 
that , if C be the centre , then CP, CQ (ire conjugate diameters of the conic. 

Suppose the equation of the ellipse is 

* + *4 = 1 .po¬ 

rt 2 b 2 ' 

Then the equation of the director circle is 

x 1 + g 1 = a 2 -\-b 2 .... (ii-)* 

The tangent at {x lf g x ) is ^ + ^1 = 1 .(”*•)• 

Hence, since C is the origin, the equation of CP, CQ is obtained by 
combining (ii.) and (iii.) so as to get an equation homogeneous in 
and g. 

Therefore the equation is 

*»+**= ( « 2 +* 2 ) (^i +^y 

or .r= { (a* + b 2 ) | + 2 *'J-Jr b \ (<i 2 +i 2 ) + y 2 { (« 2 + A 2 )^L-l } = °- 

But g-mx = 0, y-m'x = 0 

are conjugate diameters if mm' = — b-ja 2 

, coeff. of x 2 

and „ mm =-———r 

coeff. of y 2 

in the above equation. 

Therefore the lines are conjugate diameters if 

+£(<*>+«■>;£->} - 0 ' 

which is satisfied, since (x lt y x ) is on the conic. 
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(iv.) Two tangents to a parabola meet the tangent at a fixed point 0 in 
points Q «id R such that OQ . OR is constant. Find the locus of their 
point of intersection. 

Take for axes the tangent at 0 and the diameter through 0, then 
the equation of the parabola is of the form 

y 2 = 4 ax. 

Suppose P is a point on the locus 
required ; then 

OQ .OR = const. = k' 2 , say. 

Let the coordinates of P he x l% y v ; 
then the tangents from it to the 
curve are 

{yji — {x + *i )} 2 

= (j/ 2 -4 ax) (j/,2—4(7*,). 

To find where these tangents 
meet the fixed tangent we must 
put x = 0, and we find that OQ, OR 
are the roots of the quadratic 

(gg l - 2ax l )~ = if (y?-±axf) 
or if . 4ax l — 4ax l y l . y + 4« s jj 2 = 0 ; 

OQ OR = -2^ - n.r,. 

4ax x 

But OQ .OR = ** 

Therefore the locus is given by ax x = k 2 ; or dropping flie suffix it is 
ax = k' 2 , a line parallel to the fixed tangent. 



MISCELLANEOUS EXERCISES ON CHAP. XIII. 

36. Obtain the locus of the middle point of parallel chords of the 
conic x 2 -\-xy + y 2 + 2x = 0 which are parallel to the line x = y. 

37. Prove, in any way, that the locus of the middle points of chords 

of ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 

which are parallel to the axis of x is the straight line ax + hy + g = 0. 

38. The equation of a hyperbola is xy+ 2gx+ 2fy + c = 0. Find 
the equations of its asymptotes and its conjugate hyperbola. 

39. If 8Y , S'Y' be the perpendiculars from the foci on the 
tangent at a point P to th^ ellipse a? /4 -if //>- = l f prove 

that SY % S'Y’ = b 2 , * SP . S'P = CD 2 , 

where CD is the semi-diameter conjugate to CP, 
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40. A line is drawn through a point 0 (.r,, y,) to meet the ellipse 
x'- / a 2 + y* 2 / ft 2 = 1 in the points P and Q. Jf R is the middle point of 
PQ, and the chord makes an angle 0 with OX, then show that 


OR 


-( 


:r, cos 0 y, sin 0 \ J ^ cos 2 0 


a 2 V 2, 

Deduce the coordinates of R. 



41. Find the condition necessary in order that the lines 
Ax -f By+C = 0, A'x + B’y + C' = 0 may he parallel to a pair of 
conjugate diameters of the ellipse 4x 2 + 9y 2 = 36. 

42. The points on the conic ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0, the 

tangents at which are parallel to y = mx, are the extremities of the 
diameter {ox + by + g) + in (hx + by +f) = 0 . 


43. The angle between the equal conjugate diarm ters in an ellipse 
is G0°. Prove that the eccentricity of the curve is J^G. 

44. Find the locus of the point of intersection of the perpendiculars 
to a pair of conjugate diameters of an ellipse, one drawn from one 
focus, the other irom the other focus. 

45. Trace the curve xy = bx + ay, and find the locus of the middle 
points of the chords parallel to the line y = x. 

46. Find the locus of the middle point of a focal chord of the 
parabola y 2 = 4 ax. 

47 . Find the condition that y = mx , y = m x x should he parallel to 
conjugate diameters of ax 2 + 2 hxy + by 2 -f 2 gx + 2 fy + c = 0 . 

48. Find the equations of the straight lines conjugate to the x and 
y axes respectively in the curve Ax 2 + 2Bxy + Cy 2 = 1. Fmd t “ e 
conditions that these lines should coincide, and interpret the result. 

49. Interpret the equations xr ± ir = a 2 referred to oblique 
axes inclined at an angle w. Find the lengths of the semi-axes. 

50. The axes being oblique, show that the equation y 2 = 2^—/fo¬ 
re presents an ellipse, a parabola, or a hyperbola according as /c is 
positive, zero, or negative. Also the axis of x is a diameter, and tde 
axis of y is the tangent at its extremity. 

51. The tangents from a variable point P to a conic meets the tangent 
at a fixed point A in points Q und R such that AQ AR ™ constan . 
{Show that the locus of P is a straight line parallel to the tangent at A. 

62 PCP\ DCD f are anv pair of conjugate diameters of a g ive n 
ellipse If Q be the middle point of PD , find the locus of Q; and 
show that the area of the parallelogram PDP'D 1 is constant. 

53 Prove that, if P be any point on a central conic, A I and A the 
extremTties of the major axis' ?hen PA and PA are parallel to con- 

j ugate diam ^ property hold for PR, P& ? 
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54. Chords drawn from any point Q on an ellipse to the extremities 
of any diameter PCP‘ intersect its conjugate DCD' in 4f, N. l’rovo 
that CM . CN = CD 2 . 

55. A series of parallelograms is inscribed in an ellipse whoso sides 
are parallel to the equal conjugate diameters. Prove that the sum of 
the squares on the sides is the same for all the parallelograms. 

56. Show that, if the asymptotes of the first of two conics aio 
parallel to conjugate diameters of the second, then the asymptotes 

of the second are parallel to conjugate diameters of the first. 

# 

57. Find the equation of the locus of the middle points of all chords 
of the conic ax 2 + 2 hxy f by 2 + % 2gx + 2 fy + c = 0 which pass through 
the origin. 

58 Prove that the straight line y = mx bisects all chords of the 
hyperbola xy = A 2 which arc parallel to y — — mx. 

59. Prove that the pair of stiaight lines whose equation is 

(h'a — ha ) x 2 + (ah’ — a‘b) xy + (hb’ — h’b) y 2 = 0 

will be conjugate diameters of ax 2 + 2hxy + by 2 = 1 and also of the 

conic a'x 1 4- 2h xy t- b y 2 = 1. 

[See Ex. 13, § 157.] 

60 If a fixed straight line, parallel to either axis of the ellipse, be 
met by a pair of con jugate diameters in the points A, L , show that 
the circle described on KL as diameter passes through two fixed points 
on the other axis. 

61. If a pair of conjugate semi-diameters of an ellipse intersect the 
tangents at the extremities of the major axis in the points Q, /?, then 
QR touches the ellipse. 

62. Through a fixed point, any number of chords of a parabola are 
drawn. Show that their mid-points all lie on a certain parabola 
whose latus rectum is half as long as that of the given parabola. 

63. Show that, if MN is one of a system of parallel chords of an 
ellipse paraUel to y — mx , and a point P be taken on it such that 
MP •. PN = l : 3, then the locus of P is a concentric ellipse. 
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CHAPTER XTY. 


NORMALS TO CONICS. 

[Throughout this chapter the axes of coordinates will he supposed 
rectangular.] 

174. Normal.— Definition. —The normal at any point 
of a conic is the line drawn through that point perpen¬ 
dicular to the tangent there. 

The same definition applies to any curve. As examples, 
vve may note that the normal at any point of a straight 
line is perpendicular to it, and the normal at any point of 
a circle is the radius through that point. 

175. To find the equation of the normal at the 
point (ac x , y x ) on the conic 

ax ?+2 hxy+h \f +2 yx +2 ///+c = O. 

The tangent at the point (a?„ y x ) is 

x («.r, + hy x 4- (j) + y (bx x + by x +/) + g* x +fy x + c = 0. 

(S *-**) 

Now the line whose equation is 

_.*_ y — = h 

ax 1 4“ by I + g bx x -f by x 4-/ 

is perpendicular to the tangent for all values of h 

(Part I., § 19). 

If it passes through the point (a*,, ?/,), we must have 

k _ __*i_ h _. 

ax j 4- hy x 4- g hx x 4- by x 4-/ 

Consequently the required equation is 

a?—agi _ _ V—V\ _-.(1), 

ax x +hy x +g hx x -\rby x +f 
which might have been written down at once. 
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176. Particular • cases. 

The reader should now obtain the following results 
from first principles :— 


(i.) Parabola, y 2 = ; 

normal, 2 a (2/ — ?/i) +2/1 ( x — ,T i) 

(ii.) Ellipse, 


0. 


a? . 

if- 

- 1 • 

. x — x. 

« 2 + 

b*~ 

- 1 > 

IlOILLictl " / 0 

x x /ar 

O 

'V 

O 

yi - 

= l; 

normal —7—, 

d l ~ 

u 2 


a./a 2 


V — V\ 

Vi/# 


y— 2/1 

yjv 


177. The equation of the normal to the ellipse 

x 2 / a?y*/b 2 = 1 


is 

11 

* 

1 

_ y-y 1 

or 

a 2 x _ 

h ^-b\ 

x^d- 

yjv 



2/1 

i.e. 


a 2 ac _ 

h 2 y 

11 

1 

. (2), 



Vi 




in which form it should be remembered. 

Similarly, the normal to the hyperbola is 

b 2 y _ 


(l 2 JC 

oc. 


+ 


Vi 


tf + V . (3). 


Example .— The point (1,2) is on the conic 

x 2 + xy + y 2 + x + y = 10. 

To find the equation of the normal at that point . 

The general equation of the tangent at (x Xi y } ) is 

x (« ax x + hy x +y) + y {hx , + hy x +f) + {yx l +fy x + c) = 0, 
which here becomes 

* (*1+1^1+ *) + y (4*i + 2/i + t) + £*i+£yi- 10 = 0 
or ■ x (2x l + y\ + 1) + y (#1 + 2j/j + 1) + X\ + !/i 20 = 0, 

i.e. the tangent at (1, 2) is 5x + 6y — 17 = 0 ; 
therefore the normal is 6 ( x— 1) —5 (y — 2) = 0 
or Qx— 5y + 4 = 0. 

To test the accuracy of his work, the reader should always verify 
that the normal actually passes through the given point. 

OBOM. PT. II, O 
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Exercises. 

1. Find the equation of the normal at the point (1, 1) on the conic 

a: 2 + 2y 2 + X + y = 5. 

2. Find the equation of the normal at the point (£, £) on the conic 

2x~ + 6xy + 9 y- + x+ y = -Ui. 

3. Show that the conic 

ax- + 2 hxy + by 2 + 2 gx + 2 fy = 0 

passes through the origin, and the normal there is fy—yx = 0. 

4. Write down the equation of the normal at any point of the conic 

ax 2 + 2 hxy + by 2 = 1. 

Find the condition that the normal should pass through the origin, 
and interpret the result geometrically. 

f>. If the normal at P to an ellipse meet SS' in G, and 
PN be perpendicular to SS\ then show that 

CG = e 2 . CN. 

6. The normal at P bisects the internal ang-le between 
the focal distances of P. 

7. Show that CG = c-. CN is true for the hyperbola, but 
that the normal now bisects the external angle between 
the focal distances. 


8. If the normal at P to a parabola meet the axis in G, 
and PN be the ordinate, then the subnormal NG is constant. 

9. If a tangent and normal be drawn at any point on 
a parabola, prove that they meet the axis in two points 
which are equidistant from the focus. 

10. In the parabola y 2 = 4 ax, the normal at (aq, y{) meets the curve 
again in the point whose coordinates are 

(!/i 2 + 8« 2 ) 2 _ ( y { 2 4 - So 2 \ 

’ \ Vx /' 

[Substitute y 2 /4a and y' 2 /4a for a: and xf in equation (1)0 

11. If the normal at P(x' y y') to the parabola y 2 = 4ax meet the 
curve again at Q , find the length of PQ. 

12. Show that, if the normal to an ellipse at the end of the latus 
rectum passes through one end of the minor axis, then 

a 2 + ab — b 2 = 0. 

Hence deduce that the eccentricity is given by . 

e? 4 4 e-—l = 0. 
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178. If the normal at (a? lf y x ) on the ellipse x? / a-+ y- / tr = l 
makes an acute angle 6 with the axis of oc t and p he the 
perpendicular from the centre on the tangent at that 


point, then 


cos0= J -^l, sin8=™ 

0 “ 


a 


Since the equation of the normal is 

x-x x = — 


x x , a 

comparing this with the form 


Vi I* 


we have 


Hence 


cos 0 = 


x-x x = y — y x 
cos 0 sin 0 
cos 0 _ sin 0 

V\l° 2 ’ 

*\l“ 2 


(Part I., § 10, B) 


and 


y/ x{ 2 /a* + y^/b 4 

sin 0 - _ 

y/xfja 4 + T/i 2 /^ 4 


But the tangent at (#i,yi) is —1 + = 1, 

1 


and hence 


P = ± 


Hence, as 0 is acute, we have 

cos 0 = , 


x{ 2 /a 4 + yf/b 4 


ft 


e = ^ . (4). 


Similarly, for the hyperbola x- / a~ — y-jb 2 = 1, we have 


cos 0 = 


_ px x 


a 


sin 0 = — 1 

b 2 


as the reader can easily verify. 

179. Various results can be deduced from the foregoing formulae 
for cos 0 and sin 0. 

I. If the normal at P meet the ® 
axes in G and F, then 

PG = t,y P , PF = a? fa. 

For the coordinates of a point on the 
normal at a distance r from P, measured Q 
inwards, are 

x \—r cos 0, y x — y sin 0, 
and these, by $ 178, are equal to _ 




_ P X 1 


a 


2 9 


V\ 


_ r py i 

42 • 



Fig. 63 
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If r = PG, the second of these is zero, and therefore 

rp -| b~ 

=1 or r = -. 

b 2 p 


If r = PF , the first is zero, and therefore 

rp . a 2 

-J- = \ or r = —. 

* 2 P 

II. If we measure lengths PQ, PQ' outwards and inwards 
each equal to CD, the semi-diameter conjugate to CP, then 

CQ = «+h, CQ' = a—b, 

and CQ , CQ' are equally inclined to the axes. 


but 


e-t'-m*?. 

- 'S+ dl i' 

1 

II 

•w 


II 

■■ ab ; 


) _ *' (a + b); 

V a i 

! a 

+ 

V 

11 

S? 

)-*> + 4 >- 


(§ 158 ) 


Similarly, 

I' = 


a 


(a — b), 


' y* la 


5 )- 



and 

Consequently 

<?0 2 = | 2 + T7 2 

C(? = a + b. Similarly, CQ = « — ^5 
, . _ZL_• • ' . 

and, since ^ » 

the lines are equally inclined to the axes. 

jU To construct the axes of an ellipse, having given 
two conjugate diameters in magnitude and position- 

Let CP CD be the given diameters ; then, since the normal P 
perpendicular to CD (§ 157), we can easily find Q and Q , tor 

* PQ = PQ’ = CD. . 

Then, by II., the axes bisect the internal and external angles 
between CQ and C^and 2i _ CQ _ CQ - 

Exactly similar results may be established for the byperbola hy 
making use of the corresponding formulae for cos 0 and sin 0. Thes 
we leave as an exercise for the reader. 
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180. To allow that three normals can he drawn from a 
given point to a parabola. 

The equation of the normal at (x* 9 yf) is 

2 aij + xiji = x l y l + 2ny l , 

or, since x x = , this is 

4 a 

2ay + xy x = + 2ayj. 

4a 

Now if the normal passes through the point (f, y), we have 

2«? +///i = ^ + 2ayj 

4a 

or ^ ^ (2a —/) — 2 a *7 = 0, 

4 a 

an equation of the third degree for y. Hence, as there are three roots 
{Tut. Aly., II., § 371), and for each root a point oil the curve, there are 
three points such that the normals at them pass through a given point. 

Cou. —If the normals at three points are concurrent, the 
sum of their ordinates is zero. 

For in the above equation there is no term in y Y 2 , and hence the sum 
of the roots is zeio (Tut. Aly ., II., § 374). 


13. The normal at the point (1, 1) in the ellipse x 2 + 3y 2 = 4 
makes an angle a with the major axis. Find the values of cos a, sin a. 

14. Find the cosine and the sine of the angle that the normal at 
(l, 4) on x 2 + 4 y 2 = 2 makes with the major axis. 

16. A chord of a rectangular hyperbola which subtends a right 
angle at a given point is parallel to the normal at that point. 

16. Find the coordinates of the points on the parabola y 2 = 4x the 
normals at which pass through the point (*£-, —f), and draw a figure 
showing three concurrent normals. 

[Here obtain the cubic for y , and to solve notice that one root is unity, so 
the others are given by a quadratic.] 

17. Determine the coordinates of the points on the ellipse 
x 2 /a 2 + y 2 /b 2 = 1 at which the normal makes an angle of 45° with the 

' axis of x. 

18. Prove that at least one real normal can he drawn from any 
point to a parabola. 

[An equation of the third degree has at least one real root.} 
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181. Equation to the normal to a parabola in the 

form y = wkb + c. 

We shall now find tlie equation of the normal to a 
parabola ?/ 2 = 4 ax in terms of the tangent of the angle 
the normal makes with the axis of x. 

Its equation is of the form 

y — mx-\-c. 

If it is the normal at ( xy'),- we have 

y = mx' -\-c, 

and it is perpendicular to the tangent at ( x', y '), i.e. to 

yy = 2a (x+x) ; 

ra=— y'1 2a or y' — — 2am ; 
and a?' = 2/' 2 /4a = am 2 ; 

c = y' — mx = —2am — am 8 . 

Therefore the equation of the normal is 

7/ = mac —2am—am* . (5). 

Exercises. 

19. Show that the normal at any point of a parabola (terminated by 
the axis) is equal to the ordinate through the middle point of the sub¬ 
normal. 

20 Find the equations of the normals to t/ 2 = 4 ax that make 
angles (i.) 30°, (ii.) 4o°, (iii.) 120°, with the axis. 

21. Find the equation of the normal to y 1 = 4 a(x—a) that makes 

an angle of 45° with the axis. , ^ n 

[Transfer origin to (a, 0), and finally transfer back again. J 

22. Deduce the results of § 130 from the normal equation 

y = mx — 2 am — am*. 

182. Equation of a conic 
referred to a tangent and the 
corresponding normal as axes 
of coordinates. 

Let the tangent be the axis of 
x and the normal the axis of y. 

Then the equation of the conic 

is of the form 

ax 2 4- 2 lixy 4- by 2 4- 2 gx 4- 2 fy 4- c 

— 0 ; 



Fig. 65. 
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but, since the axis of x (y = 0) meets the curve in two 
points coinciding with the origin, the equation 

ax* -b 2g.v + c = 0 

must have both roots zero ; hence 


(j — 0 and c — 0. 

Consequently the required equation is 

€ixr + 2hacy-{-by 2 + 2fy = O . (6), 


a form which is often useful, one advantage being that the 
axes are rectangular. 


Many properties of conics can be deduced most easily 
by using these axes, as, for instance, in the following 
example :— 


Illustrative Examples. 

(i.) Chords of a conic which subtend a right angle at 
a fixed point of the curve pass through a fixed point on 
the normal at that point. 

This is clearly a case in which it is advantageous to use the tangent 
and normal at the point as axes. 

Suppose the conic is ax- + 2 lixy + by- + 2/// = 0, 
and that a chord is lx + my — 1. 

The equation of the lines joining 
the extremities P, Q of this chord to 
the origin 0 is (by Part I., § 38) 

ax- + 2 hxy + by- + 2 fy {lx + my) = 0 
or ax- + 2 xy(h +fl)+ by- {b + 2/m) = 0. 

But, since this equation represents 
two lines at right angles, we have 

a + b + 2 fm = 0 (Pt.I.,§29) 
a -f b 


or 


m = — 


2 / 



Therefore m is the same for all such 
chords. 

But lx + my — 1 meets the normal 
{x = 0) at a point whose ordinate is given by my— 1 or y = —, 
which is constant. 

Therefore all such chords pass through a fixed point on the normal. 
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(ii.) Find the locus of the point of intersection of two normals to the 
parabola y 2 = 4 ax that are perpendicular to each other. 

Taking the equation y = mx—2am — am z , 
if the normal passes through (h, k) y we have 

lc = mh — 2am—am 3 . 

This gives three values for m (say m^ y m 2f W 3 ), and by the theory of 
equations, writing the equation in the form 

•> , 2 a — h , k » 

m 6 + - m h-- 0 , 

a a 

we have m l + m. 2 + m 3 = 0 ... ( 1 ), 

2 a — h /r >\ 

Miin 3 + m 2 m 3 =. ( 2 ), 

a 

k /n\ 

m l m 2 ni 3 =. (o). 

a 

But, by hypothesis, two of the normals are at right angles, and 
therefore m x m. 2 = — 1 . 

Therefore, by (3), ?n 3 = — ; 

a 

and, substituting in ( 1 ) and ( 2 ), we have 

k 

+ m 2 =-, 

a 

1 , / , \ k 2 a — h 

— 1 + (”h + — = —t— 

a c. 

Eliminating + w 2> we get 

— I — — = ^ a ~/t or k 2 + 3 « 2 — ah = 0. 
a 2 a 

Therefore locus of ( h, k) is 

y 2 = ax— 3d 2 . 


MISCELLANEOUS EXERCISES ON CHAP. XIV. 


23. Find the condition that the line x cos a + y sin a — p = 0 should 
be a normal to the ellipse x 2 /a 2 + y 2 /b 2 = 1. 

24. Find the points on the ellipse x 2 /a 2 + y 2 /^ 2 = 1, the normals at 
which pass through a given point (y, 0) on the major axis. 






NORMALS TO CONICS. 


201 


25. A distance r is measured inwards along the normal to the 
ellipse x*la*+y 9 l& = 1 at any point P, so that pr = m~, where ^ is 
the length of the perpendicular from the centre on to the tangent at 
the point. Find the coordinates of the point so obtained in terms ot 

those of P. 

Show also that the locus of the point is the ellipse 


a 2 * 2 


(**-«*)* 


= 1 . 


26. Find the lengths of the normals to y 2 = 4 ax drawn from the 
point on the axis distant 8# from the focus. 

27. Find the equation of the locus of the intersection of the normal 
to the parabola y 2 = 4 ax at any point P on it with a straight line 
drawn parallel to the axis at the same distance from the axis as H, 
but on the opposite side. 

28. The normal at (x x , y x ) to the general conic passes through the 
point whose coordinates are 

X x -— (ax x + /<!/! + (/), V\ -~T (^l + ^l+/)' 

a + b a + o 


29. Show that the line lx + my = 1 will be a normal to the ellipso 

* 2 /a 2 + y 2 /£ 2 = 1 if + — 2 = (n 2 —6 2 ) 2 . 

t WWW 

What does this give for the circle? 

30. Find the condition for lx + my = 1 to be normal to the hyperbola 


31. Find the locus of the point of intersection of the perpendicular 
from the focus of a parabola to a normal. 

32. If the normals at two points of the parabola y 1 = 4 ax make 
angles 0 , <p with the axis, such that tan 0 tan <p = 2, show that the 
normals intersect on the parabola. 


33. Find the locus of the middle point of the normal PG to the 
parabola y 2 = 4 ax. 


34. If X , Y be the coordinates of the middle point of the intercept 
of the normal to x-fa 2 + y 2 /^> 2 = 1 made by the coordinate axes, prove 

that a 2 X 2 + &Y* = k (a 2 - b*)*. 


35. Prove that the distance between a tangent to the parabola and 
the parallel normal is a cosec 0 sec 2 0 , where 0 is the angle which either 
makes with the axis. 
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36. 


P is any point on the ellipse 



PQ is drawn parallel 


to the axis of x, cutting the ellipse again at Q. PR is drawn parallel 
to the axis of y, cutting the ellipse again at R. Prove that the locus 
of the intersection of the straight line QR with the normal at P is the 

£1 y 2 __ _ 

a~ b 2 \a 2 + b 2 ) * 



37. If OP , OP' he two chords of a conic inclined at angles 0, O' to 
the normal at a given point 0, prove that, if tan 0 . tan 0' he constant, 
the chord PP' will intersect the normal at a constant point. 


38. In the rectangular hyperbola the portion of a normal inter¬ 
cepted between the axes is bisected by the curve. 

39. A chord of a conic moves so that the lines OP, OQ joining its 
extremities to a fixed point of the conic are equally inclined to the 
normal at that point. Show that the chord meets the tangent at 0 in 
a fixed point. 


40. If (.rj, 7/j) be on the ellipse x 2 / a 1 + y 2 / b 2 = 1, show that 

*_j? + t/i 2 = M + .1 W*l* + - J-. 

d Ct b* \ a 2 b 2 ) \ (i* b* ) iPIP 

Hence show that, if the normal at P (i*|, y{) meet the ellipse 
again in Q , we have 

2 \ / ~ 2 


-"•(3 *£)-’(£*$)■ 


b G ) \(P b 

where p is the central perpendicular on the tangent at P and 

r = PQ, so that r =- 


2 a 2 b 2 


p (« 2 + V 2 — p 2 ) 


QTlie coordinates of Q are x\ - r, 

Cbr 

that Q is on the curve.] 


?/l _ Ml r , Pat down the condition 
J1 ip 


41. Show that the locus of the middle point of the normal PG to 
the ellipse x 2 ja- + y 2 fb 2 = 1 is 

x 2 /a 2 + (1 + P) 2 y-1b 2 = (1 + e 2 ) 2 /4. 

42. Show that, if the normal to a rectangular hyperbola at a 
variable point P meet the curve again in Q, PQ oc CP*, where C is 
centre. 

43. The three normals to a parabola y 2 = drawn from the 

point (h, 7c) meet the axis in G x , G 2 , and G 3 respectively. Show that 
AG X + A Go + AG 3 = 2 (h +a), where A is the vertex ot the curve. 

44. Normals are drawn to a parabola y 2 = 4tf# from a given point 
Q, inclined at angles 0 lt 0 2 , 0 3 to the axis. Show that 

SQ = a sec 0! sec 0 a sec 0 3 . 
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EXAMINATION PAPER IV. 

1. (a) Find the equation of the chord joining the points (p y g) y (//, g') 

on the curve mxy + by 2 — 2gx + 2 fy — c = 0, 

and hence deduce the equation of the tangent at the point (p t g). 

(b) Find the equation of the tangents drawn from the point {x l9 y x ) 
to the curve x 2 /a 2 + y 2 /b 2 = 1. Hence deduce the equation of the 
director circle. 

2. Prove that the part of the tangent to a hyperbola intercepted 
between the asymptotes is bisected by the point of contact, and that 
the area cut off is constant. 

3. Find the equation of the tangent to the parabola y 2 = 4ax at a 
given point (A, k), and show that one and only one tangent can be 
drawn having a given inclination to the axis of symmetry. 

Show that tangents to a given parabola which are inclined to 
each other at an angle of 45° intersect on a rectangular hyperbola. 

4. Find, from first principles, the locus of the middle points of 
chords of 3# 2 + 2 xy + 4#+ 7y + 1 = 0 parallel to y = 3x. 

5. Define conjugate diameter , conjugate hyperbola ; and prove that the 
tangents at the ends of a diameter of a central conic are parallel to 
the conjugate diameter. 

Find the equation of the hyperbola conjugate to 

3# 2 — 4xy + 2x— 3y + 7 = 0. 

6 . If tangents be drawn to a hyperbola and its conjugate from a 
point on either asymptote, the points of contact will lie at the end of 
conjugate diameters. 

7. Prove that the difference of the squares on a diameter of a hyper¬ 
bola and its conjugate diameter is constant. 

8 . Find the equation of a parabola referred to a diameter and the 
tangent at its extremity as axes. 

9. What form does the equation of a curve of the second degree 
take when the curve is referred to a tangent and normal as axes ? 

10. Show that normals at the ends of a focal chord of an ellipse 
meet on the straight line through the middle point of the chord 
parallel to the axis. 
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POLES AND POLARS. 

183. To show that two tangents can be drawn 
from any point to a conic, and to find their points 

of contact. 

The first part of this proposition has already been 
proved, for we have found the equation of the two tangents. 

C§ ) 

We shall now give another investigation which leads 

to an important result. 

Let the equation of the conic be 

ax 2 -+■ 2 hxy 4- by 2 2 gx + 2/y + c 

= 0 , 

and let x 1 , y l be the coordinates 
of the point from which the 
tangents are to be drawn. 

Suppose (m, n) is the point 
of contact of one such tangent; 
then the equation of the tan¬ 
gent is (§ 127) ■- 

x (am+ 'hn + g) + y (hm + bn+f) + gm +fn + c = 0. 
Now, spice this tangent passes through the point (x 1 , 2/i\ 
x l (am+hn + g)+y l (hm + bn+f) + gm+fn + c = 0, 
or, on rearranging, 

m(ax 1 + hy 1 + g')+n (hx, + %,+/) + ^i+/Zh + c = 0 -,W' 
This is one equation for the two unknown quantities 
m and n, and a further equation is, of course, 

am? + 2hmn + bn 2 + 2gm + 2fn + c = 0. (b). 

Thus, to find the points of contact, we have to solve the 
two equations (a) and (b) for m and n. Since (a) is oi 



Fig. 65. 
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the first, and (b) of the second, degree m the unknowns, 
we can eliminate m from («) by means of (a) and obtain 
a quadratic for n. We have, therefore, two solutions, 
which we can easily find if we want them, and hence there 

are two tangents. , , 

We regard their points of contact as found when we 

have sufficient equations to determine their coordinates. 


184. Geometrical interpretation of the equations. 

The two equations (a) and (b) both admit of very 

simple geometrical interpretations. 

(u) of course, means that the point (m, n) is on the 

conic; while (a) clearly means that (m, n), the point ot 
contact, must be on the straight line whose equation is 

x(ax 1 +hy l + g) + y(.hXi + by l +f)+gaH+fy l +c = 0. 

We infer at once that the points of contact are given 
by the points of intersection of this line and the conic. 

Hence the equation of the line joining the points 
of contact of the tangents from (as lf y x ) to the conic is 



(aa^+Jitfi+'flO+V 



[This holds whether the axes are rectangular or oblique.] 


185. Polar. — Definition. — 
The line joining the points of con¬ 
tact of the tangents drawn from a 
given point to a conic is called the 
polar of that point with respect to 
the conic. In Fig. 68 PQ is the 
polar of T. 

Pole. —The point of intersection 
of the tangents at the extremities 
of a chord of a conic is called the 
pole of the chord. In Fig. 68 T 
is the pole of PQ. 

Thus, if a line be the polar of a 
pole of the line. 



Fig. 68. 

point, the point is the 
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Note. —It must be carefully noticed that the equation 
of the polar is of exactly the same form as that of 
the tangent, and thus need not be remembered separately. 
The important difference between the two lines is that, whereas 
ih the case of the tangent ( ayf) was on the curve, no such 
restriction is now imposed. 

It follows, of course, that 

when a point is ON the curve, its polar is the same 
its tangent. 

is also clear from geometrical considerations, be- 
au^ as the point T gradually approaches the curve, the 
points of contact become closer and closer together, and 
the line joining them ultimately becomes a tangent to the 
curve when T is on the curve. Thus the tangent is only 
a particular case of the polar. 




as i i 

d ©# is 1 


186. There is another point in the above connection to 
which the attention of the reader must be directed. The 
polar of a point has been defined as the line joining the 
points of contact of the tangents drawn from a point to 
a conic. Now if, for example, the conic be an ellipse and 
the point be inside it, the tangents are imaginary. It 
appears, however, from the equation of the polar that tbe 
latter is still a real line. The explanation is that, although 
it is a real line, it does not cut the curve in real points, and 
hence the points of contact are imaginary though the line 
joining them is real. 

An example may make this clearer. The point (3, 3) is inside the 
ellipse # 2 + 2y 2 = 33, and the tangents drawn from it to the curve 
are accordingly imaginary. Let us actually find the points of 
contact and deduce the equation of the line joining them. . 

Suppose (x x , yi) is a point of contact ; then the tangent is 

xxi + 2 yy x = 36, 

and, accordingly, 3^ + 6^ = 36 or x 1 + 2y l = 12, 
so that we have to solve the two equations 

x l + 2y 1 = 12, #i 2 +2 yf = 36. 

Eliminating X x and solving the quadratic for y lf we find 

y\ = 4 ± — 2; 

and hence, from the first equation, - 

x x = 4 = f 2 v — 2 . 



6 * 


n/ v i<^ 
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Hence the points of contact are (/// / _ 

(4 + 2\/--2, 4-\/^2), (4-2v / -2, 4 + v/-2), 

and are imaginary, as we predicted. The line joining them is 

x — 4 — 2y/ — 2 _ y — 4 + —2 

4v/ — 2 — 2\/ ^2 

which easily reduces to x + 2y — 12 = 0, a real line. 
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187. Similar remarks to those given in the last section 
apply to the pole of a given line. We have defined it as 
the point of intersection of the tangents at the points in 
which the line meets the conic. If the line does not meet 
the conic in real points, the tangents are imaginary ; but, 
as we shall see, they intersect in a real point and the line 
has still a real pole. Thus the line x-\-2y == 12 does not 
meet the ellipse ar*-f 2 y 2 = 36 in real points, but its pole is 
nevertheless the real point (3, 3), as we have just seen. 


188. Equation of the polar in the simple cases. 

As particular cases of the general result, we can write 
down the equations of the polar in each of the simple 
cases, as follows :— 


Parabola, if- 

— 4 ax - 

= 0 ; polar, 

yy x — 2a(a? + a? 

i) = 0.(2). 

Ellipse, ^ 

n 

+ 

= 1 ; polar, 

w i , yy x _ 
a 2 b 2 

1.O). 

Hyperbola, ^ 

_2/I_ 

b 2 

= 1 ; polar, 

v v i _ 
a 2 b 2 

1.(4). 

Hyperbola, 

xy = 

= c ~; polar, 

nyi+KiV = 

2 c 2 ...(5). 


In all cases the equation of the polar holds for oblique 
as well as for rectangular axes, for in obtaining it we 
have only used the equation of the tangent, and this holds 
even for oblique axes. 

We shall now proceed to find, from first principles, the 
polar of (#!, 2 /j) to the ellipse a?/a 2 y 2 /b 2 = 1. 

[Caution. —With, regard to xy = c 2 , it should be noted that, 
although the equation of the tangent at (a? l5 y^) can be expressed in 
either of the forms xy x +x x y = 2c 2 , #/•£, +y/y t = 2, the latter equation 
does not in general give the equation of the polar.] 
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, 189. To find the polar of a point with respect to 

k. / c ( : ^ v f ^7+2/V& 2 = 1 • 

Let the point be 0 (x^ ?/,), and let the tangents from 0 
to the ellipse be OP , 00, an( l their points of contact 
(m, m), (m', w'). 

Consider the equation 

?y;/i 

a* _r 

This is an equation of the first degree, and therefore 
represents some straight line. 


55 . 

2 b 2 


(c). 



Now the equations to the tangents at P and Q are 

/ / 

= 1 : 


xm . yn _ xm yn^ 


+ 


a‘ 


4- 


b 2 a 3 b 2 - ' 

and, since these tangents pass through ( x 1 , y x ), we have 

/ / 


.2 


-f Hi* = 1, 4- 3k n ‘ 


= i (d). 

a* Z> 2 _ a 2 ’ b 2 

From (d) we see that the equation (c) is satisfied bj 
e values x = m, y = n, and x = m , y — n , respectively. 

Therefore 1 


a 


represents the straight line passing through (m, n), (m,n) 9 
i.e. it represents the straight line PQ., 

In other words, the equation of the polar of U (a?!, y t ) is 

i VV\ — T V . (3). 

o ■— o 

a 2 
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190. For tlie parabola ?/ 2 = 4 ax we may follow the general 
method of §§ 183, 181, or the slightly different one of 
§ 189. Let us use the latter. Let the point 0 be (.r„ ?/,), 
and let the tangents from 0 to the parabola be OP, 0Q, 
and their points of contact (m', n'). Consider the 

equation yy x = 2a (#4-ay) . ( c )- 

This is an equation of the first degree, and therefore 
represents some straight line. ]Sow the equation of the 

tangent at (m, ii) is yn = 2 ci (x -f vi), 

and this passes through ?/,). Consequently 

y x n = 2a (a^ + ra), 

which shows that (m, n) is on the line (c). Similarly, 
(m\ n') is on this line. Thus the equation (c) represents 
the line joining the points of contact. 


191. The polar of any point with respect to a 
conic is parallel to the chord of the conic which 
is bisected at that point. 

By § 184, the polar of the point (a\, y j) is 

x (ow, + liyi + g)+y + by, +/) + g*x +/y-. + c = 0 ; 

and, by § 153, the chord bisected at (x x , y x ) is 

(,x—x l )(ax 1 + hy i +g) + (y—y 1 )(hx l + by 1 +f) = 0 . 

The coefficients of x and y in the two equations are 
identical, and therefore the lines are parallel. Of course, 
if the point be outside the conic, the chord bisected there 
meets the conic in imaginary points. 

The result of this article may be easily established for 
the ellipse by referring the curve to a pair of conjugate 
diameters one of which passes through the point. For, 
by § 160, the equation of the ellipse will be 


or . i / 2 


*.+ 
n T 


12 


1 , 


a~ b 

and the point is (c, 0). The chord bisected there is, by 
hypothesis, parallel to the conjugate diameter x = 0. 
Its polar is xc/a' 2 = 1, and is therefore also parallel to 
x = 0. Hence the two lines are parallel. 

So, for the parabola, we can make use of § 172 in a 
similar way. 

gbom. pt. u. p 




210 


POLES AND POLARS. 


Exercises. 

1. Find the equation of the polar of the point (1, 1) with respect to 

the conic x 2 + 2xy + 2y 2 — 2x — 4y + l = 0 . 

2. Find the equation of the polar of the point (£, £) with respect to 

the conic x 2 + xy + y 2 + x + y + 1 = 0 . 


3. Find the equation of the polar of the origin to the curve 

ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0 . 


4. Following the method of §§ 183, 184, find from first principles 
the equations of the polars in the cases given in § 188. 

6. Show that the equation of a line through the point 
P (aq, u\), perpendicular to its polar with respect to 


oc 2 /a 2 +y 2 /b 2 = 1 is 


o 





2/1 


What does this become when y x ) is on the conic ? 


6 . The perpendicular in Ex. 5 meets the major axis in G, and PN 
is perpendicular to the major axis. Show that 

CG = e 2 . CN. 

7. Write down the equation of the polar of the point P (x lt y x ) with 

respect to the parabola y 2 =4a{x + a). . 

If the polar meet the directrix in T , find the equation of the 
line joining T to the origin. Hence (the focus being the origin) 
show that PST is a right angle. 

[Note that the equation of the directrix is x+2a = 0.] 

8 . Verify that, although tangents from the point (2, 1) to the conic 

3-2 _ yi = 2 are imaginary, yet their chord of contact is the real line 

2x — y = 2. 

9. Prove that the tangents from the point (x lf y x ) to the hyperbola 
x ^la 2 — y 2 lb 2 = 1 are only real and distinct when x 2 la 2 —y 2 IV i < 1 , 
that the chord of contact is the straight line xxja 2 — yyi/b 2 = 1 , which 

is real in all cases. 


W^e sliall now proceed to give some of the reciprocal 
properties of poles and polars. 

192. If the polar of A passes through B, then will 
the polar of B pass through A. 

Let A be (*,, Vl ), B (x. 2 , y,), and the equation of the conic 

aa? + 2 hxy + by 2 + 2 gx + 2 fy + c = 0. 

The equation of the polar of A is 
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x (a,^+ ky l + g)+y (7«h + %i +/) + (I x i +fy 1 + c — 0 ; 

and, since this passes through fl, we have 
x. 2 (ax l 4- 7ii/, + g)+ y-i (7lt, + fy/i +/ ) 

+ fiM-i +/2/i + o = 0 

or axtXt + h (x l y i + x 2 y^) 

+ ^yiVi + 9 (*i + ®») 

+f(Vi + yd+ c = 0..(K), 

an equation which is perfectly 
symmetrical in the two sets of 
coordinates, and hence it is also 
the condition that the polar of B should pass through A. 

If necessary, we can give a formal proof of the latter portion. 

The equation (k) may be written 

x x (ax 2 + hy 2 + g) + y x (hx 2 + by* +/) + gx* +fy* +c = 0, 

and, as the equation of the polar of B is 

x (ax 2 + liy 2 +g)+y (hx 2 +by 2 +f)+ gx 2 + fy 2 + c = 0, 

this shows that it passes through the poiut A (x l% yj, as was to he 
proved. 

This theorem is easier to see if we take the conic in 
one of the simple forms, as, for example, 


Fig. TO. 


V*_ 


- + 
a s 6 2 


1. 


For now the polar of (x u y x ) is 


a 2 ^ 


W i 
b 2 


1, 


and, if this passes through ( x 2 , y 2 ), we have 

Bi** 4. Ui J /3 _ 1 

a I -■ o ' 


a 


5 3 


a relation which is obviously symmetrical, and hence the 
polar of (a; 2 , y 2 ) passes through (a^, y j). 

Exercise. 

10. Prove, in like manner, the above theorem in each of the other 
simple cases (§ 188). 
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193. Conjugate points. — Definition'. — Two points 

arc said to be conjugate with respect to a conic when the 
polar of each passes through the other. 

Conjugate lines. — In like manner, two lines are 
conjugate when the pole of each lies on the other. 

This last statement involves a theorem to be proved, 
namely that, 


194. If tlie pole P of a line p lies on a line q, then 
the pole Q of the line q lies on p. 

For the polar of Q (Fig. 71a), which is q, passes through 
P by hypothesis, and hence the polar of P , which is p, 
passes through Q , which was to be proved. 



fin the diagram, Q is purposely placed off p m order 
that the student may not be led to assume from the figure 

the result he has to prove.] 


195. If a line passes through a fixed point, then 
its pole lies on a fixed line. 

For let the fixed point he A (Fig. 71 b) and let its polar be 
a. Suppose p is any line through A, and Pits pole. The 
the polar of P passes through A ; consequently the polar of 

A passes through P, i.e., a passes throug naTne lv the 

i.e\ the pole of p always lies on a Medline namely, the 

polar of 'A. [See note at end of last section.J 
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196. Application to the geometrical construction 
of the polar of a point. 

The result of § 195 is important, as it affords a means of 
constructing the polar of any point. For through the point 
A, whether within (Fig. 72 a) or outside (Fig. 72b) the curve, 


A 



we can certainly draw chords meeting the conic in real 
points— e.g ., M and N, M' and N '—and the tangents at the 
ends of such chords intersect at T , T on the polar required. 

This leads to an alternative definition of the polar. 

We first prove that as a chord turns round a fixed point 
the tangents at its extremities intersect on a fixed line. 
This line may be defined as the polar of the given point. 

The advantage of this method consists in the avoidance 
of the use of imaginaries, but, as these enter freely into 
the higher parts of analytical geometry, it is desirable to 
see quite early how they occur. 

197. If a point moves along a fixed line, its polar 
passes through, a fixed point. 

For it is quite clear that its polar always passes through, 
the pole of the fixed line. 

198. Application to the geometrical construction 
of the pole of a given line. 

The result of § 197 gives a geometrical construction for 
the pole of a line CD in all cases (just as the last article 
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did for polars), for some points of the line must be outside 
the curve, and from these, e.g. 9 T, T\ we can draw real 
tangents TM and 771/, and T'M' and T'N' to the curve, and 
the point of intersection of their chords of contact MN, 
M'N' is the .pole A required. Thus it may be readily 
obtained by a real geometrical construction. 

Similarly, this may be taken as the definition of the 
pole of a line, and the same remarks apply as in § 196. 

199. To find the coordinates of the pole of a given 
straight line. 

There are two different methods which we can use. 

I. Suppose A and B are two points on the line. Then, 
by § 192, the polars of A and B both pass through the pole 
of the line AB, and hence their point of intersection is the 
pole required. Thus we select two points on the given 
straight line, write down the equations of the two polars, 
and solve them for their point of intersection. 

II. The more usual method is to suppose that (#„ y,) is 
the pole required, and then choose oj, and y 1 so that the 
polar of the point (a* 1? ?/,) is identical with the given line. 

Example (i.). To find the pole of the line 1 with 

respect to the ellipse aj 2 /a 2 +y 2 / &2= 1 * 

Let (x lt ij\) l>e the pole required ; then the given line must he the 
same as xxfa 2 + yyfu 2 = 1, so that on comparison of coefficients we 

have l = m = //i l fj2 ; 

Xl = a~l and 7/i = b 2 *n. 

Cor. If the pole is on the line, the line must be a tangent. The 
condition for this is a 2 P + b 2 m 2 = 1. 

tii ) To find the condition that the lines == 1 

and = 1 should he conjugate with respect to the 

above ellipse. ... • f 

Here the pole of the second must he on the first, i.e. % the point 
(« 2 / 2 , bhn 2 ) must be on l x x + m x y = 1, and hence the condition required 

jg b 2 tH\ m<2. = !• 

(iii.) Find the pole of the line 6x+ 9t/ + 4 = 0 with respect to the conic 

x 2 + 2 xy + 3 y 2 + 2x + y + \ = 0. 

The polar of (x lt y i) is 

x{x\ + y\+ l ) +y(^i+ 3 t/!+ J) + ^i+ iyi + i = 0. 
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If this be the same as Gx + 9y + 4 = 0, wo must have 

X x + V\ + 1 _ x \ + 3//i 4 - l = X x + 2 //1 4 - 
6 9 4 

and we have to solve for x x and y x . 

From the equality of the first and last wo have 

4 *! + + 4 = 6^*1 +3yj + 3 or — 2x x + y x + 1 = 0. 

Similarly, from the second and last 

4 *!+ 12^+2 = 9x x + ±y x + % or —5xt +! = 0 . 

Solving there two linear equations for x x and y Xt we find x x = 1 and 
< f x = 1, so that the pole required is the point (1, 1). 


Find the coordinates of the poles of the lines 

11. 3# + 4y = 5 with respect to 2x 2 — y 2 = 3. 

12. 5x + y + 4 = 0 with respect to x 2 + 2 xy —y 2 + 2x+l = 0. 

13 . x — y + 12 = 0 with respect to x 2 + xy + y 2 = 3. 

14. Find the equations of the polars of two points P{ 3, 3), Q( 4, 4) 
with respect to 4x 2 +9y 2 = 36, find the coordinates of the point of 
intersection R of the polars, and find the equation of the polar of R. 
Confirm § 192 by showing that this equation is the equation of the line 
joining P and Q. 

15. Prove that the coordinates of the pole of the line lx + my = 1 
with respect to the conic Ax 2 + 2Hxy + By 2 = 1 are 

Bl — Hm Am — HI 
AB-H 2 ' AB-H 2 ' 

16. Deduce that the two lines lx + my = 1, l i x + m l y=l are 
conjugate if Bll x — H{lm x + l x m) + Amm 1 = AB — H 2 . 

17. From the result of Ex. 16, find the condition of tangency for 
the line lx + my = 1. 

200. Polar of tlie centre.—Line at infinity. 

The equation of the polar of the point (x x , yj) with respect to the 
general conic is 

x (ax x + hy x + y) + y (hx x + by x +f) + yx x +fy x + c = 0. 

Now, if (x x , y x ) be the centre of the conic, we have 

ax x + hy x + g = 0 and hx x + by x +f = 0, (§ 96) 

so that the above equation takes the form 

(a:x0) + (yx0) + ;t = 0 where n = yx x +fy x + c , 

and this equation does not involve either x or y. Let us inquire into 
the meaning of this curious result. 
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In the first place, we remark that the equation of every line can be 
brought to the form lx + my — 1, and for different values of /and m 
this represents different lines. Now the intercepts on the axes of 
coordinates are, as is well known, 1// and 1 Jm respectively, and hence, 
the smaller / and m become, the greater are the intercepts on the axes, 
and, consequently, the further away from the origin is the line. 
Ultimately, when / and m are both zero, both intercepts are infinite, 
and the line is wholly at an infinite distance. Whenever the co¬ 
efficients of x and y are zero, we can reduce the equation to the form 
lx + my = 1 where / and m are zero. Hence we infer that 

‘‘ When the coefficients of x and y in the equation of a straight line 
are both zero, the line is wholly at an infinite distance, and is called 
the line at infinity S' 

We accordingly interpret the equation of the £>olar of the centre by 
saying that 

tlie polar of the centime is the line at infinity; 

or, in other words, the centre is the pole of the line at infinity. 

The last paragraph ouly corroborates and states in another form 
what we have already proved while dealing with asymptotes, as 
we can seo in the following manner. An asymptote is a line which 
meets the curve in two points at infinity, i.e . it is a tangent whose 
point of contact is removed to an infinite distance; but the two 
asymptotes meet in the centre, and are therefore the tangents drawn 
from the centre to the curve. Hence the polar of the centre, being 
the line joining the points of contact of these tangents, must be at 
infinity. 

Illustrative Examples. 


(i.) If tlie polar of T with, respect to a conic whose centre 
is C meet the line CT in U, and CT meet the curve in A, 

then CU.CT=CA ~. 

Take for axes CA and CB , the conjugate diameter ; then the point T 
is (aq, 0) where CT = aq, and the equation of the ellipse is of the form 


x 2 _u = 1 
‘ Ifi 

where a — CA and b — CB. 
The polar of T is 



and hence, at U, x = —, 

x t 

i.e. CU = ~, 

*i 


BO that Cl/. CT = « 2 = CA 2 . 


T 



Fig. 73. 
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Note.— Since the equation of PQ is * = « 2 /*„ PQ is parallel to BC, 

whoso equation is x = 0, i.e., the polar of T is parallel to the conjugate 
diameter. Hence, TP, TQ being the tangents, PQ is bisected by CA 
since it is parallel to CB. We infer at once that " the chord of con- 
tact of the tangents drawn from any point is bisected by the lino 
joining that point to the centre.” 


(ii.) To find the locus of the poles of the tangents to one conic A with 
respect to another conic B. 

This is a type of question that frequently occurs. To solve it 
suppose (x X) y x ) is one of the poles. Then its polar with respect to B 
must touch A by hypothesis. Thus we write down the equation of 
this polar, and then, putting the condition that it should touch A t we 
have a relation between x x and y x which is the equation of the locus 
required. 

[The reader should carefully remember this method of solution.] 

E.g., to find the locus of the poles of the tangents of the conic 
x 2 Id 2 + y 2 Ifi 2 = 1 with respect to the conic 

ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c = 0. 

Suppose (x u y x ) is one of the poles ; then its polar is 

x (ax x + hy x + g) + y (hx x + by x +/) + gx x +fy x + c = 0, 


and, by hypothesis, this has to touch x 2 /d 2 + y 2 /&~ = 1. 

Now the line lx + my+ 1 = 0 touches this latter if art 2 + firm 2 = 1, 

but hero I = <!£s+M±f, m = + ; 

gx i + Jy i + c gx x + fy x + c 

a 2 (ax x + hy x + g) 2 + 0r (hx x + by x + /) 2 = (gx x +fy x + c) 2 . 

Dropping suffixes, we see that the locus is a conic whose equation is 

a 2 (ax + hy + g) 2 + £ 2 (hx + by +/)* = (gx + fy + c) 2 . 


(iii.) Find the locus of the poles of the normals to the ellipse 

x 2 /a 2 + y 2 jb 2 = 1. 

The equation of the normal at (x ', f) is 

(fix _ b*y = o2 _ 42 


, . . (!)• 

If ( p , q) is the pole of this line, then the line can also be represented 


by 


and therefore 


whence 


xp 


a 


+ M= l - 
b 2 ’ 


of = 


a* _ _ b* 

p (a 2 — b 2 )' 


y = - 


q (a 2 — b 2 ) 
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But ( af y y') is on the ellipse, and therefore 

x' 2 /a 2 + y' 2 /^ 2 = 1; 

... C « 3 V,C 7 2 _x 

C P (« 2 — 6 2 ) ) i ? (« 2 — £ 2 ) 1 
or p 2 q 2 [a 2 — 5 2 ) 2 = rt 6 # 2 + £ 6 y 2 . 

Therefore the locus of (/>, #) is 

* 2 y 2 (« 2 — £ 2 ) 2 = « fi y 2 + £ r ’. r 2 . 

MISCELLANEOUS EXERCISES ON CHAP. XV. 

18. Find, from first principles, the equation of the polar of the 
point (1, 1) with respect to the parabola y 2 = 2x. 

19. Write down the equations of tho polar of the point (1, 2) with 
respect to the conics xy + x + 2y = 0, x 2 + xy + y 2 = 1, x 2 — y 2 — a 2 , 
ax 2 + 2 hxy + by 2 + 2gx = 0. 

20. Find the coordinates of the pole of the line Ix + my — 1 with 
respect to (i.) x 2 /a 2 — y 2 lb 2 = 1 ; (ii.) y 2 = 4 ax; (iii.) xy =-- c 2 . 

21. Deduce from the results of Ex. 20 the conditions that the two 
lines Ix + my = 1, Vx + m'y = 1 should be conjugate with respect to 
the conics in Ex. 20. 

22. Prove that the polar of a focus of an ellipse is the corresponding 
directrix. 

23. Extend Ex. 22 to the case of a parabola. 

24. Tangents are drawn from a point T (x l9 y{) to the parabola 
t/2 _ 4 ax. Show that the coordinates of the middle point M of the 

chord of contact are X = —— ?££l Y = y x . 

2 a 

25. Show that the line TM in Ex. 24 is parallel to the axis. 

26. The polar of a point T with respect to a parabola meets tho 
diameter through T in V. Show that the middle point of TV is on 
the curve, and that the tangent there is parallel to the polar of T . 

27. The polars of a point with respect to an ellipse and the 
auxiliary circle meet on the major axis of the ellipse. 

28. From points on a given straight line, pairs of tangents are 
drawn to a given circle. Prove that the chords of contact pass 
through a fixed point. 

29. If a system of ellipses be described having a common axis 
major, prove that the polars of any fixed point with respect to them 
all pass through a fixed point on the major axis. ^ 

Extend the proposition to the case in which the ellipses all 

touch at the extremities of a common diameter. 
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30. Find the pole of x cos a + y sin a-p = 0 with reference to tho 
parabola y 2 = 4«.i\ 

31. Find the locus of (s', y') when its polar with respect to y 2 = 4 ax 
is parallel to a given lino lx + my — 1. 

32. If the polar of a point with respect to z 2 /« 2 -y 2 /^ 2 = 1 pass 
through one end of the conjugate axis of the curve, prove that the 
pole will lie on the tangent to the conjugate hyperbola at the other 

end of that axis. 

33. Find the locus of the poles with regard to the circle x 2 + y 2 = a 2 
of the tangents to the circle x 2 + y 2 — 2ax = 0. 

34. If a straight line touches a circle whose centreis the vertex of 
a parabola and whose diameter is equal to the latus rectum, prove 
that the locus of its pole with respect to the parabola is a rectangular 
hyperbola. 

35. Prove that the locus of the poles of the tangents to the circle 
( x ^b) 2 + y 2 = c 2 y taken with regard to the circle x 2 + y 2 = a 2 , is the 

conic (c 2 — b 2 ) x 2 + c e y 2 + 2 a 2 bx — a 4 = 0. 

36. Prove that the polars of a point (/, g) with respect to conics 
whose equations are obtained by giving k different values in 
x- + y 2 + 2kxy = 1 all intersect in a point. 

If (y*, g) move on a fixed straight line, prove that the inter¬ 
section of the polars moves on a fixed hyperbola. 

37. If the polar of a point with respect to x 2 ■a 2 + y 2 / b 2 = 1 touch 
the hyperbola whose equation is x 2 fa 2 — y 2 /^ 2 = 1, the locus of the 
point is the hyperbola. 

38. N is the foot of the perpendicular let fall from a point P on its 
chord of contact with respect to a given ellipse. Show that the locus 
of N is a rectangular hj'perbola if P moves on a fixed straight line 
through the centre of the ellipse. 

39. If PQ be the line joining any point P to the intersection Q of 
the polars of P with respect to two fixed circles, find the locus of the 
middle point of PQ. 

40. If a straight line move so that its pole with respect to a given 
circle moves along a given straight line, prove that its pole with 
respect to any other circle will also move along a straight line. 

41. If the chord of contact of two tangents to a parabola drawn 
from an external point be always normal to the parabola, prove that 
the equation of the locus of the external point is 

y 2 (x + 2 a) + 4« 3 = 0. 

42. Prove that the system of circles with respect to which a given 
point has the same polar line have a common radical axis, viz., the 
line bisecting at right angles the perpendicular from the point to its 
polar. 
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REPRESENTATION OF POINTS ON A CONIC BY 

MEANS OF ONE PARAMETER. 

201. Parameters. —In dealing* with questions relating 
to points on a conic it is frequently more convenient to 
suppose such points to be given by means of one inde¬ 
pendent variable than by two coordinates connected by 
an equation. Thus, if we can find simple expressions for 
the coordinates of points on a conic in terms of one 
variable quantity, h point on the curve may be looked on 
as determined by a definite value of the variable, the 
variable being usually called the parameter. 

For example, in the case of the circle x- + y 2 = a 2 we may put 

x = a cos 0y y = a sin 0 f 

and then to each point on the curve corresponds a different value of 0 
which is now the parameter. 

It is clearly desirable that for every point on the curve 
there should be a value of the parameter, and that no two 
points should correspond to the same value of the para¬ 
meter. 

Of course, we could express both the coordinates in 
terms of one of them, for by solving a quadratic equation 
we can express y in terms of x ; but, as the expression 
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would usually involve surds, it would manifestly be diffi¬ 
cult to work with. We may, however, he able to express 
both x and y in a simple manner in terms of som 9 other 
variable, and in the three equations first found for the 
several varieties of conics we shall, in fact, be able to 
obtain very convenient expressions. 


202. Simple cases of parametric representation. 
I. In tlie parabola y 2 = if we put 


we get 


V = ) 

oc = ay . 1 ) 



so that we have expressed x and y very simply in terms 
of the parameter y when (.t, y) is on the curve. Moreover, 
as each point on the curve has a different ordinate, each 
such point corresponds to a different value of y. 

As y beginning at — oo gradually changes to -f oo, then 
y begins by being — co and gradually changes to -f oo ; so 
the point on the curve begins by being at an infinite 
distance on the portion of the curve below the axis, 
gradually approaches the vertex, and then moves away to 
an infinite distance in the portion above the axis. 

The value y = 0 corresponds to the vertex, for then 



II. The ellipse cc 2 /« 2 +2/ 2 /^ 2 = 

Here, if we put ac = a cos 0 

y = b sin 6 

the point (a*, y ) is on the curve, for then 

— ^ +(-*£-) = cos 2 6 -f- sin 2 0 

= 1 . 

Also, as 0 gradually changes from 0° to 360° the 
corresponding point traces out the ellipse in the counter¬ 
clockwise direction. Finally, no two points correspond 
to the same value of because, if both sin 0 and cos 6 are 
given, we obtain one value only of 0 between 0° and 360°. 
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III. Hyperbola ocr/a? — y‘ 1 2 /b 2 = 1. Here, if we put 

oo = a sec 0, y = b tan 0 . (3), 

the point (<r, y ) is on the curve, and to two different points 
correspond different values of t). 

If 0 gradually increases from 0° to 360°, the corresponding 
point completely describes the hyperbola, but the order 
of description should be carefully noted. The point begins 
at the right-hand vertex, and moves to an infinite distance 
in the upper portion of the right-hand branch when 
0 = 90°; then it starts from an infinite distance in the 
lower portion of the left-hand branch (for now sec 0 and 
tan# are both negative), and, gradually approaching the 
left-hand vertex, reaches it when 0 = 180°, for then 
sec 0 — —1, tan 6 = 0. Then it moves to an infinite 
distance in the upper portion of the left-hand branch, 
and finally comes back to the starting-point along the 

lower portion of the right-hand branch. # 

We may thus speak of “ the ‘point p ” or “ the point 0 
when wo mean the point whose parameter is p or 0. 


1 x _ i + y — \ t being variable, show that the point 

(x y) describes a’parabola whose vertex is at (l, 1), and describe the 
motion of the point round the curve when t varies from - co to + oo . 

[To find the equation eliminate t.] 

2 jf x — a cos 6 + c, y = b sin 0 + cl , show that (.r, y) describes an 
ellipse whose centre is at (c, d), and trace the motion of the point 
round the curve as 6 varies from 0 to 2-jt. 

3. In the rectangular hyperbola x 2 —y- = a 2 show that we may put 

x — a sec 0, y = « tan 0. , 

4. In the ellipse ^/« 2 + yW = 1 the P^ a N n \ e 1 tric th« 

(i.) the ends of the equi-conjugate diameters, (n.) the ends ot t 

latera [Find the coordinates of these points and then tind 0.] 


203. Application of the method in the case of the 

parabola. « 

We shall now give some illustrations of the use o 
representing points on a parabola y 2 = 4 ax by means o 

x = a/* 2 , y = 2 ap. 

One of the most striking advantages arises when we re- 
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quire the points of intersection of the parabola with other 
curves whose equations are given. For, instead of having 
to solve two equations for x and y, we know that the point 
x = ap\ y = 2 ap is on the parabola for all values of p, so 
we substitute for x and y in the equation of the given curve 
their values in terms of p, and there results an equation in p 
giving the parameters of the points of intersection . 

l/SExample (i.). To find the parameters of the points 
of intersection of the parabola y 2 = 4 ax with the line 

= o, and to deduce the conditions of tangency. 

Since for any point on the parabola 

x = apr, y = 2a p, 

the parameters of the points of intersection are given hy 

l (ap?) + m {2ap) + n = 0 or p 2 al + 2 patn + n = 0, 

which is a quadratic for p y showing that there are two intersections, 
for to each value of p there answers one point on the curve. 

If the line touches the parabola the roots of the quadratic must 

obviously he equal. 

The condition for this is 

a 2 m 2 = an l or am 2 = In. 

Example (ii.). A circle meets a parabola in four points, and 
the sum of the ordinates of these points is zero. 

For the equation of the circle is of the form 

x 2 + y 2 + 2 gx + 2 fy + c = 0, 

and accordingly, putting x = ap 2 , y = 2 ap y we find an equation of the 
fourth degree for p , viz., 

p A a 2 + p- (2 ga + 4a 2 ) + 2 pfa + c = 0. 

Thus there are four points of intersection, since the equation in p 
is of the fourth degree.- 

Since there is no term in p 3 , the sum of the roots is zero. 

But 2 a times each root is the corresponding ordinate; therefore the 
sum of the ordinates is zero. 


204. To find the equation of the chord joining 
two points whose parameters are p Y and p 2 . 

The chord joining (x j, t/i) to (#*, yf) is 

y—y i _ y-i—Vi or y—2ay i _ 2a Q 2 —mO _ 2 


X — X, 


Hence 


or 


x a —X! x — afif a(/j 2 s —/ j; 2 ) + 

y (Mi + Pi) —Zayi Oa + Z'i) = 2a: — 2 a/i , 2 

V(P 2 +H ,)—2as== . (4). 


o~ 
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205. Tangent at the point /x. —By putting /< 2 = p T = p 

in the equation of the chord, we deduce the equation of 
the tangent at the point whose parameter is p, namely 

2 yp — 2x = 2a,u 2 

or oc—py+ap 2 = O . (5). 

206. Geometrical meaning of the value of p. 

It is useful to know the geometrical meaning of /x in 

the equations x = ap 2 , y — 2 ay. 

We can deduce this immediately from the equation of 
the tangent, for the angle the tangent makes with the axis 
is \/p, and hence p represents the cotangent of the angle 
ivhich the tangent at the point p makes with the axis of the 
parabola. 

207. We saw in § 48 that the line 

y = mx-\- a/m 

touches the parabola for all values of m. It is interesting 
to compare this with the equation of the tangent at the 

point /x, which is x — py-\-ap 2 = 0. 

We see at once that the two are identical if 

p = 1/m. 

"We might thus have used m as our parameter, and 
then we should have 

x = a/m 2 , y — 2a/m ; 

and now m denotes the tangent of the inclination of the 
tangent at the corresponding point to the axis of the 
curve. But by using p we avoid fractions. 

Example.—If the tangents at two points arc at right angles , the chord 
joining them passes through the focus. 

Let the points be p x and /x>; then, since the tangents are at right 

angles, we have n-\Pi = —1* 

But the chord joining them is 

y(p i + t**) — 2 * = 2 a PiPir- 
and this meets the axis where 

x = —a h i/* 3 = a 9 

i.e. in the focus. x 
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208. Two tangents can be drawn to a parabola from any 
point, and, if they are at right angles, the point is on 
the directrix. 

Suppose the coordinates of the point aro x x , y x . The equation of 
the tangent at the point y is x — yy + ay 2 = 0, and, if this pass 
through (x x , y x ), we have 

<ty 2 — M!/i + 

which is a quadratic for y. 

There are thus two values of /x, giving points on the curve the 
tangents at which pass through the given point. If these values aro 
y Xj y 2 , then when the tangents are at right angles we have 

Mi M2 = — 1 • 

But, by the theory of quadratics, y x y% = xja ; or x x /a = —1, i.e., 
X x + a = 0, or, in other words, the point (x x , y x ) is on the directrix. 


Exercises. 

^ 5. Prove tbat tbe coordinates of tbe point of inter¬ 
section of the tangents of a parabola at the points m and 

1*2 are a\L X \*•>, « (p-i+K-i)- 

[This result is extremely important.] 

6. Prove that, if am 2 , 2 am are the coordinates of one end of a focal 
chord of a parabola, the coordinates of the other end are 

a 2 a 
m 2 9 m 

7. In the parabola y 2 — 4x, find the coordinates of the points for 

which the values of the parameter are 1,2, — — 1 £. 

8. What is the value of the parameter y for the extremities of the 
latus rectum of y 2 = 4 ax ? 

9. Find the coordinates of the point on the parabola y 2 = x the 
tangent at which makes an angle 60° with the axis. 

10. Obtain the equation of the chord joining two points y x , y o by 
putting for {x x , t/j), (# 2 , y 2 ) their values in the equation 

( y-y \) (v-'J*) = y 2 -4ax. 

11. A chord PQ of a parabola moves so that the product of the 
tangents of the angles that the tangents at P and Q make with the 
axis is constant. Show that these tangents meet on a fixed ordinate 
of the parabola. 

Show also that, if the sum of the tangents of the angles be con¬ 
stant, the chord meets the tangent at the vertex in a fixed point, 

CEOM J*T. II. Q 



226 REPRESENTATION OF POINTS ON A CONIC BY ONE PARAMETER. 


209. Normal at any point to the parabola. 

The normal at the point p passes through this point, 
and is at right angles to the tangent. Now the tangent is 

x — fiy-\-cui 2 = 0 ; 

consequently the normal at fx (a/< 2 , 2 ap) is 

P (x — aju 2 ) (y — 2a/i) = 0 

or P&+V = 2 ay+ap* . (6). 

This equation is practically that obtained in §181. 
The student should verify this by comparing the geo¬ 
metrical meanings of m and p. 

210. Three normals can be drawn from any point to a 
pai’abola. (Of. § 180.) 

Let (x l9 t/i) be the given point; then the normal at the point/* passes 
through this point if p.r } + y Y = 2 ap + ap* 

or ap* + M ( 2 « — * r i)— -H\ = 0 .(a). 

Now this is a cubic equation for p, and, consequently, there are 
three roots, and, corresponding to each, a point on the curve, the nor¬ 
mal at which passes through (x^ y Y ). 

Caution. —From the theory of equations, it is known that equation 
(a) must have three roots or one root real (not two real or all 
imaginar)’). To these correspond one or three real normals, the others 
being imaginary. 

Cok.—I f p u p 2 , fx 3 are the roots of the equation in p, we have 

mi + ^2 + M3 = 0 ; 

M2M3+ M3M1 + M1M2 = — x \)! n > 

M1M2M3 = U\! a - 

Of these three equations, the first is the condition that the three 
normals should meet in a point, for it does not depend on the coordinates 
of the points. 

It follows at once from it that, if the normals at these points be 
concurrent, the sum of the ordinates is zero, for this sum is 

2 a (p x + p 2 + M3) • 

The other two equations give the coordinates of the point of 

intersect ion. 

Example (1.). If the normals at two points A and B of a parabola 
intersect on the curve , then the line AB passes through a fixed point. 

Suppose that the normals in the points p lt p 2 meet in a point P on 
the curve whose parameter is p and whose coordinates are x % y. Then 
the three values of p corresponding to points whose normals pass 
rthrough P are ju, p if p 2. Hence, by the above, 

PP1P2 = Vl a = 2 *m/« = V or = 2 , 
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Now the chord joining the points p lt /i» ( AB) is 

y (ah + Ai-) - 2a; = 2ap x p. 2 , 

so that it meets the axis of the curve in the point 

x = — ap I/*-, y = 0 ; or (— 2nr, 0) ; 

therefore the chord passes through a fixed point on the axis pro¬ 
duced, distant 2a from the vertex. 

Example (ii.). To find the points of the parabola if = 4x, the normals 
at which pass through the point (-> s 5 -, — }). 

Here a = 1, and we have x = p 2 , y — 2/a. 

The normal at any point /a is px + y = 2/a + /a 3 . 

Hence, if it passes through (J^ f — £), we have the cubic for /a, viz. 

* /a 3 + /i (2— x) — y = 0, i.e. p? — pi + «* 0. 

This being of the third degree, we cannot solve it directly; but one 
solution clearly is p = 1. Hence the others are given by 

p 2 + p —t 

i.e. they are — f. Consequently the three points are 

P = l, x = 1, y = 2; /A = 4, # = i, y = i; ^ y = — 3 - 

The reader should draw a figure so as to actually see three con¬ 
current normals. 


12. The equations of the normals at the ends of the latus rectum 
of y 2 — 4x aro x + y = 3 and x—y = 3, respectively. 

13. If the normal at p meet the axis in G. find the length AG , and 
hence show that the subnormal NG is constant and equal to 
the semi-latus rectum. 

14. Show that the normal at the point p meets the curve again in 
the point for which the value of the parameter is — (p 2 + 2)/p. 

Write down the coordinates of this point. Draw the figure 
for p = 1. 

15. Find the points on the parabola y 2 = 4 ax the normals at which 
pass through the point (9, —6), and draw a figure. 

16. If the normals at P, Q> R meet in a point, the sum of tho 
ordinate of P, Q , R is zero. 

Hence, if the normals at Q and R meet in the normal at a fixed 
point P, show that QR is parallel to a fixed straight line. 

17. From the point p x on tho parabola y 2 — 4ax> two normals can 

be drawn besides the normal at this point, and the parameters of their 
feet are given by p 2 + pp l + 2 = 0. 

[Put x = api* t y = 2 apx in cubic for p and note that p = p\ is a root .3 
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211. Application to the ellipse.—Eccentric angle. 

We have seen that the coordinates of any point of the 
ellipse x 2 /a 2 y 2 /b 2 = 1 can be expressed in the form 

x — a cos ft, y = b sin ft. 

The geometrical meaning of ft is very simple. Suppose, 
in fact, that P is the point on the ellipse, corresponding 
to a definite value ft of the angle. Draw PN perpendicular 
to AO A' and produce NP 
to P' such that 

P'N : PN = a : b; 

then the coordinates of P’ 
are x = a cos ft, 

y = — X b sin 0 = a sin ft. 

' b 

Thus P’ always lies on a 
circle called the auxiliary 
circle, its equation being 

ac 2 +v 2 = a\ 

so that the major axis is 
a diameter. 

Further, since 

CP' = a and CN = a cos ft, 

ft is the angle NOP 

Hence, if tee describe a circle on the major axis as diamete't , 
and produce the ordinate of P to meet tins circle in F , then 
the angle FGA is called the eccentric angle of the point H, 
and the cooi'dinates of P are a cos ft, b sin ft, where ft is the 

eccentric angle. 

Corresponding points. — Definition.— P is called the 
point corresponding to P on tlie auxiliary circle. P ana 
P’ are sometimes called corresponding points. 







Cor. If the coordinates of a point on the ellipse be a?, y, 
the coordinates of the corresponding point on the auxiliary 


circle are 



x. 
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The method of measuring the eccentric angle must be 
carefully noticed. If P be a point on the ellipse and P ' 
the corresponding point on the auxiliary circle, then the 
eccentric angle of P is the angle AGP' between the positive 
direction of the major axis and the radius CP' of the 
auxiliary circle. 


212. To show that the area of an ellipse whose 
semi-axes are a and b is nab. 

Suppose the major axis divided into a very large 
number of equal parts. Let NN f be one of these parts, 
and draw ordinates P'PN, Q'QN' 

to meet the ellipse in P, Q , and 
the auxiliary circle in P\ Q '. 

Complete the rectangles N N'QR 
and NN'Q'R and follow out the 
same process with respect to 
every portion of AA'. 

Since 

QN' : (?'/!/' = b : a, 

rect. NN'QR : rect. NN’Q’R ' 

= b : a. 

Similarly, all other such 
rectangles are in the same ratio. Thus the sum of the 
rectangles terminated by the ellipse bears to the sum of 
those terminated by the circle the ratio b : a. 

But, when the number of parts is made indefinitely 
large, the sum of the rectangles of the type NN'QR 
becomes the area of the upper half of the ellipse, and the 
sum of those of the type NN’Q'R ' becomes the area of 
the upper half of the circle. Hence 

area of ellipse : area of circle = b : a. 

But the area of the circle is n a 2 . 

Hence the area of the ellipse = na 2 . — 



a 


nab 


• • 


(7). 
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Example .— To Jind the area of the ellipse Ax 2 + 2Hxy + By' 1 = 1. 

We need to find the product of the semi-axes. 

Now the semi-axes a , h are given by the equation in r 

7 *) =S2 or = 

Thus -A, = AB-m ; (Tut. AJg., II., § 156) 

a-b £ 

so the area = -nab = —- r -r-r- : . 

Vab-h 2 

[The expression under the radical is positive, since AB — K 2 > 0 
for an ellipse.] 

Exercises. 

18. Find the coordinates of the points of intersection of the normals 
to the parabola y 2 = 4 ax at the points p, p! in the form 

x — 2a -f a (p 2 + pp + p 2 ) y y = — app (p + p). 

19. If the point p approach, and ultimately coincide with, the point 
p! y show that the point of intersection of the normals is 

x = 2 a+ Sap 2 , y = — 3 ap*. 

This, the point of intersection of two consecutive normals, is 
called the centre of curvature at the point p. 

20. The area enclosed by any two ordinates and the ellipse is to the 
area enclosed by the same two ordinates and the auxiliary circle as b : a. 

21. If P , Q , R be three points on the ellipse and P\ Q ', /?' the 
corresponding points on the auxiliary circle, then 

A PQR : A P'Q'R’ = b: a. 


213. Equation of the chord of an ellipse joining 
two points whose eccentric angles are a and ft. 

The coordinates of the points are 

(a cos a, b sin a), (a cos/3, bsin/3). 

Therefore the equation of the line joining the points is 

x — a cos a a (cos a — cos ft ) 

y — b sin a b (sin a — sin /3) 

or bx (sin a — sin (3) — ay (cos a — cos />) 

— ab (sin a cos /3 — cos a sin fi) = 0, 

a — B a -4 -0 . r» • a+/3 



or bx. 2 sin 


fi a -4-/3 . 0 . a-\- B • a — 

£ cos-^i^ + ay. 2 sm sin — 

— ab sin (a—/3) = 0 ; 

-B 


and hence, on dividing across by 2 sin - 


we 


find 


2 
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, a 4-/3 , • a 4-/3 

to cos ——- \r ay sin —-— 


ab cos 


« 


ft 


or 


£lcos^±£ + f 

« 2 fc 


sin 


a+£ 


COS 


2 

a 


0 


/3 


( 8 ). 


2 2 

Cor. Tlie equation of the tangent at the point a is 

sin a = 1 . (9). 


— cos a+ 
a o 


This is obtained by making a = ft in the equation of 
the chord joining* the points a, ft, which then becomes the 
tangent at the point a. 

214. The equation of the chord joining the points 

JL —^ y-V • 

whose eccentric angles are a-f ft, a —/j is 
— COS £ (a + ft-\-a-ft) -f f sin^ (a-h/3 + a — /3) 

? = COS 4 (u.-\- B — a-\- ft). 


or 


«T x V - 

— COS a + sin a 

a 6 


cos /3, 


a very simple form. 

Again, if /3 be constant in this equation, the chord is 
the tangent at the point a on the ellipse, whose axes are 
a cos ft, b cos ft, so that chords joining two points whose 
eccentric angles differ by a constant quantity always 
touch an ellipse. 

Cor.—I f the points \ (a 4-/3), \ (a— ft) be the ends of 
a focal chord, the equation of the chord is satisfied by 
x = = 0, and we have cos/3 = 4r e cos a. 

The product of the perpendiculars from the focus 
on the tangent to an ellipse is equal to the square of the 
minor axis. 

The foci are ( ae , 0), ( — ae, 0) ; the perpendiculars from them on the 
tangent at the point a or x cos a/ a + y sin a/ b — *1 are 


ae cos q 
a 


- 1 


and 


ae cos a 
a 


-1 


V cos 3 a 
a 2 

Tin product is 

1 —e 2 cos 2 a 


b 2 cos 3 a + a 2 sin 2 a 


si n 2 « 
b 2 


a 2 b' 2 = 


v 


sin 2 a 


b 3 


l — e 2 cos 3 a 


a 2 (1 — e 2 ) cos 3 a + a 2 sin 2 a 

1 — C 2 COR 2 Cl oio ;o 

a-b- = b~. 


aW 


a 3 (1 — £ 2 cos 2 a) 
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216. If CP, CD be a pair of conjugate semi- 
diameters of an ellipse, both above or both below 
the axis of oc, then the eccentric angles of P and 
D differ by a right angle. 

If a, /} are the eccentric angles of P and D , then the 
equations of CP , CD are 


b sin a b sin S 

y — x - and y = x - 

a cos a a cos /i 

But, if the lines y — mx and y = vi'x are conjugate 
diameters, vivi' = — b 2 /a 2 . (Ex. 6, p. 175) 


Hence 


b 2 sin a sin /3 


V 


a 


2 


(r cos a cos ft 
cos a cos ft -f- sin a sin /3 = 0 or cos (a — (3) = 0. 

Therefore a — /3 is one right angle or three right angles. 
Since CP and CD are both above or both below the axis 
of x , the difference of three right angles is inadmissible. 


Cor. If the conjugate diameters be CP, CD , then, if P 
be a, D may be taken to be ct-f- 


7r 


217. The sum of the squares of two conjugate 
semi-diameters of an ellipse is constant, and the 

parallelogram constructed on them as adjacent 
sides is also constant in area. 


By § 216, Cor., the coordinates of P and D are 

7r 


a cos a, b sin a and acos^« + — 


b sin -f- 



or Cl cos a, b sin a and * — u sin a, b cos a. 

Hence 

CP 2 = a 2 cos 2 a -J- b 2 sin 2 a , CD 2 = a 2 sin 2 a + b 2 cos 2 a ; 
leading at once to CP 2 -\- CD 2 = a 2 -j-5 2 . 

Again, the parallelogram = 2 A CPD 

— 2.4 {a cos a 5 cos a — 5 sin a ( — a sin a)} 

= ah (cos 2 a + sin 2 a) = a6. (Pt. I., § 4, Cor.) 

Thus both results are proved. 


• « 
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Exercises. 

22. Show that the eccentric angles corresponding to the equal 
conjugate diameters are 45° and 135°. 

23. In the ellipse x 2 /a 2 + y 2 /# 5 = 1 find the equation of the chord 
joining the points whose eccentric angles are 30° and 120°^; also of 
that joining the points whose eccentric angles are 30° and 60°. 

24. Show that the line joining the extremities of two conjugato 
diameters of x 2 /a 2 + y 2 /b 2 = 1 touches x 2 /a- + y 2 /b 2 = 2. 

25. Find the coordinates of the points of intersection of the tangents 
at o, & in the form 

x = a cos £(a + /3)/cos£ (a — £), y = b sin \ (a + $)/cos £ (a — £). 

If (a + 0) he constant, show that the locus of (x, y) is a straight line 
through the centre, and, if (a — /9) be constant, the locus is an ellipse 
whose equation is x-ja 2 + y 2 /b 2 = sec 2 hy where a — fi = y. 

26. If the eccentric angle of P be 6 , show that, with the usual notation, 
CD 2 = « 2 ( 1 _ *2 CO s*-0), SP = a(\—e cos 0), S'P = a( 1 +c cos0), 

aud deduce that SP.S'P = CD 2 . 

27. The portion of a latus rectum intercepted between the auxiliary 
circle and the ellipse is equal to the minor axis. 

28. The perpendicular p on a tangent to an ellipse makes an angle a 
with the major axis. If P be the point whose eccentric angle is a, 
show that CP = p. 

[Remember that p 2 = o*cos 2 a+5*sin 2 a.] 


29. Deduce the equation of the chord joining the points a, £ from 


the form 


(x—Xy)(x—X 2 ) (y-ijj) (;/— th) = . 

.2 ip. 


a 


a 2 



30. P and Q are two points on an ellipse, and p, q the corresponding 
points on the auxiliary circle. If the equation of PQ be lx + my = 1, 
show that the equation of pq is 

lx+ m^-y = 1. 
b 

[Find the equations of both in terms of the eccentric angles of P and Q .] 
Hence show that PQ , pq meet on the major axis of the ellipse. 

31. Prove that the tangent at any point of an ellipse and 
the tangent at the corresponding point of the auxiliary 
circle meet on the major axis. 
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218. To find the equation to the normal at any 
point of an ellipse. 

The normal at the point 0 is perpendicular to the 
tangent at that point and passes through the point. 

But the equation of the tangent is 


x 


cos 0 ■f sin 0 = 1; 

a b 


therefore the normal is 

a 


cos 6 


(x — a cos 0 ) 


sin 6 


(y — & sin 0) 


or 


CIOC 


by 


a 


h~ 


cos 0 sin 6 ^ ^' 

which can also be deduced at once from the equation of 
the normal previously given. 


219. Four normals can he drawn from any point to au 
ellipse. 

If the normal at the point 0 passes through a given point (aq, y,), wo 

have - ^L=„2_42. 

cos 0 sin 0 


This is an equation for 0, from which we can determine all the 
points on the conic the normals at which pass through (.r 1} y Y ). 

Now, to solve an equation containing both cos 0 and sin 0 the 


common device is to put 



so that 


cos 0 = 


1 —t- 


sin 0 = 


2 1 


1 + & “ 1 + * 2 
and hence, putting in these values* wc find an equation for t. 
In our case we get 

ax \ ( 1 + * a ) _ hl J\ = (a? — b~) 

l-t* *2t 


or ax x 2t{ 1 + **) - tyi (1-* 4 ) = (a* - b*) 2t (1 - fi). 

That is, t*.by l + 2t 3 (ax l + a 2 —b*) + 2t(ax l — = 0. (b) 

This equation, being of the fourth degree, has four roots ; each root 
gives a value of cos 0 and sin 0, and hence we see that through any 
point four normals can be drawn to an ellipse. 

Caution. —Equation (b) can have imaginary roots. From the 
theory of equations it is known that it has either 4 or 2 real roots, 
and hence to these three cases correspond 4 or 2 real normals, the 
others being imaginary. 
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’ 4* -V ' 


220. From the last article the reader will have seen the advantage 
of putting t = tun 40 in discussing somo problems connected with 
the eccentric angl*'. With this value of < we have 


x — a cos 6 = a 


l -* 2 
1 + * 2 ’ 



b sin 0 



2 1 . 
1 + * 2 ’ 


so that we have represented the coordinates of any point of the curve 
rationally in terms of one parameter t. This is the secret of the simpli¬ 
fication obtained by introducing t> for rational functions are the ones 
whose properties are best known. The same remarks apply to the 
hyperbola. 


221. Application to the hyperbola. —In the hyperbola 
x*/a*— if/b- = 1, the coordinates of any point can be 
expressed in terms of one pai'ameter 0, thus: 

x — a sec 6 , y ss b tan 6. (§ 202) 


The geometrical meaning 

of 0 .—Let P be the point 
whose coordinates are 
a sec 0 , b tan 0. Draw the 
ordinate PN, and from N 
draw a tangent NT to 
the auxiliary circle, and 
join CT. Then 

sec JGN = CN/CT 

= x/a = sec 0. 

Therefore the angle TON 
is equal to the parametric 
angle 0 of the point P. 



Properties of conjugate diameters 
properties can, by the aid of 
the angle 6, he obtained more 
easily than in the method in¬ 
dicated in § 167. 

If CP be a diameter and CD 
its conjugate, we have 

coordinates of P are 

a sec 0 f b tan 0 ; 

and the 

coordinates of D are 

a tan 0 , b sec 0. 


of a hyperbola .— Some of these 


K- 



Fig. 77. 
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(i.) CP 2 — CD' 2 = (a 2 scc 2 0 + b~ tan 2 0) — {a 2 tau 2 0 + b 2 sec 2 0) 

= {a- — b 2 ) (sec 2 0 — tan 2 0) 

= a - b-. 

(ii.) If parallelogram CPKD be completed, 

area of CPKD = 2ACPD 

= ab (sec 2 0 — tan 2 0) 

= ab. 

(iii.) The tangents PK, DK are, respectively, 

x see 0 y tan 0 


(Pt. I., § 4,Cor.) 


a 

x tan 0 
a 


= 1, 
o 

y sec 0 _ 1 
b ' 


Their point of intersection K satisfies the equation 

x sec 0 y tan 0 _ x tan 0 y sec 0 
a b a b 


or 


— = —, which is the asymptote. 
b 


a 


Therefore K lies on the asymptote. 


222. Uormals from any point to a hyperbola. 

(i.) In a manner similar to § 218, it can be shown that 
the normal at the point ft of a hyperbola is 

JLUL + JUL. = a 2 +t > 2 . (li). 

sec ft tan 6 

(ii.) Thus the points the normals at which pass 
through (ajj, y x ) are given by 




ax. , by. 


sec 0 tan ft 


a 2 + b\ 


then 


To solve this equation, put 

tan* 4ft 
_ 1 + <*” 


sec 6 


— t ; 
tan 0 


2 1 

1 -* 2 ’ 


~ 1 -* 2 ’ 

and the equation becomes 

by l t* + 2t 3 {a 2 + b 2 ax x } + 2t {a 3 + 6 2 — ax,} - by x — 0. 

Prom this equation we see that, just as with the ellipse, 
four normals can be drawn from any point to a hyperbola. 
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223. We have seen ho*7, in the case of conics, the coordinates of any 
point on the curve can be expressed as functions of one variable called 
the parameter. Conversely, when the coordinates of a point are 
expressed in terms of one unknown quantity, the point lies on a curve 
whose equation is found by eliminating this parameter. 

Example.—If 

x = AcosO + B sin 0 + C, y = A ' cos 0 + B' sin 0 + C, 
show that (x, y) lies on a fixed conic. 

Here we have to eliminate 0 between 

A cos 0 + B sin 0 + C— x = 0 and A ' cos 0 + B’ sin 0 + C'—y = 0. 
Regarding cos0 and sin 0 temporarily as two distinct unknown 
quantities, and solving, we get 

_ cos 0 _ _ _ sin 0 _ = 1 . 

{Ji (C - y) - B'(C - x)\ {A'(C-x)-A (C'-y)} AJi'-A'Jt' 

and hence, since cos- 0 + sin 2 0=1, 

{B(C'-y)-B’(C-x)Y+ {A’ ( C-x)-A (C'-y)} 2 = (AB' — A'B)-, 
an equation of the second degree, so that the locus is a conic. 

The terms of the second degree are 

(By - B'x) 2 + (Ay - A'x)*, 

and the factors of this are imaginary, or ah>h 2 in the standard 
notation; therefore the curve is an ellipse. 


Exercises. 


32. Find the coordinates of the point of intersection of the normals 
at the points whose eccentric angles are 0, <p on the ellipse 
+ y-/b 2 =1 in the form 


x = 


a 


2 — /,2 


cos 0 cos *t> 


a 


COS I (0 -4- <J>) 
COS £ (0 — (p ) ’ 




sin 0 sin 



sin ^ (0 + <p ) 
cos £ (0 — <p) 


33. If the point <p approach and ultimately coincide with 0, show 
that the point of intersection of the normals becomes 

a 2 — h- « a 2 — b 2 • o a 

x — -cos 3 0, y - --— sin 3 0. 

a b 

This, the point of intersection of two consecutive normals at 0, is 
called the centre of curvature at that point. 

34. Where are the feet of the four normals drawn to an ellipse from 
its centre ? 

35. Show that, from a point (4, 0) on the major axis of an ellipse, 
two normals (besides the two directions of the major axis) can he 
drawn; and find the equation for tan £0 in the form 

t 2 (a$ + a 2 — b 2 ) + a 2 + l 2 ) = 0. 
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36. Show that the line PD in Fig. 77 has a direction independent 
of the position of P. 

37. From a point (0, tj) on the minor axis of an ellipse, two normals 
can be drawn besides the two directions of the minor axis. Show 
that the equation for t has two roots ± 1 corresponding to the ends of 
the minor axis, and that the remaining roots are given by 

l) + 2(«2_£2), = Q. 

Thus show that the two remaining normals are only real provided v 
is numerically less than (a 2 — b 2 ) / b . 

Illustrative Examples. 

(i.) The orthocentre of the triangle formed by three 
tangents to a parabola is on the directrix. 

Take the parabola to be y 2 = 4 ax, and suppose the triangle PQR 
formed by the tangents at yui'M 2 »/*.v have to form the equations of 
the perpendiculars from P, Q, R on the opposite sides. 

Now R is the point of intersection of the tangents at and ^ and 
its coordinates are therefore 

«0*1+A*2). (Ex. P* 225 ) 



The perpendicular through it to PQ or z—fx 3 y + a/x 3 2 = 0 is therefore 

H 3 (#—0M1P2) + (y — a Mi + /* 2 > = °* 

This meets the directrix where x = — a, and hence 
y « a (^ + fj^) — fx 3 ( — a — or y = a {fx x + + A*3 + MiP2P3}- 

But this is symmetrical in /x x , n 3 . 

Therefore the other perpendiculars meet the directrix in the same 
point. 
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(ii ) V 


0+ 1 


t + 1 


* (<-l)(<-2)’ V (I! —1)(<-2)’ 

show that {x y y) lies on a hyperbola y and find the asymptotes . 

By multiplying up, we get two quadratics for t t and therefore, on 
elimination in the usual way, we find an equation of the second degree 
in x and y. 

To find the asymptotes, we might proceed from the equation found, 
but the following is more instructive. 

For a point at infinity, x and y are infinite, hence t = 1 or t = 2 ; 
these values give the points at infinity on the curve. 

Now, if Ix + my + 1 = 0 be an asymptote, it meets the curve in two 
points at infinity. 

Putting in for x and y their values in terms of t, we have 

/ (<*+ 1 ) + ($ + 1 ) + (£ — 1 )) (£— 2 ) = 0 , 

giving the two values of t for the points of intersection. If, then, 
lx + my +1=0 be an asymptote, the roots of this quadratic must be 
either 1, 1 or 2, 2. 

The quadratic is 

t 2 (l + 1) + t (m — 3) + / + m + 2 = 0 ; 

if it be the same as t 2 —2t+ 1=0, which has roots 1, 1, we have 

1+ l _ m— 3 _ l + m + 2 
1 -2 ~ 1 

from which we find l — 1 , m = — 1 , so that one asymptote i» 

x—y+ 1=0. 


The other is given by 

l+l 


m — 3 l + m + 2 


1-4 4 9 

leading to / = — f, m = f, so that the second asymptote is 

+ 1 = 0 or 3x-5y— 7 = 0. 

(iii.) To find the equation of the circumcircle of the triangle formed by 

the tangents to a jmrabola at p 3t and to show that this circle passes 

through the focus. 

The equations of the tangents are 

B—PlV + api* = 0, x — p 2 y + ap. 2 2 = 0, x — p 6 y + ap£ = 0. 
Consider the equation 

A x (x—p. 2 y + apf) (x—p z y + apf) + A 2 ix-p^y + ap 3 2 ) (x—p x y + ap x 2 ) 

+ A 3 (x — piy + apf) (x—p 2 y+au. 2 2 ) = 0, 

T which the A 9 s are numerical factors. Since it is of the second 
degree, it represents a conic, and it is easy to see that each term of the 
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sum vanishes for the point of intersection of two of the tangents. 
Therefore for all values of the A’a it represents a conic circumscribing 
the triangle. We have only put down the conditions for a circle, 
viz., the coefficients of x 2 and y 2 are equal, and that of xy is zero. 

Thus we get 

i (1 —M2M3) + -^2 (1 —A 4 :*Mi) + -^3 (1 — Mi M2) = 

A x (m2 + M 3 ) + ^2 (M 3 + Mi) + -^3 (mi 4 M 2 ) “ 
two equations to solve for the ratios of the A*a. On solving in the 
usual way, we find 

Ai : A 2 : = (^ 2 — Ma) (1 + Mi 2 ) • (Ms — Mi) (! +M2 2 ) • (Mi -M2) (* +M3 2 )» 

and the equation of the circle can be written down at once. The 
reader should see that the factors (mi —M3)» (m3~Mi)» (mi - M2) divide 
across, and that the equation reduces to 

x 2 -f y- — (1 + M2M3 + M3M1 + Mi M2) — a lf (mi + M2 + M 3 — M1M2M3) 

+ (Mi M3 + M3M1 + Mi M-2) = 

It follows at once that the circle passes through the point ( a , 0), 
i.c., the focus of the parabola. 


MISCELLANEOUS EXERCISES ON CHAP. XVI. 

38. Find the parameters of the points of intersection of the curve 
j /2 _ \ ax with the straight line y = mx + c. Deduce the condition 

of tan gen cy. 

39. If a chord meets the axis of a parabola in a fixed point, the 
product of the ordinates at its extremities is constant. 

40. The sum of the ordinates of the extremities of each chord of a 
system of parallel chords is the same for all. 

41. If the tangents drawn from a point (*„ y,) to the curve y 2 = 4ax 
make angles 0, <p with the axis, then show that 

tan 0 tan d> = —, tan 0 + tan <£ = '—. 

x t *\ 

42. From Ex. 41 deduce that the locus of the intersection of 
tangents to a parabola meeting at a constant angle a is a conic. 

= a.) 

43. Deduce the equation of the chord of an ellipse joining two 
points whose eccentric angles are a and 0, by substituting in the 

chord equation 

(*-*,) (*-* 3 )/« 2 + ( y-yO ( y - ys )/* 5 = * 7 « 2 + yV * 2 - 1 - 

44. Prove that the product of the perpendicular distances of the 
focus from any two parallel tangents to an ellipse is constant. 
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45. CT is tlio central perpendicular on the tangent to an ellipse 
at the point whose eccentric angle is 0, and CP is tho central radius 
which is inclined to tho axis major at an angle 0. Prove that CT=CP • 

46. If tho tangents to an ellipse at the points whose eccentric 
angles are a and 0 meet in the point ( x\ //'), prove that 

tan- i {a - 0) = x'^a* + y' 2 ///- - 1. 

47. The normal at the point whose eccentric angle is <p makes an 
angle if/ with the major axis. Prove that a tan </> = b tan if/. 

48. The normal at a point (a cos <p , b sin </>) on an ellipse makes an 
angle 0 with tho central radius vector of the point. Provo that 

2ab tan 0 — (a 2 —b 2 ) sin 2 (p. 

49. The coordinates of any point on a certain curve are expressed 
in terms of a single variable t t as follows:— 

x = \ + t + t 2 , y = 1 -1 + * 2 . 

Determine the nature of the curve, and trace it. 

50. The length of the chord joining the points whose eccentric 
angles are a+0, a — 0 is DO' sin 0 y where DD' is the parallel 
diameter. 

61. If p ho the point on the auxiliary circle corresponding to a 
point P of the ellipse x 2 /a 2 + y' 2 /b' 2 = 1, prove that the normals at P 
and p meet on a lixed circle. 

52. Prove that, whatever value 0 may have, the locus of a point 
whose coordinates can be expressed in the form 

• — _ 2b 

is an ellipse. 

53. In tho ellipse z 2 /a 2 + y 2 /b 2 = 1 express the condition that the 
tangents at 0, <p should be at right angles. If = tan ^0, t 2 = tan \(f>, 
show that the condition is 6 2 (1 — t x 2 ) (1 — * 2 2 ) + 4 a 2 l l t 2 = 0. 


54. If the tangents to an ellipse at the points a, 0 meet in (.r„ y x ), 
show that 


_ cos 4 (a + 0) 

1 cos 4 (a 0) 1 


_ . sin 4 (a + 0 ) . 
‘ 1 cos £ {a—0) 


also show that in the same case tan £a, tan are the roots of tho 
equation in t t 2 ^ 1 + ^ ^ — 2t ^ + 1 — ^ = 0. 

55. By using 53 and 54 show that, if the tangents drawn from (.rj ,y x ) 
to the ellipse are at right angles, then x-p + y{ 2 =- a 2 b 2 , or (x ly y{) lies 
on the director circle. 

56. If P, Q are two points on the ellipse whose eccentric angles are 
<pi, «pQt prove that the tangents at P and Q will intersect on the 
auxiliary circle, provided 

a 3 COB 3 & ~ *& = a 2 COB 2 ' p - 2 + A 2 sin 2 2x±$S i 

2 2 2 


OEOM. PT. 11 . 


It 
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57. Prove also that in this case (Ex. 56), if P and Q' be points on 
the auxiliary circle corresponding to P and Q, the chord P'Q' will 
touch the ellipse in the point corresponding to the point of intersection 
of the tangents at P and Q. 

58. If the length of the portion of the tangent to an ellipse inter¬ 
cepted between its axes be equal to the sum of its semi-axes, prove 
that the length of the perpen licubir on the tangent from the centre is 
a mean proportional to the semi-axes. 

59. If the coordinates of any point on a curve are given by the 
equations x = a tan (0 + a), y — b tan (0 + £), where 0 is variable, 
prove that the curve is a hyperbola, and find the position of its 
asymptotes. 

60. Show that the focal radius to the point of intersection of two 
tangents to a parabola is perpendicular to the line joining the focus 
and the point in which the corresponding chord meets the directrix. 


61. A and B are tw^ points on the conic x 2 / a 2 + y- /b 2 = 1 such that 
three times the eccent. c angle of the one is equal to the supplement 
or IhS-other. Show that the locus of the pole of AB is a 2 /x 2 + b 2 /y 2 = 4. 

62. Show that the equation of the chord of the ellipse x 2 /a 2 + y 2 /b z = 1 
joining points whose eccentric angles are a + p, a —p is 

x cos aja + y sin a/b = cos p . 

Prove that the area of the triangle formed by this chord and 
i, the tangents at its extremities = ab sin 3 0/cos p. 

If the coordinates ( x , y) of any point on a curve are given by 
th<? equations x =?. ac 2a + be ~ e , y = a'e 2 * 4 b'e~ e , 
find the equation of the curve. 

64. From C , the centre of an ellipse (whose semi-axes are u, b) a 
line CN is drawn perpendicular to PN, the normal at any point P on 
the ellipse, and PN is produced to 7 so that PN.PT = ab. Prove 
that the locus of T is a circle, centre C and radius a — b. 

65. Concentric ellipses (the common centre being at the origin) of 
equal area t xc 2 are drawn whose principal axes are along the axes 
of coordinates (supposed rectangular). Show that the equation o 
the locus of points on these ellipses at which the tangents make an 
angle a with the axis of x is 

xy {x — y cot a) 2 + c 4 cot a = 0. 


66. Tangents are drawn from points on the ellipse x 2 /a 2 + y 2 /b 2 1 

to the circle x 1 r 2 . Show that the chords of contact touch the 

ellipse i / a * + lib 2 , show that the lines joining the centre to 

the noints uf contact with he circle are conjugate diameters of 
the second ellipse. 




POLAR EQUATION OE A CONIC, THE FOCUS 

BEING THE POLE. 


In many questions relating to conics, particularly 
those concerning one focus, it is very convenient to use 
polar coordinates with the focus as pole. ^ 

In this chapter we shall obtain the equations of conics 
in such a system of coordinates, and d^cuss some of the 
easier results derivable from them. 


V. * 224. To find the polar equation of a conic, therfocus 

being the pole and the axis through it the initial 
line. 

Let S be the focus, SX the perpendicular on the 
directrix, and e the eccentricity We shall take the initial 
line in the direction SX. 

If P be a point on the curve and P/1/, PK be drawn 
perpendicular to SX and the directrix respectively, we 

have SP = r and Z PSX = 0 • 


accordingly, we have to find 
two quantities. 

Now SP = e.PK = e.NX 


or 



=.e{SX-SN ) 

= e {SX — SP cos 0) 
e. SX — er cos 6. 


Consequently, 

r (1+e cos b) = e . SX ; 

- ... r== e.SX 

1 + e cos ’ 

which is the relation required 


a relation between these 



Pig. 79. 
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We see at once from this equation that e.SX is the 
value of r when ft = 90° (for then cos ft = 0), that is, e.SX 
is equal to the semi-latus rectum (§ 62). If, as usual, we 
denote this by Z, the equation is 

= J_ 

1 -f- e cos ft 



or 


— = 1 -f c cos ft 
r 



which is the usual form of the required‘polar equation. 


Cor. If the initial line makes an angle a with the axis 
on the lower side, then, in the above, 

SIV = SP cos (ft — a), 

so that the equation becomes 

— = 1 +e cos (ft — a) . (2). 

In fact, the coordinate ft is now increased by a for each 
point. 


j- 225. To deduce the form of the curves from the 
polar equation. 

Being gi n the polar equation 

. x 'V — = 1 -f- e cos ft, 

r 

we can obtain a general idea of the form of the curves 
with great ease. 

We remark, in the first place, that r is infinite only when 
1-t-ecosft = 0 , i.e. when cos ft = —1/e. v'' 


This gives no real value of ft if e be less than unity, so 
.that the curve can only proceed to infinity when e is equal 
to or greater than unity. We infer that the ellipse is a 
closed curve, and the parabola has an infinite^ radius 
vector only when cos ft — — 3, when ft = 180 Tne 
hyperbola has infinite radii vectores in two directions 
viz., those corresponding to the two supplementary values 
of ft derivable from cos ft =-1/e. These directions are 
equally inclined at an angle cos 1 ( — 1/e) to the initial line. 
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We may add that these two infinite radii vectores are 
the lines through the focus parallel to the asymptotes (for 
they meet the curve in a point at infinity ), and clearly 
each makes an angle sec" l (e) with the direction of XS 
produced. This is, of course, equivalent to saying that 
the eccentricity is equal to the secant of half the angle 
between the asymptotes. 

We shall now go through the tracing of the hyperbola 
in detail, leaving the discussion of the ellipse and 
parabola, which are easier in detail but the same in 
principle, as an exercise for the reader—an exercise, 
however, which should by no means be omitted. 

The value of r corresponding to any value of 0 is given 

i 1 

by r = 


When 8 = 0, 


r 


1 + c cos 6 * 

__ l 

1-fe' 


Suppose A is the position of this point. 



Fig. 80. 


As 6 gradually increases, cos 0 diminishes, so that r 
increases. This continues to be the case until 


1+e cos 0 

becomes zero, when r is infinity—-Thus we get the upper 
portion of the right-hand branch AM. 

As 0 increases beyond the value which makes 1 -he cosd 
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vanish, 1 e cos 6 becomes a very small negative quantity. 
Hence r suddenly becomes a very large negative quantity. 
That is, the point is now very far away on the lower 
portion of the left-hand branch. 

As 0 gradually increases to 180°, cos 6 (which is 
negative) increases in numerical value so that l-f-ecos0, 
while it decreases in absolute value (being negative), 
increases numerically, and hence r gradually diminishes 
in numerical value until 6 = 180°. We have now tra¬ 
versed the lower portion N A' of the left-hand branch. 

Next, as 6 increases beyond 180°, cos 0 diminishes in 
numerical value again and is negative, so that 1 + e cos 0 
diminishes and r increases again until it becomes infinite, 
when l-f-ecos0 = O. For this value of 6, which clearly 
lies between 180° and 270°, the point is at infinity in the 
upper portion of the left-hand branch A'P. 

Finally, when 6 increases beyond this value to 360°, 
the tracing* point gradually moves from infinity on the 
lower portion QA of the right-hand branch back again to 
A , which it reaches when 6 = 360°. The circuit is thus 
complete. 

\jtxawplc .— The talus rectum of a conic is 6 hurt its eccentricity h- Find 
the length of the focal chord making an angle of 45° with the major axis. 

We here use the polar equation. 

As the semi-latus rectum is 3 and eccentricity the equation is 


= 1 -+ h cos 0. 


r 


If PSP' he the focal chord, then the value of 0 for P is PSX 
and for P' it is the re-entrant angle ASP ' = 226°. 

Thus sp = 1+ dv aTld hence sp = ddh ■ 

Similarly, i = l__i 


= 45% 


\ 


< t 




I* 


and Sr 

2 


* — 

2 a/2— 1 

= SP + SP' 



fi v /0 ^ ^ 

4- 

1 

(2/2+1 

• 

2 a/2 - 1 

„ /n (2/2-1 


2 a/2 + 1 

= 6/2) --- 

+- 


l ' 


1 

— 6 a/2 x 4 a /2 - 

48 

• 

O 

II 

7 

7 

• 


j 
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The semi-latus rectum is a harmonic mean 
between the segments of any focal chord. 

We have merely to prove that, if PSP he any focal 


chord, then 


f = L+ (Tut.Alg.,II.,§210.) 


Now suppose the value of 0 for P (i.e. Z ASP) = a : 
then that for P is tt + q. Hence, as the polar equation^ i 


l/r 

l 

SP 


1 -f-e cos 0 , 
1+e cos a, 


( 

\ * T 


= 1+ e cos(7r + a) = 1— ecosa; * 
Sr 

and, adding these two equations 
we have at once 

L + J- = 2 

SP ^ SP 


Fig. 81. 


or 


— + — 
SP SP' 


(3). 


1. The equation 1/r = yf + 7? cos 0 denotes a conic for which 

i =mA) <r= b/a. -- 

Show that the polar equation of a parabola may be written in 
the form r* cosi0 = a- f where 4a is the latus rectum. 

3. Show that the equation l/r = A + B cos 0 + C sin 0 may be 
always reduced to the form l/r = 1 + e cos (& — «), and hence that it 
always denotes a conic. 

4. Prove that the equations l/r = 1 + e cos 0_ and l/r = e cos 0—1 
represent the same curve. 

5. The latus rectum of a conic is 5 and its eccentricity Find 
the length of the focal chord making an angle 60° with the major axis. 

6. Trace the curves 

3/r = 1 + £ cos 0, 2/r = 1 + cos 0, 3/r = 1 + 2 cos 0, l/r = 2 + 3 cos 0. 

1 7. If PSP' be a focal chord of a conic making an angle 0 with the 

,...1 1 2 ,1 1 2 e cos P 

axis, show that -- + —- = — and — - — —, = --— 

SP SP' l SP SP 1 l 

8. With the notation of the last question, show that 

PF = 21/ (l—e 2 cos 2 0). 


and - -L = 2 -^ 

SP SF l 
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227. To find the equation of the chord joining* the 
v v two points whose vectorial angles are (a+fi), (a-/3) 

on the curve Ifr = 1 + ccos 



[By the vectorial ang-le is meant the polar coordinate 0 
of a point, viz., Z ASP. J 

Let ?'j, r a be the corresponding radii vectores. Then 
//r, = 1+ecos (a+/J), l/r 2 = 1 + e cos (« — ft) ... (a). 
Now the polar equation of the line joining 

On « 4-/3), (r„ a-/5) 
is 

rjr 2 sin (a + — a—/3)—r 3 r sin (0— a—/3)-f-rr, sin(0 — a -f-/3) 

= 0. (Parti., §10, G) 

Multiplying by Z/rr,r 2 and substituting from (a), we get 
— sin 2/3 — (lie cos c7 -h/3 ) sin (0— a -f-/3) 

9 * _ 

H- (1 4 e cos a —/3) sin (0 — a — ft) = 0. 

Now 

— sin (0 — a -f ft) 4-sin (0 — a — f 3 ) = — 2 cos (0 — a) sin ft, 


and e (cos a — ft sin @> — a — ft — cos a -f- ft sin 0— a 4/3) 

= \e [sin(0— 2/3)4-sin(0— 2a) — sin(0 42/3)— sin (0 — 2a)} 
= \e {sin (0— 2/3) — sin (0 4- 2/3)] = — e cos 0 sin 2/3. 

Substituting in the equation of the straight line, we get 


or 


— sin 2/3 — 2 cos ( 0 — a) sin ft — e cos 

r 

— = e cos 04-sec/3 cos (0 — a) 
r 



0 sin 2/3 = 0 

J. 



228. Alternative proof. —The preceding analysis is 
.o perhaps just a little tedious; and it may be replaced by 
* ^ shorter methods. Its advantage perhaps lies in the fact 
that it is perfectly straightforward, for we assume the 
equation of the line in the most natural form, and then 
solve the resulting linear equations in the ordinary way. 

The form of the equation found shows that the work 


/ 
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would be shortened if we started by assuming the^Jine in V 

— = Ceos ( 0-a)+JDcO80 * 


the form 

r 

Then this equation and l/r = l-\-e cos 0 must give the 
same value of r when 0 = a 4-/?, and also when 0 = a— ft. 

Hence 1 + e cos («-f ft) = C cos /3 4- D cos (a -f ft) 

and 1 4- e cos (a—/3) = G # cos ft + D cos (a — ft). 

On subtraction we find at once 

D = e, 

and then on substitution G = sec/3 immediately. 

Hence the equation is 

— = e cos $4-sec /3 cos (0—a). 
r 

229. Equation of the tangent at the point a. 

If, in the equation of the chord joining a-{-ft to a—ft-, 
we make ft smaller and smaller, and ultimately zero, we 
obtain the tangent at the point a. 

Its equation is therefore found by making ft — 0 in 

1 ~ ' y/ 




r 


e cos 0 -f- sec ft cos_(0 — a.) , 


i.e. it is 


l 

r 


> 


= e cos tf + cos (0 — a) . (5). 

Caution. —When the equation of the tangent is to be found, the 
main portions of $ 227 or $ 228 must fi rst be given. 

230. Alternative method of finding the polar equation to 
the tangent. 

The following method will bo found instructive. 

The equation of the tangent can be easily obtained by changing into 
Cartesian coordinates. 

In fact the curve is 

~ = l + c cos 0 or {r = 1— er cos 0. ) 

Therefore, squaring, we have 

= (l -exy, t/ 

the equation of the conic.- 
— ■ - _ 

Oa*rtea h ian?rti^ofthToretde^ liU °’ f ° r °" rauItiplyins up an<1 cl,an S in e into 
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This equation may be written 

cc*(l—e*) + y* + 2lex — P = 0, 

and hence the equation of the tangent at (x lt y j) is 

xxf (1 — e 2 ) + ytf + le (x + x r ) - P = 0 

or xx' + yy 1 = P —/<? {x + x / ) + e~ xtf = ( l — ex') (l exf'). 

N'jw suppose the polar coordinates of , i/) are r, a, and change 

hack into polars. 

Then the above becomes 

rr t (cos 0 cos a 4- sin 0 sin a) = (l — er cos 0) r l9 

for r x = l-ex\ since {x\ i/) is on the curve; 

9 r cos (0 — a) — l— er cos 0; 

° / = r {e cos 0 + cos (0 — a)} ; 

leading, as before, to — = e cos 0 4- cos (0 a). 

T 

231. Geometrical interpretation of the equation of 

the tangent. / . , a 

Suppose P is the point and that T is any point r, 0on 

the tangent at P. Draw TM perpendicular to SP, and IN 
perpendicular to the directrix. 

Then, since 

Z ASP = a find Z AST = 0, 

44 TSP F= a—v. 




Fig. 82. 

Now, by the equation of the tangent 

— = e cos 0-f cos (0 — a) 

— r cos (0 — a) = ST cos TSP —- SM, 
e.SX — erc osd = e(SX — r cos 0) = e 

SM = eTN ; 

. 6W: TN = &4;4A. 


or Z — er cos 0 
and l—er cos 0 = 
Hence 


TN, 
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Thus the geometrical interpretation of the polar 
equation of the tangent leads at once to what is known as 
Adam's property of the conic. 


Exercises. 

JL;! h ° W a tha * equation of the tangent at the point a when 
tra nsformed into Cart esian p.nnrrHnqfoq js * 

x(c + cos a) + y sin a — l. 

10 . Show that the equation of the perpendicular from S on the 
tangent at the point a is 

x sin a— y(e+ cos a) = 0. 


xy* 1 ' Frove that the locus of the foot of the perpendicular from S on 

en ii» £ t 1 he , c . onic 18 obtained by eliminating a between the 
equations of the last two examples, and hence show that the equation 

of the locus is (l-ex)" 4 - e*y* = x '~ + y* 

What does this equation represent? '• 


Illustrative Examples. 

T? 1 ® tan ^ en ts drawn from any point to a conic 
subtend equal angles at tlie focus. 

,, S ”P>' 0 ® 0 th f tangents at P and Q meet in T ; then we have to show 
that TS bisects the angle PSQ. 

Let the points P and Q have vectorial angles a and £ ; then the 
equations of the tangents TP , TQ are 

I 


~ = e OOS 6 + cos ( 0 - a) 

and J- = e cos 0 + cos (0-1 3). 

To find the coordinates of 7", we 
have to solve these equations for r 
and 0 . Subtracting, we obtain at 
once cos(0 —a) = cos (0 — 0). 

Now the angles cannot be equal, 
for then a = / 3 . Hence 

6-a=~(0—0) or 0 — a = )3 — 0. 
Thus 

/.AST- / ASP— LASQ- / AST , 

/ TSP — 1 TSQ , 

which shows at once that TS bisects 
the angle PSQ 



Fig. 83. 
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(ii.) The portion of a tangent subtended between the 
point of contact and the directrix subtends a right angle 
at the focus. 

Suppose the tangent at P meets the directrix in T ; then we have to 
show that PST is a right angle. 

For any point on the directrix we have 

r cos 0 = SX = — or — = e cos 0 . 

c r 

for l = e.SX. (by § G 2 ) 

Now the tangent at the point a is 

— = c cos 0 + cos (G — a), 
r 

and, where this meets the directrix, 

— = e cos G. _ 

r Fig. 84 . 

To find the coordinates of 7 \ we have to solve these two equations 
for r and G. Subtracting, we have 

cos (G — a) = 0 ; 



which shows that 

A PST = A PSA- A TSA = G-a = ± 

Si 

and hence proves the result required. 



MISCELLANEOUS EXERCISES ON CHAP XVII. 


12. Show that, if PP’ and QQ' be two focal chords of a parabola at 


right angles, then 




21 


13. If the conic l/r = 1 + e cos G be an ellipse, and a , b its minor 
axes, show that a = 1/(1 — e~) and b = l/y/l — e 2 . 

14. Find the corresponding results for the hyperbola. 

16. Show that the polar equation of the auxiliary circle of the conic 
l/r = 1 + e cos 0 is r 2 (1 — e 2 ) — 2fer cos G+T 2 — 0. 
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16. The general equation of all conies having the same focus and 
directrix is l/r = a + p cos 0, where p is tho same for all conics of the 
system. 

17. Find three focal radii vectores of an ellipso such that their 
lengths shall be in harmonic progression while their angular coord¬ 
inates are in arithmetical progression. 

IS. If, with the locus of a parabola as centre, a circle be described 
passing through the vertex, the rectangle under the intercepts of any 
focal chord between the circle and parabola is constant. 

19. Find the polar coordinates of the point of intersection of tho 
tangents at the points a and /3, and hence prove that, if tangents at 
P and Q to a parabola meet in T , then ST- = SP . SQ. 

20 . Find the condition that the line whose equation is 

l/r = A cos 0 + B sin 0 

should touch the conic whose equation is l/r — 1 + e cos 0. 

21. Two conics have the same focus and directrix. If any tangent 
to one cut the other in P and Q , Z PSQ is constant, and cos -\PSQ = c/e' 
(< e , el being the eccentricities). 

22. A system of conics have the same focus and latus rectum. Prove 
that the tangents at all points on a fixed line through focus cut the 
latus rectum produced at the same distance from focus. 

23. S is the common focus of two parabolas whose vertices arc at 

A and A'. If A be the mid-point of the straight line SA\ and Q’QSPP ' 

bo a focal chord cutting the parabolas in the points Q\ Q , P, P\ show 

that SQ' is bisected at Q , and that tangents to the parabolas at Q’ and 

P respectively are at right angles, and find the locus of their inter¬ 
section. 

24. I rove that the locus of the intersections of tangents at the 

extremities of perpendicular focal radii of a conic is another conic 
having the same focus. 
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EXAMINATION PAPER V 


1. State (without proof) the chief properties of pole and polar with 
respect to a conic When are two lines said tc Do conjugate * 

Prove that the pole of any line parallel to an asymptote is on 

that asymptote. . ... 

2. Find the equation of the polar of (.V ) with respect to the 
hyperbola xy = c l . 

3. Find the pole of 3x— 2y = 1 with respect to the conic 

9a- — 8y* — 16.C + 8y + 0 - 0. 

4. Explain bow you would obtain geometrically the polar of a point 
within an ellipse with respect to that ellipse. 

5. A point P is such that the line drawn through it perpendicular 
to its polar with respect to the parabola y 1 = 4 ax touches the parabola 

= 4 by. Show that P lies on the line 2 ax + by + 4 a 2 = 0, 

6. Show that, if two tangents to a parabola make complementary 
angles with the axis, their chord of contact will cut the axis in a fixed 

point. 

7 Straight lines are drawn cutting the ellipse x 2 /a- + y~ib‘ — l so 
that the sum of tho eccentric angles of the two points in which any of 
the straight lines cuts the ellipse is constant and equal to 2e. Prove 
that tho locus of the polos of these straight lines is the straight line 

ay bx tan «. 


8. Find the equation of the normal to an ellipse in terms of the 
eccentric angle. 

Show that four normals can be drawn to an ellipse throug 
given point, and find an equation for the inclination of the 

normal to the axis. 

9 . Prove that the area of the ellipse x' 2 /a 2 + y'/b' 2 = 1 is irab. 

10. Find the polar equation of a tangent to a parabola y 2 = 4 
the focus being the pole, and reduce it to the form 


r = a sec ~ sec 

2 


(-!)• 


Prove that the tangents at the ends of a focal chord of a para- 
bola meet at right angles on the directrix. 



2 56 



STEMS OF CONICS. 

232. Abbrevia fed notation.) 



In this chapter we shall explain some very important 
principles connected with the equations of conics. 

We shall frequently use the equation in the abbreviated 
form 

S = 0 

where $ means 

ax~ -f- 2 lixy + by 2 + 2 gx -f 2 fy -f- c 


and we may write S' for the same equation in which the 
coefficients have dashes, i.e. for 

a a? -f 2 h'xy -f b'y 2 -h %<j'x + 2 f'y + c. 

In like manner we shall use a single letter to denote 
the equation of a straight line, say 

u = 0 , 

where u is, of course, an expression of the first degree in 
x and y . 

Thus we write 

u = lx + my -\-n = 0 

for the equation. 
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233. Tf S = O and S' — O be the equations of 
two conics, then S+7cS' = O for all constant values 
of 7c is the equation of a conic through the points 
of intersection of S and S'. 

For, in the first place, the equation 

S + kS' = 0 

is of the second degree since S and S' are, and therefore 
it denotes a conic. 



Next, if A be a point of intersection of S = 0 and S' = 0, 
then the coordinates of A satisfy 

S = 0 and S' = 0. 

Therefore its coordinates satisfy 

8 4 IcS' = 0, 

i.c. the conic S 4 7c S' = 0 passes through A. 

Similarly, it passes through the other points of inter¬ 
section of S — 0 and — 0. . , 

Thus $ -\-JcS' = 0 represents a conic passing through 

all the points of intersection of S = 0 and S' = 0. 

The reader will notice the similarity between this reasoning and 
that in § 31. 

Exercises. 

1 if S = 0 and S' = 0 be the equations of two circles, the 
equation S+\S' = 0 denotes a circle through their points of inter¬ 
section. 

2 If S = 0 and S' = 0 be both rectangular hyperbolas, show that 
every conic of the system S+AS' = 0 is a rectangular hyperbola. 
Deduce that all conics through the points of intersection oi two 
rectangular hyperbolas are rectangular hyperbolas. 
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234. Two conics intersect in four points, real or 
imaginary. 

We did not make any assumption in the preceding 
article as to the number of points in which two curves of 
the second degree intersect. We shall now show that 
“ two curves of the second degree intersect in four points, 
real or imaginary.” 

Suppose, in fact, that their equations are 

ax 2 4- 2 lixy -f- by 2 *+■ 2 gx + 2fy + c = 0, 

ax 2 -f 2 lixy -f- b'y 2 4- 2 g'x 4- 2/4/ 4- o' = 0 ; 

then, to find their points of intersection, we have to solve 
these equations for x and y. To do this we arrange them 
both as quadratics in x , then eliminate x and obtain an 
equation for y , which is of the fourth degree and therefore 
has four roots, real or imaginary. 

Thus we have 

+2x (hy + g) + by- + 2fy + c = 0) 
x\a' + 2x (h'y + g') + b'y- + 2fy + o' = 0 ) " K 

Eliminating in the usual way, we have 

[a. 2 (h'y + g') — a'. 2 (hy + g)} 

[2 (hy + g) (by + 2fy + c')-2 (h'y + g') (by- + 2 fy + c) } 

= { « W + 2 fy + c') - a' (by + 2 fy +c)}\ 

and this is clearly of the fourth degree in y. Hence there 
are four roots, say t/„ y 2 , y x {Tut. Alg ., IT., § 371). Since 
we can eliminate x 2 from equation (a), and obtain a linear 
equation for x in terms of ?/, it-is clear that to each value 
of y there is only one value of x. 

Thus, if x. 2 , x s , ar 4 be the four corresponding values of 
x, we see that there are four points of intersection, viz., 

( x i>yi), 0 ^ 2 / 3 ), fa, 2/ s ), Oj, y 4 ). 

Note.—O f course, some of these four points may be imaginary. 

It is easy to see [Tut. Al<j. y § 378) that they become imaginary in 
pairs. 

Exercise. 

3. Without using the above analysis, prove the truth of the above 
proposition when one of the conics is a pair of straight lines. 

OBOM. FT. II. a 
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235. Any conic passing through, the four points 
of intersection of two given conics may be made 
to satisfy one, and only one, other condition. 

g __ o and S' = 0 be tlie equations of two conics, 

the equation S + kS’ = 0 denotes a conic through their 
points of intersection. Since this equation contains the 
arbitrary constant k, we can make the conic satisfy one 
further condition, the value of A; being then determined. 

236. Case in which S’ = O is a pair of straight 

lines. „ r, , i 

If S i _ o break up into two factors, say u.v = 0, then 

it denotes two straight lines. Each of these lines meets 
S = 0 in two points, say A, B and C, D, and then the 

equation S + kuv = 0 
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If it passes through the point (1, 1), wo must have 

6 + 9A* = 0 or lc = —. j. 

Thus the required equation is 

3 (x 2 + xg + y 2 + 3//) - 2 (2xj/ + 3// + 4) = 0 
or 3x 2 — xy + 3 y 2 + Zy — S = 0. 

Example (ii.). Find the equation of a conic through the points wlu rc the 
axes meet the conic Zx 2 + 4 xy + y 2 -y + 2 = 0, and through the point (-1,1). 

The equation is of the form 

(Zx 2 + 4 xy + y 2 — y+ 2) + kxy = 0, 

where k has to be determined by the condition that the required conic 

passes through (— 1, 1). 

Hence 1— 7c — 0 or k = 1. 

Thus the equation is Zx 2 + 5xy + y 2 — y + 2 = 0. 

Exercises. 

4. Find the equation of a conic through the points of intersection 
„ of 3 x 2 + y 2 = 4 and xy = 5, and through the point (—1, 2). 

5. Find the equation of a conic through the points of intersection 

of S = ax 2 + 2hxy + by 2 -f 2 gx + 2 J'y + c = 0, 

and S' = a'x 2 + 2 h'xy + l/y 2 + 2 g'x + 2 f'y + d = 0, 

and through the origin. 

6. Find the equation of a conic through the points of intersection 

of x 2 + xy + y 2 = 3 and 2x 2 + xy — y 2 + Zx = 0 

and having an asymptote parallel to the axis of x. 

[The terms of the second degree must contain y as a factor (see § 110).] 

7. Show that two parabolas can be drawn through the four points 
of intersection of two conics. 

[Here the terms of the second degree must be a perfect square in the 
resulting equation.] 

237. Interpretation of 

S+7cir = O. 

Next suppose G and D 
both move round the conic 
so that G approaches A and 
ultimately coincides with it, 
while D approaches B and 
ultimately coincides with it. 

Then the conic S + l cuv = 9 
meets S = 0 in two ultimately 
coincident points at A , and in two ultimately coincident 
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points at B. Also under these circumstances v = 0 is 
identically the same as u --- 0, and we thus see that 

The conic S+Iar = O touches the conic S = O in 
the two points in which it is met by the straight 
line u = O. 

Conics which touch in two points in this manner are 
said to have double contact. 


238. Conics touching the axes of coordinates. 

The general equation of a conic touching the conic S = 0 where it 
is met by the line u = 0 is S + Mi 2 = 0. 

Now let S ■— 0 represent the axes, whose equation is xy = 0. 

Then we see that the general equation of a conic touching the axes 
when they are met by the line lx + my — 1 = 0 is 

xy + A (lx + my — l) 2 = 0, 

or as we may write it, putting 1/a = 2y } 

(lx-\-my — 1 ) 2 -f- 2p..rf/ = O . (!)• 


239. Parabola touching the axes of coordinates. 

The equation of a conic touching the axes of coordinates is of the 

form (to + m V — l) 2 + 2 /xxy = 0. 

For this to be a parabola the terms of the second degree must form 
a perfect square. 

These terms arc x 2 . F+ 2 xy(lm + y) + y 2 - m~, 

so that l 2 >n 2 = (lm + y) 2 or y = —21m. 

[The root y = 0 is inadmissible, as it leads merely to two coincident 

straight lines lx + my= 1.] . , . 

Thus, since there is only one value of y t there is only one parabola 

touching the axes in the two points, and its equation is 

(lx + my — l) 2 —4 Imxy = 0 or (lx — my) 2 — 2 lx — 2 my —1=0. 

This equation can be put into a remark¬ 
able form. 

In fact, since 

(lx + my — l) 2 = 4 Imxy, 

we have lx 4- my — 1 = ± 2 >/Imxy , 

i.e. lx + m7 J ± 2v/ hnxy = 1 - 

Hence, equating the square roots of the 

two sides, we get_ _ 

✓ + my = 1 .( 2 ), 

where either sign may be taken with each 
square root. 

Note. _The parabola touches the axes 

where the line Ix + my -1 = 0 meets them. 



Fig. 87, 
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240. To find tlie equation of the tangents drawn 
from the point T (a/, y) to the conic 

aoc?+2hocy + by 2 + 2 <jjc + 2 ft/ + c = O. 

If P, Q be the points of contact, then the tangents 
TP, TQ form a conic having* double contact with the given 
one at P and Q. But, PQ being the polar of 7", its equation 

is x ( ax' + hy' + g) + y (Jix' + by' +/) + gx' +fij + c = 0. 

Hence, by § 237, the required equation of the tangents 
is of the form 

ax 2 +2 hxy + by 2 + 2 gx 4- 2 fy 4- c 

+ \ [x (ax' + hy' + g) + y(hx' + by +f)+gx'+fy' + c} 3 — 0. 

The value of A is determined by the consideration that 
if this equation represents the tangents from T which 
both pass through T it must be satisfied by x', y', the 
coordinates of T. 

. *. ax' 2 4- 2 hx'y' 4- by' 1 -1- 2 gx 4-2 fy' + c 

• 4- A { ax ' 2 -|- 2 hx'y' 4- by 12 4- 2 gx' 4- 2fy' 4- c} 2 = 0. 

Thus A =-—---—— 

amP 4- 2hxy 4- byP 4- 2 gx' 4- 2 fy' 4- c 

and the required equation is 

(ooj 2 4- 2 hxy 4- by 1 4- 2 gx 4- 2 fy 4- c ) 

(ax' 1 4- 2 hx y' + by' 1 4- 2 gx' 4- 2fy' -f c) 

— { axx ' + h ( '”!/' + x'y) + byy' + g (x + x') +f(y + y')+c}‘\ 
as we have already found (§ 138). 


Exercises. 

8. Write down the equation of the tangents from the point (1, 1) to 
the conic x 2 + xy + y 2 = 5. 


Find from first principles by the methods of § 210 the equation 
of the tangents from the point (x f , y') to the following conics, 
and verify that the results agree with those obtained by taking 
particular cases of the general result. 

9. x 2 + y* + 2gx + 2fy +c = 0. 10. y*—\ax = 0. 



13. "Write down the conditions that the tangents in Exx. 9-12 arc 
fright angles, and hence deduce the equations of the director circles. 
What does the director circle become in the case of the parabola ? 
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14. Find the equation of a conic passing through the point ( — 1, 1) 
and having double contact with 3x 2 —x\j + 2y 2 4- x + y 4- 1 = 0 where 
it meets the axis of x. 

15. Find the equation of a conic passing through the origin and 
through the points in which the straight lines x + y + 1=0, x — 3y 4 - 2 = 0 
meet the conic '2.x 2 + 3 y 2 = 6. 

16. Show that only one parabola can he drawn touching a given 
conic in two given points. 

[Take lx + my + n = 0 as the line joining the two points and find k, so that 
the resulting conic may be a parabola.] 

17. Show that only one rectangular hyperbola can be drawn 
touching a given conic in two given points. 

IS. Show that the equation of a parabola touching* the 
axes in points A, B , distant a , h from the orig*in may he 

reduced to the form ± \J—~ =*= \J~J~ = 1 * 

19. Further prove that (i.) for the part of the parabola in Ex. 18 
within the triangle OAB both positive signs must be taken ; (ii.) for 
the part beyond the point A the signs are 4-, —, and for the part 
beyond B the signs are —, 4- . 

20. Find the equation of a parabola referred to the tangents at the 

ends of the latus rectum as axes. 

[Note that they are at right angles.] 

21. Show that for all values of A u a 2 , A 3 the equation 


A 


+ 


A 


a; cos o.i-j-// sin dj— or. cos a 2 -\-;/ sin a*— p 2 


H- djL- -= O 

x cos a 3 -\- y sin a 3 — j> s 

represents a conic circumscribing the triangle formed by 

the three lines xcosai + ysina,—= O, &c. 

[Note that it is of the second degree, and that the point of intersection of 
any two of the lines is on it,] 

22. Find the conditions in Ex. 21 that the equation may represent 
a circle, and show that they may be written in the form 

A x cos (a 2 + a :i ) + A 2 cos (a 3 + aj) + A 3 cos («! 4- a. 2 ) = 9, 

A x sin (a.j 4- a 3 ) 4- A 2 sin (a- 3 + aj) 4- A 3 sin (c^ 4 ao) =■= 0. 

[Equate the coefficients of x 2 and y 2 and the coefficient of xy and zero, the 
axes being supposed rectangular.] 

23. Hence, by solving the equations for A ly A 2 > A 3 , show that the 
equation of the circumcircle may be written 

_ sin ( a. : — ft 3 ) __ sin (a 3 —aQ _ 

x cos ai+z/ sin a!— 2 >i & cos a 2 +y sin a- 2 — p 2 


sin (aj — cto) 


x cos ay-f-y sin a 3 — 
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241. 0x16 Cdnic, and one only, can be d*awn through 
five given points. 

We have seen that we can draw a conic through the 
four points of intersection of two conics, and through any 
other point in the plane. Thus we have obtained a conic 
passing through the five points. This can always be done. 

If A , B , C, D , E be the points, then through the points 
A, B, C, D we have a system of conics, of which the pair of 
lines AB, CD is one, and the pair of lines BC, AD another. 

Any conic through their common points (A, B, C , D) is 
S + kS' = 0, where 

S = 0 is the equation of AB and CD, 

S' = 0 is the equation of BC and AD. 

Finally, we can find Jc such that the conic 

S + kS f = 0 

shall pass through £. The equation for h being of the 
first degree, only one such conic can be drawn. 

The above result can also be obtained thus :— 

The equation of a conic is always of the form 

ax 2 -f 2 hxy -f by 2 -f 2 gx + 2 f y + c = 0. 

Since we can divide across by any coefficient, the 
equation contains only five constants actually, although it 
apparently contains six. 

Hence, since we have five constants at our disposal, a 
conic may be made to satisfy jive conditions in just the same 
manner as a straight line may be made to satisfy two. 

If five points are given, then, on substituting tlieir 

coordinates in ax 2 2hxy by 2 2 gx + 2/y + c = 0, 

we obtain jive simultaneous equations of the first degree 
for the ratios of the coefficients, and these are sufficient to 
determine them. 

In general it is quite clear that when a conic satisfies 
any condition the coefficients in its equation must satisfy 
a certain relation. 

In actual practice the method of last article is always 
the more satisfactory one to use. 
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242. Conics through, four given points. 

Let tlie points be A, B , C, D. Join AB, CD, and produce 
them to meet in 0 . Then take the lines OAB, OCD for 
axes of x and y respectively. 

Let OA = a, OB = ft, OC = y, OD = < 9 . 


+ y - 


i, 


Then the equation of AC is 

x 

a y 

and that of is 


ft 8 

Also A B is y 
and CD is x 


1 . 

0 

0. 



Hence two conics through the four points are 

t- 1 ) 


and 


(- 


y 


)( f + 


xy — 0 

Consequently, any other is of the form 

v_ 

y 


24. 


25. 


\ a 


)( 




0. 


1 ) +X.X ?/ = O (3) 


Find the equation of the conic passing through the points 

(0, 0), (1, 0), (0, 2), (2, 1), (4, 2). 

Find the equation of the conic passing through the points 

(0, 0), (1, 0), (0, 2), (2, 1), (3, 2). 


20. One of the other conics is clearly the line pair 



Find the value of A, which gives this conic. 


243. Confocal conics. 

• We shall now give a short account of the properties of 
a system of conics having the same foci. Such conics are 
called confocal conics. Many of their properties can be 
deduced most easily from purely geometrical considera¬ 
tions, but we shall here confine our attention mainly to 
analytical processes. 
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244. Equation of a confocal system.—The general 
equation of a conic having the same foci as 

* O I 4 I -2/19 4 

ar/ a~ + 1/~ / b~ — 1 


dc 


is 


+ 


V 


1, 


a~+\ 1 b*+\ 
where X is a constant. 

In the first place, any conic having the same foci S and 
r as the conic x 2 /a 2 -f- y~/Ir = 1 must have the same 
centre, and its axes along the same lines, for !SS' is the 
direction of the major axis, and a line perpendicular to it 
through its middle point the minor axis. Thus these are 
the same for all the conics. 



But 


CS 2 


7 a ' 2 + y 2 /b 


o o 

a e~ 


a 2 —lr = a' 


= a 2 — b 2 ; 
/2 _ i,v . 

so that, if a-' 2 = a 2 -|-A, we have 

b' 2 = b 2 +\; 


(§61) 


and the equation is 


a? 


2 


+ 


?/ 


(4). 


« 2 +A 1 b-+\ 

245. The reader can easily verify the following state 
ments:— 
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If a be greater than b, then the conic 

»; o 

+ y~- = i 

cr+\ b 2 +\ 

(1) is an ellipse for all positive values of X and for such 

negative values of X as are less than b 2 numerically, 
i.e. when X > — b 2 ; 

(2) is the line y = 0, i.e. the axis of x, when X = —b ~; 

(3) is an hyperbola when X < — b 2 and > — a 2 ; 

(4) is the line x — 0, i.e. the axis of y, when X = — a 2 ; 

(5) is an imaginary ellipse when X < — a 2 . 


246. Through any point in the plane two conics 
of the confocal system can he drawn. 

Let Oj, y,) be the point. Then we have to determine X 

x 2 v 2 l 

so that the conic - 2 ‘ — 4- —— = 1 

cr -j- X 6“ -f X 

may pass through the point (<r 1? y x ). 

^ o ^ 2 

Hence we have ~ 2 J 4- r = 1 

a' 4- X o -t- A 

or a* 1 2 (&* 4 -X)+ 2 / 1 2 (a 2 + X) = (a 2 + X)(t 2 + X), 

i.e. X 2 4- X (a 2 4- b 2 — x 2 — y/ 2 ) 4 a 2 b 2 - a 2 y 2 - Irx 2 = 0. 

This is a quadratic for A, and therefore there are two 
values of X such that the corresponding confocal passes 

through (x x , yO- 

Example.—Find the conics confocal with -~ + y = 1 
through the point (1, 1). 

Here the equation for A is 


which pass 


r 2 

4 


J^ii = I 

24 A 1 4- A 24-A- 1 4 A 

i ><? . A‘ J 4 A — 1 = 0 ; or A = £ ( 1 ± V'o). 

Thus the conics required are 


or 


4- - 


= 1 , 


x 2 


and 


2 — £ (1 4 v'5) 


a: 


4 - 


2/ 2 


= 1 


or 


2x 2 


2-*(i- V5) 

2 y 2 


1 — i - (1 4 

+_* 2 — = 1, 


= 1 and 


1 - i (1 - -^5) 
2x 2 


4 — 


2 y 


= i. 


3-a/5 a/5-1 a/5 4 3 a/5 + 1 

Clearly the first of these is a hyperbola and the second an ellipse. 
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247. Of the two confocals through a given point, 
one is always an ellipse and the other a hyperbola. 

Suppose /3 = fr 2 + \. Then, when /3 is negative, the 

~.2 7/ 2 
x + J!— = 1 


conic 


or -|- X b~ A. 

is clearly a hyperbola. When /3 is positive it is an 
ellipse. 

The equation may be written 


_ jt __p 2/1 

a*-b 2 + l 3 


P 


1; 


and hence, if the conic passes through (a^, y,), /3 is given 


b y 

or 

z.e 




a 2 —Z> 2 -H/3 




P (a 2 —b 2 + ,3) = /3.V + (a 2 - b 2 + /3) y, 2 , 
/3 2 + /3 (a 2 — b 2 —a-, 2 - y, 2 ) - (a 2 - b 2 ) y, 2 = 


0. 


Now a > b, and therefore the product of the roots is 
negative ( Tut. Aly ., II., § 156). 

Hence the roots are real, one being positive and the other 
negative. Thus one of the conics is an ellipse and the 
other a hyperbola. 


248. Two confocal conics intersect each 
right angles. 

Suppose the conics are 

z, 2 1 aml „ 2 tx + vh = h 


, ]/ 

2 * 7 

a 


(#n 2/j) being a point of intersection. Then we have to 
show that tl*e tangents at (a^, y,) to the two conics are at 
right angles. 

Now the two tangents are 


xx± 
a 2 b 2 


= 1 and 


xx 


+ 


Mi 


a 2 + A ’ 6 2 + \ 

These are at right angles if only 


1. 




2 


+ 


Vi 


a 2 (a 3 -f X) 6 2 (6 2 + \) 


*-= 0. (Pt. I., § 19.) 
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Now we have 



and 




Subtracting these equations, we have 




or 


| y. ,x - 

a 2 (a- + X) b 2 ( b- + \) 



2 i 2 

^ . _2/i_— o 

'* a 2 (a 2 + X) 6*(6* + A) 

But this is precisely the condition that the tangents 
should be at right angles, and hence the conics cut at 
right angles at all their points of intersection. 


249. Only one confocal of a given system can be drawn 
to touch, a given straight line. 

Let the equation of the straight line be 

lx •+ my = 1. 

The condition that this should touch the conic 


x 


v 


V 


■2 


= 1 


a* + \ b- -y A 

i 8 (c^+Xj^+^ + Ajw*-!. ($ 14 *) 

Thus there is only one confocal touching the given line, for this 
equation is linear in" A, and therefore has only one root. 


Exercises. 

27. Of the conics through the point (1, 2) confocal with 2 x 2 + y z = 1> 
show* that 'one is an ellipse and the other a hyperbola. 

28. From the property SPy-S'P = constant show that only one 
ellipse having given foci can be drawn through a given point. 

Prove the same property for a hyperbola. 

29. Deduce the result of § 248 from the fact that the tangent at 
any point to a central conic bisects the internal or external ang 
between the focal distances. 

30. Show that the conic confocal to x 2 /2 -y y~ = 1 which touches 

x + y = 6 is 2x 2 /37 + 2y 2 /35 = 1* 

31. Find the equation to the hyperbola which passes „ t ^ r °"^ h J h j e 
point (a cos a, b sin a) and is confocal with the ellipse x fa + y J 
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250. To find the locus of the poles of a given straight line 
with respect to a confocal system of conics. 

. M 


Let 


r- 4/2 

—— + JL — = 1 

a 2 + A 


be one of the confocal system of conics, and 

lx + my = 1 

the given straight line. 

Suppose (?\y\) is the pole with respect to the conic (a). Then the 
given line must be tho same as the polar of this point, i.e ., as 

(§ 189 ) 


xx 


a 2 + \ 


L- + - 1. 


I / 2 + \ 

Hence, comparing coefficients, we have 


*i _ 


= t, 




a 2 + \ ' b 2 + \ 

Xi = {a- + \) /, y Y = ( b 2 + A) wt. 

To find the locus of the poles we must eliminate \ between these 
equations. 

Now £i _ 1.1 = „2 + \-<b- + A) = a--P. 

I m 

Thus the equation of the locus is 

x y .<2 

— — — — a- — b z . 

I m 


Consequently the locus required is a straight line perpendicular to 
the given straight line. 

Now the given straight line touches one of the confocal conics. 
Suppose P is the point of contact, and PT the given line. Then P is 
the pole with respect to the touching confocal. Hence the locus 
required is the straight line PG through P at right angles to PT. 

Con. If PG is the locus of the poles of PT , then PT is the locus 
of the poles of PG. 

Since the two confocals through P cut at right angles, and PT is the 
tangent to one, therefore PG is the tangent to the other. Hence P is 
one of the poles of PG , and, as the locus is perpendicular to the line 
PG, it must be the line PT. 



32. Find the locus of the poles of the line x + y = 5 with respect to 
the conics confocal with 2a; 2 + 3 y 2 = 6. 

33. If l x x 4 - m^y = 1 be the locus of the poles of Ix + my = 1 with 

o 2 

respect to the confocal system —^-h —-— = 1, show that 

a 2 + \ b 2 + \ 


(a 2 — b 2 ) It = (b 2 — a 2 ) mm' = 1. 

34. Show from Ex. 33 that the relation between the two lines is 
reciprocal. 
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251. Confocal parabolas. 

We have hitherto confined our 
attention to confocal central conics. 

We shall, in conclusion, say a few 
words as to confocal parabolas. 

Since a parabola has only one 
focus, matters are rather different 
here. We say that 

Two parabolas are confocal 
when they have the same focus ^ 
and the same axis. 

252. Equation of a confocal system of parabolas. 

• • 

Take the common focus S for origin, and the axis for 
axis of x. Then we know that, referred to its vertex A as 
origin, the equation of a parabola is of the form 

y 2 = 4\r<? where X = SA. 

Thus, changing the origin to S , the equation becomes 

?/ 2 = 4A (;r+A). (5), 

and this is the general equation required. 

Wh leave the following properties as examples to the 
reader; the process in the analogous property for the 
central conics will suggest methods of attack. 



35. Two confocal parabolas can be drawn through any given point. 

36. The two confocal parabolas through any point have their 

concavities in opposite directions. 

[This follows from the fact that the roots of the quadratic in A are of 
unlike sign.J 


37. Two confocal parabolas cut at right angles. 

38. The locus of *the pole of the straight line Ix + my = 1, with 
respect to the confocal parabolas y 2 = 4a (x + A), is the straight line 


mx — hj + tn/l = 0.* 

TL-et (x,, y.) be the pole of the line with respect toy 2 
given line must be the same as yy,—2Ax = 2A(x, + 2A). 

i I +2A = -y and 2A=-^.] 


= 4A(x+A); then the 
Hence see that 


39 If, of two lines, the first is the locus of the pole of the second, 
then the’second is the locus of the pole of the first. 
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MISCELLANEOUS EXERCISES ON CIIAP. XVIII. 

40. If A % B, C , D are the four points of intersection of two rect¬ 
angular hyperbolas, show that the pairs of lines BC, AD; CA, BD ; 
AB y CD are at right angles, and hence that the four points form a 
triangle and its orthocentre. 

41. ABC is a triangle, AD the perpendicular from A on BC, and P the 
orthocentre. Show that DP. DA — DB . DC. Hence, taking D for 
origin, deduce that all rectangular hyperbolas through the 
angular points of a triangle pass also through the ortho¬ 
centre of the triangle. 

42. The locus of the centres of the rectangular hyperbolas in Ex. 41 
is a circle passing through the middle points of the lines BC, CA, AB, 
AP, BP, CP, and through the feet of the perpendiculars. 

[This circle is known as the nine-point circle .] 

43. The locus of the centres of all conics through four points on a 
circle is a rectangular hyperbola. 

44. Show that the equation of the polar of the origin with respect 
to the conic (x/a + y /7 — 1) (x/fi + y/5 — 1) + A.r& = 0 

is z (1/a + 1//3) + !/ (1/y + 1/5) — 2 = 0. 

45. Find the general equation of a conic circumscribing the tri¬ 
angle formed by x = 2 , y + 1 = 0 , x + y — 0 . 

46. Find the equation of the circle circumscribing the triangle of 
Ex. 45. 

47. A given ellipse moves so as always to touch two fixed rect¬ 
angular lines. Find the locus of its centre. 

48. Find the coordinates of the centre of the conic 

(x/m + yjn — l) 2 = 2 kxy. 

49. If S = 0 and S' = 0 be the equations of two conics, then the 
polar of a point (.r lt y,) with respect to S + \S' = 0 is u + Kic' = 0 , 
where u = 0 is the polar with respect to S, and u' = 0 the polar with 
respect to S'. 

50. Exhibit, by a diagram, the system of conics ax 2 + 2\xy + by 2 = 1 , 
where a and b are constant and A is variable. 

51. Find the coordinates of the points in which the ellipse 
x 2 /a 2 + y 2 /b 2 = 1 intersects the confocal rectangular hyperbola. 

52. Show that, if tangents are drawn to a system of confocal conics 
from a fixed point on the major axis, the locus of the points of contact 
is a circle whose centre is on the major axis. 

53. The difference between the squares of the central perpendiculars 
on two parallel tangents to two confocal conics is constant. 
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54. The polars of a point P with respect to a system of conics 
through four fixed points all pass through another point Q. Further, 
the polars of Q ail pass through P. 

55. If ax 2 + 2 hxy + by 2 + 2gx + 2ft/ + c = 0 

and Ax 1 + 2 Hxy + By 2 + 2 Gx + 2 Fy + C = 0 

he the equations of the pairs of opposite sides of a quadrilateral 
inscribed in a circle, show that H ( b — a ) = h (B — A). 


56. If two conics have two points of contact, they cannot meet in 
any other point. 

57. Find the locus of the points of contact of tangents drawn in a 
fixed direction to a system of confocal conics. 


58. If S = 0, S' = 0 denote the circles x 2 + y 2 + 2gx + 2fy + c — 0, 

+ y 2 a_ 2g'x + 2f y + c’ = 0 , the values of k, for which S + kS' = 0 

denotes a point, are roots of the quadratic 

+P ~c) + k (2gf + 2ff'-c- o') vk 2 tf 1 + o') = 0 . 

59. Find the condition that the straight line x/a. + y//3 = 1 should 
touch the parabola which itself touches the axes at the points (a, 0 ), 
(0, b). 

60. From Ex. 44, show that, if A , B , C y D be four points on a conic, 
and AB y CD meet in £, CA y BD in £, CB y AD in G , then the polar of £ 
with respect to the conic passes through both £ and G. Deduce that 
the triangle EFG is such that each side is the polar of the opposite 
vertex (a self -conjugate triangle ). 

61. Prove that the locus of the centres of conics passing through 
the four points of intersection of two equilateral hyperbolas is a circle. 

62. If any two parallel tangents to an ellipse meet a fixed circle 
concentric with the ellipse, prove that the other two sides of the 
rectangle touch a confocal conic. 

63. Prove that the locus of the point whose coordinates are given 
by x = a cos 4 0, y = b sin* 0 is part of a parabola touching the 
coordinate axes ; and find the equation of the tangent at a point for 
which 0 is given. 


64. If the two confocal ellipses 


/j*2 4/2 

L. + 1L = i 

a 2 b 2 


and 


+ y~ = 1 

a 2 + \ b 2 + A 


be cut by the straight line x cos 0 + y sin 0 = p, and if T and T be 
the poles of this line with respect to the two ellipses, prove that 


TT = \/p. 


65. Prove that the polars of a point (a/, if) with respect to the con- 
focals x 2 !{a 2 + \) + y 2 /(b 2 + A) = 1 

touch the conic *s/xx' + \/ yf+ v /# 2 b 2 — 0 . 
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ENVELOPES. 

253. Envelopes. — Suppose tlie coefficients in the 
equation of a curve depend on a quantity y. which is 
capable of variation; then when we give /x a definite 
value we get a perfectly definite curve, and by varying 
fj. we get a system of curves. 

Perhaps some examples may assist the reader in 
grasping this idea. 

The equation of the straight line 

(ax 4- by -f- c) + // (a'x + Vy + d) = 0 

depends on the quantity /<. When /x varies we get a 
whole system or family of straight lines which, as we 
know, all pass through a fixed point (Part I., § 28). 

Again, from the equation 

. a 

y = fix-\ - 

we get a series of straight lines by allowing // to vary, and 
each line of the series touches the parabola ?/ 2 = 4ax 

(§48). 

As another example, the equation 

_a! _|_ = i 

a 2 + p 5 2 4- fi 

represents a system of confocal conics. 

Parameter. — Definition. — The quantity// is called 
a variable parameter, and the system of curves is said to 
depend on one parameter. 

QEOM. FT. n. T 
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254. Ultimate intersections. —If we give y a definite 
value we obtain a perfectly definite curve. If now 
we give to y a value only differing very slightly from /x„ 
say where e is very small, we get another curve, 

only very slightly displaced from the former. These two 
curves meet in a certain number of points, and when e is 
made indefinitely small such points are called ultimate 
intersections of the curves. 

Thus, in the system 

y == fix+d/f .1 

we have a definite line 

y = y lX + a/fJ ly 

and the one obtained by giving to /x a value slightly 
different from y l is another line very close to the former, 

viz., y = (/*! -M) ® + + € )- 

Now both these lines are tangents to the parabola 
y 2 = 4ar ; hence, as two infinitely close tangents to a 
curve ultimately meet on the curve, we infer that in this 
case the ultimate intersections all lie on the parabola 
which is touched by the lines. We shall presently see 
that this is true in general. 

255. Iiocus of ultimate intersections. 

If we take every curve of our system and find its points 
of intersection with the curve of the system indefinitely 
near it, we get an infinite number of points of intersections 
all lying on a curve which is the locus of ultimate inter¬ 
sections. # o A K 

Thus, in Fig. 91, suppose the curved lines 1, A A % 
are portions of five very close curves in the system. 
Suppose 1 meets 2 in P, 2 meets 3 in Q , 3 meets 4 m Af, 
4 meets 5 in 5 ; then P , Q , R , S are all on the locus ot 
ultimate intersections when we make the four curves 
come infinitely close together. 

256. Each original curve touches the locus of 
ultimate intersections. 

Consider the curve 2 (Fig. 91). It meets the locus of 
ultimate intersections, indicated by the dotted line, 
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(i.) where it meets 1, i.e. in P\ 

(ii.) where it meets 3, i.e. in Q. 

Now when the three curves 1,2, 3 approach indefinitely 
close to each other so also will P and Q ; thus the locus 
of ultimate intersections meets the curve 2 in two 
coincident points, and hence touches it. 



Fig. 91. 

Similarly the locus of ultimate intersection touches 
every one of the original curves, and on that account is 
called the envelope of the system. 


Example .—Let us consider ab initio the system of straight lines 

y = fjuv + — or fj?x — /xi/ + a = 0. 

M 

Giving p two definite values, and yu 2 , we obtain two straight lines, 
v,z »* Mi 2 x — p x y + a = 0 and /x., 2 x — jx 2 !/ + a = 0 . 

Hence at their point of intersection we obtain on subtraction 

. (Mi 2 -M 2 2 ) x — (y.\ — /x 2 ) y = 0 or (yui + fx 2 ) x ~ V = 0. 

Now, if we suppose m *2 to become indefinitely near to / u 1 in value, 
the last becomes 2p x x — y = 0 , 

which is satisfied by the coordinates of the point of ultimate intersection. 

(Note that dividing across by mi — /* 2 enables us to put ^ 2 = M 1 
without making the left-hand side vanish identically.) 

l^ u ^ mi 2x *— Mi y + a — 9* 

Hence to find the locus of ultimate intersection we must eliminate 
Mi between mi “- x —PxV + a = 0 and 2 y.\X—y — 0. 

From the second equation we have 


hence 

i.e.. 

This is the result 
previous articles. 



y 2 — 4ax = 0. 

we should have expected as indicated in tho 
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257. To find, the envelope of the curve whose 
equation is /u 2 P+/xO + It = O, 

wnere /*, O, 7* are definite functions of oc and y 9 and 
/x is a variable parameter. 

We shall find the locus of ultimate intersections. 

Two curves of the system are 

/’Yl 1 + /hQ + lt = 0 and /x 2 2 P q-//.> Q - f-22 = 0... (a). 

T1 1 e coordinates of their points of intersection satisfy 
both equations (a), and hence they satisfy 

^ (Pi 2 —/'2 2 ) + Q (W, — /X 2 ) — 0, 
as we find on subtraction, or 


1* Oi + /x 2 ) -f- Q = 0. 

11 now we make p., differ from /x, by an indefinitely 
small quantity, their points of intersections become points 
on the envelope. Making* therefore /x 2 = ultimately we 

2/x,P+Q = 0. 

Thus to find the locus we have to eliminate /x, between 
2/x,Z , -f^ = 0 and //, 2 P-f p x Q -f -R = 0. 


A i so 




Hence we have the following* 



Rule. —The equation of the envelope is obtained by putting 
down the condition that the quadratic equation in the variable 
parameter should have equal roots. 


25S. There is another very interesting 1 way of inter¬ 
preting the result of the last article. 

Consider the curves of the system which pass through 
a given point. There are clearly two of them, for we 

must have /x 2 P -f- pQ q -R = 0 

when ill? coordinates x 1 , y 1 are substituted in P, Q , and P, 
and, as this is a quadratic for p, there are two curves 
through the point ( x, y). 
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Now, if the two curves through (.t„ ?/,) coincide, the point 
(# 1 , i/i) lies on the envelope, and the condition that the 
curves coincide is that the two values of /x found from the 
quadratic in /x should be equal. 

The condition for this is 

Q 2 = 4 PI?,, 

which is the same condition as in § 257. 

Example.—Find the envelope of the polavs of a given point with respect, 
to a system of con focal conics. 

Let any one of the confocal system bo 

—- + -Jt_= 1 

a- + \ br + A 

the polar of (x lt y x ) with respect to this is 

. V'J\ = 1 

« 2 + A b 2 + \ 

Now, to find the envelope, we must regard A as a variable para¬ 
meter. The equation is 

(a 2 + A) (b 2 + A) — (b 2 + A) x.r t — (a 2 + A) yy x = 0 

or A 2 + A ( a 2 + b 2 — xx x — yy x ) + arb '* — i 2 ?.^ — a 2 yy l = 0 ; 

and hence, by the rule, the envelope is 

(a 2 + b 2 — xx x — yyd 2 = 4 (<x 2 & 2 — i 2 ^ — a 2 yy x ). 

Since the terms of the second degree are (xx x + 1/1/\)~. this represents 
a parabola. Hence the envelope required is a parabola. 


1* Two lines of the system m 2 x — my + a = 0 can be drawn through 
any point, and they coincide if the point bo on the parabola y 2 = 4 ax, 
which is the envelope. 

2 . Prove that the envelope of the family of straight lines obtained 
by giving different values to p in the equation 

p (Ax + By) + — {Bx — sly) + 1 = 0 

is a rectangular hyperbola, and find the lengths and positions of its 
axes. 

3. A line moves so that the product of its intercepts on the axes is 
constant. Show that its envelope is a hyperbola having the axes for 
asymptotes. 

[Take one of the intercepts for variable parameter, and express the other in 
terms of it by means of the given condition.] 

P \ 8 a point on a parabola, PM its ordinate. Find the envelope 
of the diagonal MQ of the parallelogram PMAQ. 
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259. Sometimes it is necessary to find the envelope of 
a curve whose equation contains two variable parameters, 
these two parameters being* connected by a further equa¬ 
tion. In simple cases we can obtain the envelope by 
eliminating one of the parameters from the equation of 
the curve by means of the equation connecting the parameters. 
Other methods are sometimes applicable, as, e.g ., in 
"Example (iii.) below. 

Examples. —(i.) Find the envelope of the circle (x—c) 2 + y 2 = d 2 , 
where c 2 + d 2 = k 2 . 


Eliminating d , we get 

(. x -c) 2 + y 2 = k 2 — c 2 or 2c 2 -2c.x + y 2 -lc 2 = 0 . 

The envelope is got by making the roots of this equation in c equal. 
Thus the envelope is 

x 2 = 2 (y 2 — 7c 2 ) or x 2 -2y 2 + 2 k 2 = 0 , 

which is evidently a hyperbola. 

(ii.) Find the envelope of a straight line the sum of whose intercepts on 
the coordinate axes is constant. 

Let c and d be the intercepts, k their constant sum. Then 

c + d = k, 

and the equation of the line is x/c + y/d = 1 . 

Eliminating from these, we get x/{7c—d) +y/d = 1. 
or d{k-d)-dx-(k-d)y = 0 or d 2 -{k-x + y) d + ky = 0 . 

The envelope is got by making the two values of the variable 
parameter d equal, and is therefore 

(&__ x + y) 2 = ±ky or x 2 — 2 xy + y 2 —2kx — 2ky + k 2 — 0 , 

which, since the terms of the second degree in # and y form a 
perfect square, represents a parabola. 

[Compare this proof with that given in § 201.] 


(iii.) Tlie envelope of the curve 

j> cos 04 - Q sin 0 = 21, 


where JP, Q, R are functions of the coordinates 
the variable parameter, is the curve given by 


Let 


t = tan £0. 


JP 2 4-0 2 = -R 2 . 

Then 

. l -* 2 

cos 0 = lT7 2 ' 


2 1 . 

1 + t 2 ’ 


and 0 is 


sin 0 = 
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or P{l-t 2 ) + 2t.Q = R( 1 + /?), 

i.e. t 2 (P+R)-2t.Q + {R-P) = 0. 

The equation of the envelope is the condition that the parameter 
has equal roots. 

It therefore is Q 2 = ( P + R) {R — /*) 

or JP 2 4 -Q 2 =It~ . (2). 

This result is worth remembering, although, as a rule, the student 
should in each case work through the process exemplified above. 


5. Apply the method of envelopes to show that the straight line 

x cos 0/a + y sin 6/b = 1 touches the curve z 2 /a' 2 + y' 2 /b' 2 = 1 , # being 

the variable parameter. 

6 . Prove that the envelope of the line ax cos 0 + by sin 9 = c is 
a -* 2 + % 2 - c 2 . 

7. A straight line moves so that the foot of the perpendicular on it 
from a fixed point lies on a fixed straight line. Find its envelope. 

[Take the given point for origin, and let the fixed line be z+a = 0. Find 
the equation of the line joining the point of intersection of 1r+my-\ 1=0 and 
x+a = 0 with the origin, and then put down the condition that this line 
should be perpendicular to lx ‘ r my + \ = 0. The result is a parabola. See § 145 .] 

8 . OX and OY are two fixed lines, and a variable line AB cutting 
them in A and B moves so that A. OA + >u . OB is constant. Show 
that its envelope is a parabola. 


260. Envelopes in general. —It should be noted that 
the discussion of envelopes given in §§ 253-259 applies to 
curves generally and is not limited to those whose equa¬ 
tions are of the second degree. 

Further, it is clear that, if in the equation of the curve 
the parameter /u appears in powers high or than the second , 
an envelope can be found (theoretically, at least) • from 
the condition that two of the roots in yu are equal. 

Example.—Find the envelope of the normals to the parabola y' 2 = -1 ax. 

The normal may bo written 

y — mx — 2 am — am 3 or am 3 + m (*2a — x) + y = 0. 

By the theory of equations, if m ly m 2 , m 3 are the roots of this equation, 
we have m x + m 2 + m 3 = 0, 

w pno + tn x ?w 3 + m 2 m 3 = (2 a — x)/a , 

m l m 2 tn 3 = — y/a. 
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For the envelope, two of the roots in in are equal, say, m, = m 2 . 

Then 2 m x + m z = 0 . (1), 

Wj 2 + 2 w 1 w 3 = (2 a — x)/a . (2), 

in i 2 w 3 = —y! a . (®)* 

Eliminating m 3 by means of (1), we get 

?Wl 2 _ 4, Wl 2 = (2 a-x)/a or = (x — 2a)/S<i, 

— 2 mf= —y/a or = y/ 2 a. 

Eliminating we get, as equation of envelope, 

(x-2a\ 3 = 0 = ( JL) 2 or 4 (*- 2«) 3 = 27y 3 . 

V 3 a ) \2aJ ... 

jj OTE- _The envelope of the system of normals to any curve is 

called the evolute of that curve. 


9 . Find the envelope of the straight line y?x ~ yly + c = 0, /x being 
the variable parameter. 

261. If in the straight line ?x+mi j/+ 1 = o the coefficients 
l, m he connected by a relation 

oI 2 + 2 /ilw + l»w 2 +aj/I + 2/*m + c = O, 
then the envelope of the line is a conic section. 

Let us first inquire how many lines of the system pass through a 
given point (aq, y x ). AVe must have 

lx x + my l + 1 =0 and aP + 2 him + bin 2 + 2gl + 2/m + c = 0. 

Now, if we make the second equation homogeneous by means of 
the first, we obtain 

aP + 2hlm+bm 2 -2(gl+fm)(lx l + my l ) + c(lx l + my l ) 2 = 0. (Pt.I.,§38) 

This being a quadratic for the ratio l : in , it has two roots. Now 
when the ratio l:m is known, the direction of the line ^ known ^ 
thus the lines through (aq, y x ) are in one of two directions, and hence 

tliprp are in ffGDGr&l two such, lines* . 

To find the envelope, we have to find the condition that these tw 

coincide, i.e. the above quadratic for the ratio l:tn must have equal roo 

Now the quadratic may be writt en 

P (a - 2 gx x + cx x 2 ) + 2 bn (h - gig x -fx 1 + cx x y x ) + m 2 (b - 2fy x + cy x 2 ) = 0 *> 

hence the condition for equal roots is 

(a — 2gx l + cx l ‘ 2 ) {b - 2fy x + eg x 2 ) = {h-gy x -fx x + cx x y x ) 
or {ab- W) + 1X\ (*/- bg) + 2y x (r/h — af) + xf {be -f^+y^ca-g^) = ^ 

the terms of degree higher than the second in x } and y, cancelling out. 
Thus the envelope is a conic whose equation is 
(Jjc —/ 2 ) x 2 + 2 xy ( fg—ch .) + y 2 (ca—g*) + 2x ( hf - bg) + 2y 
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Example (i.) A line mores so that the sum of its intercepts on two 
Jixed lines is constant. To show that it always touches a parabola. 

Take the given lines to be axes of coordinates, and lx + my — 1=0 
as the equation of the line. 

Then the intercepts on the axes are 1 // and 1 Jm. Tlius 

1/1+ 1 /m = const. = a (say), i.c. a ltn — l—m = 0 . 

Thus the relation between l and m is of the second degree, and 
hence, by the foregoing, the line always touches a conic. 

■The directions ol the two lines through the point (.?*, //) are given by 

aim - (1+ m) (lx + my) = 0 or T. x + bn (x f y — a) + m 2 . y = 0 . 

The condition for coincidence is 

(x + y—a)- = 4 xy or x 2 — 2xy + y 2 -2ax— 2 a y + a 2 = 0. 

This clearly denotes a parabola. The equation may be reduced to 
the form Vx + */y + Va = 0. 

The parabola therefore touches the axes of coordinates. 


Example (ii.) A line moves so that the product of the perpendiculars from 
two fixed points on it is constant. To show that it envelops a conic. 

Take the line joining the given points as the axis of .r, and let the 
given points A , B be (r, 0) ( —c, 0) the axes being rectangular. 

The perpendiculars on the line Ix + my + 1 = 0 are 


Jc+ 1 _ 

1' 2 + m 2 


and 


lc + 1 
lr + in 2 * 


Thus we have 


1 _ p c 2 

yr~ - 5 = const. = b 2 , say ; 

i~ + m- J 


b- (l 2 + m 2 ) + r 2 c 2 = 1 . 

Since this is of the second degree in l and in, tlie envelope is a conic, 
lo find the equation we must make the quadratic 

b ” (l 2 + m 2 ) 4- c 2 P — ( lx + my) 2 = 0 

have equal roots in 1/m. The quadratic is 

P {+ c 2 -x 2 } —2 hnxy + in 2 ( b- — y 2 ) = 0 

and the equation of the envelope is 

(b 2 + c- — x : ) (b 2 y~) = x-y~ or x 2 b 2 + y 2 (b 2 + c 2 ) = b 2 (b 2 + c 2 ), 

i.e. 3:2 + i 

b 2 + c 2 b 2 

Thus the envelope is an ellipse having \/b 2 + c 2 and b for semi-axes 
and the given points for foci. 


Exercise. 

If the product of the perpendiculars be (— b 2 ), show in like 
manner that the envelope is a hyperbola having the given points for foci. 
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MISCELLANEOUS EXERCISES ON CHAP. XIX. 

11. A straight line forms, with two given lines, a triangle of con¬ 
stant area. Show that its envelope is a hyperbola having the given 
lines for asymptotes. 

12. A straight line moves so that the difference of its intercepts on 
the axis is constant. Show that its envelope is a parabola. 

13. Find the envelope of a circle that rolls along the axis of x. 

14. CP and CD are conjugate diameters of an ellipse. Find the 
envelope of the line joining the middle points of the ordinates of 
P and D. 

15. Find the envelope of the straight line 

y = mx + a\/ L + m 2 + c — mb , 

where m is variable. 

16. A parabola touches the coordinate axes, the equation of the 
chord of contact being ax + by = 1. Prove, by the method of 
envelopes, that the line axA + by = A/(A + 1) always touches the 
curve whatever be A. 

17. Show that the lines given by the equation 

(x cos a + V sin a) 2 = >4 cos 2 a + B sin 2 a, 
for different values of a, all touch the same conic. 

18. Deduce, from Ex. 17, the locus of the intersection of two 
tangents to a fixed conic, at right angles to each other. 

19. If two tangents to an ellipse intersect on the circumference of 
a concentric circle, prove that their chord of contact touches another 

ellipse. 

20 . Aline moves so that the sum of the squares of the perpendiculars 
on it from two fixed points is constant. Show that its envelope is 

an ellipse. 

21 . If the sum of the squares of the perpendiculars on to a straight 
line from any number of points be constant, the envelope of the line is 
an ellipse. 

22. The tangents at points P and Q on an ellipse are at right angles. 
Show that PQ touches a fixed concentric ellipse. 

23. The envelope of a chord of an ellipse whose middle point lies 
on a fixed line is a parabola. 

24 If a page of a book is turned down so that one corner moves 
along an opposite side of the page, show that the envelope of the line 

of crease is a parabola. 
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HARMONIC SECTION. 

262. Harmonic range. — Definition. —Any number of 
points in a straight line are said to constitute a range of 
points. 

Four points A, B, C, D are said to form a harmonic 
range when two of them divide the distance between the 
other two internally and externally in the same ratio. 


Then 


AC __ AD 
CB BD 



Suppose, for example, that C and D divide the segment 
AB internally and externally in the same ratio ; then 


A C B D 

-1-!_I_ 1 

i i i i 

Fig. 92. 

A, B, C , D , form a harmonic range and the pair of points 
C, D are said to be harmonically conjugate with respect 
to A and B. 


263. If C and D are harmonically conjugate with 
respect to A and B, then A and B are harmonically 
conjugate with respect to C and D . 

For we have, by hypothesis, 

AC AD 
CB + BD' 

with the usual convention as to sign ; hence 

AC = CB 
AD + BD' 

so that A and B divide CD internally and externally in 
the same ratio, which proves the proposition. 








I>P b -tkx 
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for 


1 and BC 


CB 


Cor. The relation between the points A, B, C, D can 

AC . BD _ - 

be written JdTBC ~ .>4 

for AC.BCj ^ 1 and bc=-CB. 

fo1 AD . CB 

This result should be remembered. To get the numer¬ 
ator we write down the four points in the order in which 
then occur on the line ; and, for the denominator, we take 
the same point first, and the others in exactly the reverse 

, .. A, C,B,D1 

order, thus A,D,B,C)' 

In consequence of the above reciprocal relation, we shall 
frequently say that two such pairs of points are 

harmonic. 


order, thus 


264 To find the relation connecting the distances 
of two harmonic pairs of points from any point of 

^Suppose the poiiiji from which all the distances are 


Fig. 93 


measured is 0, and that the lengths of OA, OB, OC, OD 
are a* *». *4 respectively. (Of course distances in on 

direction are measured positively, and m the other 
negatively.) AC _ AD 

Then CB BD * 

AT^-nr Ad = X., -3%, CB = Xc, Xa, &C., 


Now 


AC 


x s Xi, 


_ , -* 4 "i 

so that we get ^ ^ ’ 

for in general, a distance such as AD is found by sub¬ 
tracting the x belonging to D from that belonging to A, 

and so on. . , 

Hence, from the above equation, we have 

(a? 8 — x x ) (m 4 — X.) —(x.t—Xj) (x 2 — x 3 ) = 0, 


X x — X x 




(Hi, c p) 
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or, on multiplying* out and collecting terms, 

2 O, a-, + a' a .r 4 ) — a-, .r 4 — -v, av, - .r 4 a-, - a\. .r 4 = 0 ; 

2 (or,a:., + a” 3 ;r 4 ) = (>•,+.'/•,) (*!„ + .-»•,) . (3">- 

^ — 

Cor. Conversely, when this relation holds, we have 


— _ -2*4 — * T i ? 

x 2 — a* 8 x 2 — x t 

and the two pairs of points A , £ and C, D are harmonic. 

Thus, if the relation (3) holds for one position of the 
point 0, the four points are harmonic, and it holds for all. 


265. Particular cases.—By supposing the point 0 to have par¬ 
ticular positions, we can deduce two very important relations from the 
last article. 

I. Let 0 coincide with A ; then x x = 0 , and the relation becomes 

2***4 = .To (*3 + x 4 ) or 

•t o .<3 4 

so that AB is the harmonic mean between AC and AD. This shows the 
connection between harmonic means and harmonic ranges. 

Thus AC, AB, AD are in harmonic progression. 


II. Suppose 0 is the middle point of AB\ then .r, = - x 2 , so that 
a % j + = 0, and the right-hand side of (3) is zero. 

Hence X\ x. 2 + .r 3 r 4 = 0 or x 3 x 4 = *j 2 . 

Consequent^, if C and D be harmonically conjugate with respect to 
A and B, and 0 be the middle point of AB, we have 

OC . 0D = 0A- = OB 2 . 

Clearly C and D arc on the same side of 0 ; otherwise OC . OD would 
be negative. 

This gives an easy method of finding a point harmonically con¬ 
jugate to C with respect to A and B. 

Example .— The distances of four points on a line from a fixed point on 
it yfe 5, 7 \ , 8, units respectively. Find whether or not any pair of 
tfmjFis harmonically conjugate to the other pair. 

‘ 'The easiest way to do this is to find whether the distances from any 
one can he so arranged as to he in harmonic progression {cf. I.). 

The distances from the first to the second, third, and fourth are 2 J, 
3, If these can be arranged in harmonic progression, their 

reciprocals £, £ can be arranged in arithmetic progression. But 

they are clearly in arithmetic progression as written down. Con¬ 
sequently the first and third of the points are harmonically conjugate 
with respect to the second and fourth, and vice versa (by I.). 

l/bf477; 
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266. Particular case of harmonic range. — Point at 
infinity. 

If the two pairs of points A, B ; C, D are harmonic, then, when C is 
the middle point of AB, D is at infinity. 

For, since AC = CB, we must have AD = DB> which can only 
happen when the quantities are both infinite, since their difference is 
finite. 

Hence the point harmonically conjugate to the middle point of AB 
is the point at infinity on the line (see §§ 199, 200). 

This can also be easily seen from the fact that, if 0 be the middle 
point of AB , then OC .OD = OA 2 (§ 265), for the nearer C comes to 0 
the further D recedes from it, and when C finally coincides with 0 
D is at infinity. 

We may state this important result in words, as follows :— 

“ Any two points on a line, the point midway between them, and 
the point at infinity on the line form a harmonic range.’* 


1. Prove that DC in § 265, Case I. is the harmonic mean between DB 
and DA. 

2. The distances of four points on a line from a fixed point on it 
are 3, 4, 5, 3£ inches respectively. Examine whether any two of 
them are harmonically conjugate with respect to the other two. 

3. The distances of four points A , B t C f D from an origin 0 on the 
line are x lt .r 2 , ;r 3 , x 4 . Show that, if the relation 

2 (x l x.j + x 3 .r 4 ) = (or, 4 - x 2 ) (x 3 + x 4 ) 
is satisfied for one origin 0, it is satisfied for all positions of 0 . 


4 . If C and D are harmonically conjugate with respect to A and B , 
and OA = 2, OB = 4, mark the positions of D for the positions of C 
given by 

OC = 1, 2 , 3, 4, 5, 6 , - 1 , — 2 , -3, -4, -5, - 6 . 

5. If 0 be the middle point of AB , and OC . OD = \AB“, show that 
C and D divide AB internally and externally in the same ratio. 


6 . If C and D are harmonically conjugate to A and B (Fig. 93), 
show that C and D always move in opposite directions. a 

Of C and D, that moves more rapidly which is the further 

away from 0. 

7. If C move to V and D to O', where CC' and DO' are very small, 

DP’ _ OD 
CC' OC' 


show that 



HARMONIC SECTION. 


007 


267. The distances of two pairs of points from the 
origin 0 being given by the quadratics 

a l oc 2 +2b l oc+c^ = O and a 2 ac 2 +2b 2 ac+c 2 = O, 
to find the condition that the two pairs may be 


harmonic. 

Let x x , x 2 be tlie roots of the first quadratic and a 3 , x 4 the 
roots of the second ; then we know that 


2 (x t a\, + <t 3 .t 4 ) = («t i 4- .r 2 ) (x 3 4 - x 4 ) ; 
but, by the theory of quadratics, 


(§ 264) 


a\ 4 - .To = 
a’ r T 2 

and hence 2 ( — 

\ a x 


or 


— 2bja x , x 

3 4" > r 4 — 

- 2?>o/^2> 


= cja x , a\j 

11 

K# 

IT 

s* 

(Tut. Alg. 

II., 156) 

+ *) = (■ 


2 b 2 \ 


a. 2 / \ 

a Y / \ 

a 2 ) 


<*i c 2 +a 2 c x 

= 2^60 . 


. (4). 


Cor. One pair of points can be found harmonic to each 
of two given pairs. 

For let a,ar 4~ 2b x x-\- = 0 and a 2 x 2 -\-2b 2 x-\- c 2 = 0 be 

the given ones. 

Then, if Ax 2 4 - 2Bx + C = 0 be two points harmonic to 
the former pairs, Ac x -\- Ca x — 2Bb x = 0, Ac 2 4- Ca 2 — 2Bb 2 — 0, 
from which the ratios of A, B, G may be determined in 
the usual way. {Tut. Alg. II., § 68 .) 


8 . The distances of A and B from a fixed point O on the line are 

given by x 2 — 5a> + 3 = 0. 

If OC = 1, find OD where C and D are conjugate to A and B. 

(Let OD — a. ; then the two quadratics (x-l)(x-a) = 0, x* — 5x+3 = 0 
must be harmonic.] 

9. Find the value of q in order that the pairs of points 

x 2 + 2x — 1 = 0 and x 2 + 4x + q = 0 
may be harmonic. 

10. Find the pair of points which are harmonic to the two pairs 
given by x = 1, x = 3 ; x — 4, x = 6. 

(ft) The pair of points harmonic to both a x x 2 + 2&,.r + c x = 0 and 
curfr + 2b 2 x + c 2 = 0 is given by 

( a x x + #i) {b 2 x + c. 2 ) — (a 2 x + b 2 ) x + c Y ) = 0 . 
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269. If two pairs of rays 0a, Op and 0y, OS be such 
that one straight line meets them in two pairs of points 
A , B and 0 . D which are harmonic, then every straight 
line meeting the rays is cut harmonically by them. 


A, B and C, D are harmonic points if 

AG.BD , 
AD.BC 


(§ 263) 


% 


Let p be tlie perpendicular 
from 0 on the given line ; 
then we have 

AC.p = 2AA0C 

= OA . OC sinAOC, 

and therefore 

.AC — OA . OC sin AOC/p, 

with similar values for BD> 

AD , BC. . 

Hence, substituting in 

OA.OCsinAOC 


O 



Fig. 01. 


lie equation above, we have 


n d n n 




nn n 


_ V _ E __ — 1 , 

OA . 0D sin AOD OB. OC sin BOC 
- • 


whence 


V V 

sin A OC . sin BOD _ 

sin AOD . sin BOC 



How this condition does not involve the position of the 
cutting line at all, but depends only on the mutual in¬ 
clinations of the rays, and therefore, if it hold for one 
cutting line, it holds for all. 


270. Pencil. — Definition. —A number of straight lines 
passing through the same point are said to form a pencil. 

The point is called the vertex , and each individual line 
is often called a ray of the pencil. 

Thus OA , OC , OB , 0D in Fig. 94, form a pencil. Such 
a pencil is sometimes indicated by the notation 0(ACBD ). 

Harmonic pencil. — Definition. —If two pairs of lines 
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0a, Of 3 and 0y, 08 meet any (and therefore by the above 
proposition all) cutting lines in harmonic points, the pairs 
of lines are said to be harmonic, and the four lines 0a, 0(3, 
0y, 08 form a harmonic pencil. 

Projection. — Definition.— If we join any point P of 
one line to a fixed point 0 and produce OP to meet another 
line in P\ then P' is called the projection of P. 

Cor. I. It clearly follows that, if four points form a 
harmonic range, then their projections on any other line 
do also. 

Cor. II. The pencil formed by joining any vertex 
to the points of a harmonic range is harmonic. 


271. Particular case. 

From the result of the last article we can deduce one 
which is often of great use in examining whether a given 
pencil be harmonic or not. 

Suppose the cutting line ABCD is parallel to 08; then D 
is at infinity, and hence 0 must be the middle point of 

AB. Thus, 1 

If four lines form n harmonic pencil, the portion of a line 
parallel to one of them intercepted between two of the others 
is bisected, by the third , and conversely. 

For example, the portion of a tangent intercepted 
between the asymptotes of a hyperbola is bisected at the 
point of contact, and the tangent is parallel to the con¬ 
jugate diameter; consequently any two conjugate diameters 

of a hyperbola are harmonically conjugate with respect 
to the asymptotes. 

This can also be seen by analysis, for in the hyperbola 

Ax 2 4- 2Uxy -f- By 2 =. 1 
the asymptotes are 

A x 2 4- 2 Hxy + By 2 = 0, 

and the lines ax 1 4- 2hxy 4- by 2 = 0 are conjugate diameters 

lf aB + bA — 2hH = 0 (Ex. 10, p. 175). 

But this (see §272) is the condition that the lines 

should be harmonically conjugate with respect to the 
asymptotes. 

OBOM. FT. II. 


U 
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272. To find the condition that the two pairs of 
lines given by the equations 

u l ac 2 -\-2h 1 J0j/+b 1 y i = O and a 2 ac?-\-2h. 2 acy+b< t y 2 = O 

should be harmonic. 

Suppose the first pair of lines are 0a, 0/3 and the second 
pair Oy, 08, and further that the line y = 1 meets 0Y in O' 
and the pairs of lines in A, B, C, D respectively. Then 
A, B and G, D must be harmonic. 

To find O'A, O' B we have to make y = 1 in the first 
equation; thus they are the roots of 

a l x 2 -\-2h l x-\-b l = 0. 



Fig. 95. 

Similarly, the second pair 0'0, 0 D are the roots of 

a 2 x 2 -f- 2h 2 x + b 2 = 0, 

and, consequently, by a known result, § 267, the condition 

is — 2/fj7#2 = O. (5). 

Cor. I. Suppose that the second pair of lines are the 
axes, so that a 2 — b 2 = 0, 

and the condition reduces to hji 2 = 0. But h 2 is not zero ; 
consequently h x =■ 0. 

Hence the pair of lines oar + by 8 = 0 are always 
harmonic to the axes. 

It follows at once that the lines y — mx = 0 and 
y + mx = 0 are harmonic, for their equation is 

y^ — rn^x 1 — 0, 

in which there is no term in xy. 
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Cor. IT. If two pairs of lines be harmonic and 
one pair be at right angles, they bisect the angles 
between the other two. 

Take the perpendicular pair of lines as axes of coordi¬ 
nates ; then the others are given by 

ax~ -f by 2 = 0, 

so that they are clearly equally inclined to the axes. 


12. If ABC bo a triangle and D the middle point of BC, then AB 

AD, AC and the line through A parallel to the base form a harmonic 
pencil. 

IS. Two lines and the lines bisecting the angles between 
them form a harmonic pencil. 

[This follows for any cutting line by Euclid VI. 3. Or a line parallel to one 
biscctoi cuts oil an isosceles triangle, and, as the bisectors are at right angles 
the other bisects the base.] h hK! '’ 

14. Given three lines Oct, Ob, Oc , prove the truth of the 
following construction for 0d such that 0a , Ob and Oc Od 

d™ J 1 pT°P* iCaUy 1 ?°iH U ^ te V>. Take any point Pon 0c and 

draw PM, PN parallel to Oct, Ob meeting Ob, Oa in M and N 
respectively, and then draw Od parallel to MN. 

lo. A variable straight line meets any four fixed lines Oa, OB, Oy , 

05 in points A, B, C, D. Show that the value of is the same 

A D Q 8 

for all positions of the cutting line. 

„ 1G , Pr « ve that the pair of lines y = 3.r, y = -lx and the pair 
y — Ox, 6y = 11a; form a harmonic pencil. 

[Show that the points in which they meet z = 1 form a harmonic range.! 

17. Show that the pairs of lines 

x 2 +2 xy—y- = 0 and 3x 2 —4xy — y 2 = 0 
form a harmonic pencil. 

18. Whether the axes are rectangular or oblique the straight lines 

y — mx, y - mx form a harmonic pencil with the axes. 

19. Find the value of A. in order that the pairs of lines 

3 * 2 + xy—y* = o, a ; 2 + \xy + y 2 = 0 
should form a harmonic pencil. 

-‘ 20 * T he aXe ® bein S rectangular, show that a pair of lines which 
right angTeT° mC penCl1 Wlth the ima ginary pair x* + y* = 0 are at 

w 2 *' ^ he aX6S bein g; inclined at an angle o>, a pair of linos which 
are atrigM angled " 0 W ‘ the * ma S inar y pair + Ixy w. + ^-O 
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273. Harmonic property of the quadrilateral. 

In a quadrilateral ABGD BG, AD meet in G ; BA, CD 
in £ ; and BD, AG in F. To show that the pairs of 
lines GE, GF and GA, GB are harmonic. 

Take GBG and GAD for axes ; then, if GA — a, GB — p, 


£ 



Fig. 96. 


GG = V, GD — 3, we can write down the equations of 
lines as follows : 


x 


ABis j + ] t 

CD is — 4- -f 

•V O 



a rt • 0 ? , V 

AG is- V -z- 


a 


BD is 


x 


_ 4- JL 

fl 3 



From the first two, we infer that, since GE passes 
through the origin, its equation is 




or 


x 



+ 


y + f 

»(i- 


) = o. 



o. 


o. 


/ 3 7 

Similarly, from the last two we see that 

GF is 

In the joint equation of G£ and GF there is clearly no 
term in xy. 



ii a uM on ic section. 
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Therefore the lines GE , GF form a harmonic pencil with 
the axes (§ 272, Cor. I.). 

As an exercise, the reader should establish the 
following*:— 

Cor. I. Similarly, by taking EAB , EDO as axes, we can 
show that the pairs of lilies EF, EG and EAB , EDO are 

harmonic. 

Cor. II. By taking F as origin and BFD , AFG as axes, 
we can show that the pairs FE, FG and FA, FB are 
harmonic. 

274;. Complete quadrilateral and its properties. 

The whole figure is called a complete quadrilateral. 

To draw such a figure with ease, we first draw the lines 
EAB, EDO meeting, and then the pair GBG , GAD meeting. 
The reader will do Vv ell to notice this, because, if he 

£ 


GBG, C 

Fig. 97. 

begins by taking the points A , B , C , D , the various lines 
frequently are so nearly parallel that the figure becomes 
too large. 

It should also be noticed that the three points £, F, G 
are, in reality, symmetrical with regard to the quadri¬ 
lateral A BCD, for a point such as E , F , or G is where the 
line joining any two of the points /J, B, G, D meets the 
line joining the other two. 
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A harmonic pencil of a complete quadrilateral is formed 
by the four lines drawn from any one of the three points 
of intersection £, F, G 

(1) and (2) to the other two points of intersection ; 

(3) and (4) to the corners A, B> C, D of the original 

quadrilateral. 

275. The results of § 273 lead at once to a very interesting con¬ 
struction for finding the point harmonically conjugate to a point 
Gi with respect to two given points C and D. 

For take any point G and join GC , GO , GG\. Then through C draw 
anj T line 6A meeting GG\ in F and GO in A. Join OF , and produce 


G 



it to meet GC in B. Finally, join BA, and produce it to meet CD 
in £. Then E is the point required, as follows at once from the 
above. 

The foregoing construction may appear long and complicated to the 
reader, who will probably think that some such process as bisecting 
CD in 0 and then making 0G\ . OE = OD 2 is more to the point. In 
reality, the construction we have given is probably the most important 
in the whole of geometry. This arises from the fact that it is effected 
by processes requiring the use of the ruler only. It may interest the 
student to analyze the Euclidean constructions, and sec for himself 
that they all require the use of compasses as well. 

A simpler construction is given in Ex. 14, p. 291. 

Exercise. 

22. In the complete quadrilateral of Fig. 97, if EF produced meets 
BC in G lf show that the pairs of points B, C ; G y G, are harmonic. 

Hence, having proved that the pencil £ ( BFCG) is harmonic, 
deduce at once that F ( GCG X B ) is; that is that F (GCEB) is 
harmonic. 

("This all follows from the fact that a line meets a harmonic pencil in a 
L ‘ harmonic range.] 
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276. Two conjugate points with respect to a conic 
are harmonically conjugate to the points in which 
the line joining them meets the conic. 

in other words, if A and B be two points such that the 
polar of each passes through the other, and AB meets Ihe 
conic in P and Q , then the pairs of points A , B and />, Q 
are harmonic. 

Suppose that the conic is 


ax 2 -f- 2hxy + by 2 -f 2gx -f 2fy 4- c = 0 , 

that A is (.Tj, ?/,), and B (a 2 , y 2 ). Tlien the polar of A is 

ax^’ + h (xyy + xy x ) + by x y + g (x 4- x x ) +f(y + y x )+c = 0 ; 

therefore, since B («r 2 , y 2 ) lies on it, we have 

n.r, x % 2 + h (‘Tj t/, + x, Vl ) -j- by, y 2 4- g (.r, 4- a* 2 ) 4-/ (y x -f y 2 ) 4- r = 0. 

Now the ratios in which the line is divided by the 
conic are given by the well known ratio quadratic 

k?S 2 + 2klT X2 + l 2 S x =0 (§ 136) 

where 

T V2 — ax.x -f- h (x, 7/0 4- ?/,) -f- hu, ?/„ 4- r/t.r. -4- .r.Y- 


and 




Hence the coefficient* of kl is zero, and therefore the two 

ratios are equal and opposite, that is P and Q divide AB 
internally and externally in the same ratio. This estab¬ 
lishes the result. 


277. Alternative proof. 

Let 0 and A (Fig. 99) be the two points; take 0 for 

origin, 0A for axis of x, and suppose the equation of the 
conic is 

ax 2 -f 2 hxy -f by 2 + 2 gx 4- 2 fy + c = 0. 

^ o h nn° niC meets in P and Q > then, to find the lengths 
of OP, 0Q we must make y zero in the above equation. 
Hence OP, 0Q are the roots of the equation 

ax 2 -f- 2gx 4- c = 0, 

so that, by the theory of equations, we have 

A + JL _ __ 

0P 0Q~ c ' 
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But the polar of 0 (0,0) is gx+fy + c = 0, and, as 
this passes through >4, by hypothesis, 0A is given by 



which shows at once that 0 and A are harmonic conjugates 
to P and Q. (§ 265.) 

This result may also be stated as follows :— 

A Hue through any 'point is divided harmonically by the 
points the curve, and the polar of the point. 

Cor. If a line be drawn through a fixed point 0 to meet 
a conic in P and Q , and a point R be taken on the line 
such that OR is the harmonic mean between OP and OQ, 
then as the line OPQ turns round 0 the locus of R is a 
straight line. \ 

For the point in which the line OPQ meets the polar of 
0 divides it in the given manner, by the theorem above, and 
hence R is always on the polar of 0. 

Exercises. 

23. Verify that the points (1, 1) (>, -♦-) are conjugate points with 
respect to the conic .r 2 + .ry + y 2 = 4. Find the quadratic for the 
ratio in which the line joining them is divided by the curve, and 
hence verify that the section is harmonic. 

24. Prove that, if the line AB is divided harmonically by the curve, 
then the polar of A passes through B. 

25. Ay By Cy D are four points on a conic ; AB , CD meet in £, BC, AD 
in G , and ACy BD in F. Then EF meets ADy BC in Gy* G» respectively. 
Show, from the properties of the complete quadrilateral, that the 
pairs of points Gy G , ; D y A and the pairs Gy G 2 \ C. B are harmonic. 
Deduce that the polar of G passes through Gy and G 2 and is therefore 
the line EF. 

26. Show that in Ex. 25 the triangle EFG is such that each side is 
the polar of the opposite vertex with respect to the conic. 

(Such a triaDgle is said to be self-conjugate with respect to 
the conic.) 
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278. Two conjugate lines with respect to a conic 
form a harmonic pencil with the tangents drawn 
from their point of intersection to the conic. 

Suppose that OA, OB are two lines conjugate with 
respect to the conic, that is, such that the pole of each lies 
on the other. Then, if 0T X , OT « be the tangents from 0 , 
we have to show that the two pairs of lines OA , OB and 
0T X , 0T 2 are harmonic. 


0 



Ijet the line OA meet the conic in P and Q; then, by 
hypothesis, the pole of OA lies on OB. But the pole of 
OA is the point of intersection of the tangents at P and Q. 

Therefore these tangents meet on OB , say at the point R x . 

Now PQ , the polar of /?,, passes through 0. 

therefore T x To, the polar of 0, passes through /?,. 

Bet T x T 2 meet PQ in Then, by § 276, R x and /?.» are 
conjugate to T x and T 2 . 

therefore 0R X , 0R 2 form a harmonic pencil with 0T X , 

0T 2 (§ 270), i.e. the pairs of lines OA , OB ; 0T X , OT, are 
harmonic. 

279. Alternative proof. —We shall now give a purely analytical 
proof of the last theorem, on account of the importance of the theorem 
and the mstructiveness of the method. 

Suppose the conjugate lines are the axes of coordinates, so that 0 is 
now the origin. 

As the axes are clearly not, in general, conjugate lines of 

ax* + 2hxy + by- + 2 gx + '2fy + c = 0, 
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some condition will have to be satisfied among the coefficients. To 
find it we must find under what circumstances the pole of x = 0 lies 
on y = 0. 

Now the polar of (x', if) is 

x {ax' + hi/ + g)+y (fix’ + by* +f ) + <jx' +// + c = 0, 
so that, for the pole of x = 0, we have the two equations 

hx' + bt/+f= 0, gx?+fy' + c = 0. 

If this point lie on y = 0, we have 

hx' +f= 0, god + c = 0 ? 
hence fg — ch = 0. 

Now tho tangents from 0 to the curve are 

(yx +fy + c ) 2 = c (ax 2 + 2 hxy + by- + 2 gx + 2 fy + c) (6 1 38) 

or x- (ac —y-) — 2xy [fg — ch) + y- ( bc—f -) = 0, 

and the term in xy is zero in virtue of the above. 

Consequently, from § 272, it follows at once that the pair of tangents 
and the axes are harmonic. 

280. As an illustration of the foregoing theorem, consider tho 
conjugate diameters of a central conic. 

Conjugate lines through the centre are conjugate diameters, for the 
pole of a diameter is the point of intersection of the tangents at its 
ends. These are both parallel to the conjugate diameter, and there¬ 
fore meet in the point at infinity on the conjugate diameter (§200) ; 
therefore the pole of a diameter is on the conjugate diameter. Hence, 
as stated, conjugate diameters are conjugate lines through the centre. 
The tangents from the centre are the asymptotes, and therefore 

^4 pair of conjugate diameters form a harmonic pencil with the 
asymptotes. 


MISCELLANEOUS EXERCISES ON CHAP. XX. 

27. Points are taken on a line distant 

. 2 xy 

a, a H-— ; a + x, a + y 

x + y 

from a given point on the line. Show that tho first pair are harmonic 
to the second. 

28. Show that the points where the internal and external bisectors 
of the vertical angle of a triangle meet the base are harmonically 
conjugate with respect to the ends of the base. 

29. "Write down the condition that the pairs of lines 

# 2 — y~ = o, ax 2 + 2 hxy + by 2 = 0 

may form a harmonic pencil. 
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30. Show that there is only one pair of lines harmonic with respect 
to each of two given pairs. 

31. If the axes be rectangular, and Ax- + 2 Tfxy + By' 2 =J) 
bisectors of the angles between the lines *.r- + Ikxy + by- - 0, then 

show that (i.) A + B = 0, (ii.) Ab + Ba-'lllh = 0. 

By solving these equations for A and B deduce the equations lor 

the bisectors. 

32. Show that two points on the axis of or at distances a, 3 from the 
origin are harmonic to two whose distances are given by ax- + % lbx + c - 0 

if (iafi + 5 (a 4- 3) + c = 0. 

[Form the quadratic of which a and p are the roots.] 

33. If the lines y — nt x x 9 y = m 2 x and ax 2 + 'ihxy + by- = 0 are 
harmonic, then show that 

mill w 2 + h (mi| + w 2 ) + b = 0. 

34. Prove that the diagonals of a parallelogram, together with the 
lines joining the middle points of opposite sides, form a harmonic pencil. 

35. Given a harmonic range ABCD and any point 0, prove that a 
straight line drawn through B parallel to 0D is met by 0A and 0C in 
points equidistant from B. 

Show also that, if abed is another harmonic range such that 
the straight lines Aa , Bb , Cc meet in a point, then the straight 
line Dd passes through the same point. 

36. The two pairs of lines y = m l x , y = m«x ; y = m 3 x, y = m A x 

, . - , w,-«q Wo — mi 4 -a 

are harmonic, if only —*-' . —-- = — I. 


Wo — w 


m . — w 


[Make the points in which they meet x = 1 harmonic.] 


37. If the two pairs of lines y = m l x f y — m 2 x ; y = m 3 x, y = m A x 
are harmonic, then so also are the two pairs 

a + bm , a + bm.y a + bm* 

y = v = —; y = 

c + dm x c + dm 2 c + dm 3 

where a , b t c, d are any constants. 


a + bin. 

y — -- x 

c + d?n 4 


38. If four diameters of an ellipse form a harmonic pencil, then so 
also do the four diameters respectively conjugate to them. 

39. If a triangle be inscribed in a circle, and a diameter of the 
circle be drawn at right angles to one of the sides, the remaining two 
sides, produced if necessary, will divide this diameter harmonically. 

40. Through the origin of coordinates 0 straight lines are drawn, 
any one of which 0PQS cuts the fixed line lx + my + n = 0 at P, and 
the fixed conic ax 2 + 'Ihxy + by 2 + 2gx + 2 fy + c = 0 at Q and S. Prove 
that the locus of the point /?, which is such that P, Q , P, S are four har¬ 
monic points, may be expressed thus :— 

n (ax 2 + 2hzy + by 2 + 2 gx + 2 fy + c) = (lx + my + n) (gx + fy + e). 
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EXAMINATION PAPER VI. 

1 • It' S = ax 2 + 2 hxy + by 2 + 2y.r + 2 fy + c 

and S' = ax 1 + 2 h'xy + b'y 2 -f 2 y'x + 2 f'y + </, 

show that the equation of any conic which passes through the font 
points common to S ^ 0 and S' = 0 is of the form S + \S' = 0. 

The axes being supposed rectangular, show that the condition 
that the four common points should lie on a circle is 

li : h‘ = a — b : a’ ~b' 

2. Show that the conic represented by 

«x- + by 2 + 2 hxy + 2/’cos 2 9 .y + 2y sin 2 9 . x + c = 0, 
where 9 is a variable angle, always passes through two fixed points. 

3. Find the equation of the circle circumscribing the triangle 
formed by x = 1, y = 2, x—y = 0. 

4. Interpret the equation a/3 = y 2 where a = 0, £ = 0, y = 0 are 
the equations of three straight lines. Show that the equation 
xy = \ 2 (x/a + y/b — l) 2 represents a conic section touching the axes 
of coordinates. 

5. Find the nature and position of the curve touched by the family 
of straight lines represented by the equation 

fj. 2 (2.r + 3 y + 4 «) + y. (3a* + 4y + 5a) + Ga = 0. 

G. The axes of an ellipse are given in position. Find its envelope 
if the product of its axes is constant. 

7. Define the term evolute; and find the equation to the evolute of 
a parabola. 

8. On the straight line OX there are situated four harmonic points 
p, Q> s , of which P and /?, Q and S are conjugate pairs, all the 
four points being on one side of 0. Prove that 

(OP + OR) (0Q + OS) = 2 OP . OR + 20Q . OS. 

9. If A, By C, D are four points in a plane ; and, if AB , DC intersect at 
G ; BC , AD at F ; and AC, BD at £, then prove that the straight lines 
E ( BGCF) form a harmonic pencil. 

Having given three points in a straight line, find, by a con¬ 
struction which can be made by the ruler only, the fourth 
harmonic of one of the points for the other two. 

10. In a conic, prove that a straight line, drawn through any point, 
is cut harmonically by the point, the curve, and the polar of the point. 

What does the preceding theorem become if the right line is 
parallel to an asymptote of a hyperbola or to a diameter of a 
parabola, or if the point is at the centre of the conic ? 
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CROSS RATIOS. 

281. Definition. —When four points A , 0, B. D are 
taken on a straight line (Fig. 101) the ratio 

AC. BD 

AD. BO 

is called the anharmonic ratio or cross ratio of the 
range ACBD, and is written (ACBD). The usual convention 
of signs is to be observed, e.g. AC = — CA. 




Fig. 101. 

The method of writing down the fraction should be 
observed : in the numerator the points occur in the given 
order, while in the denominator the second and fourth 
points are interchanged. 

In the same way if we have four concurrent lines 

0A, 00, OB, 0D (Fig. 102), the ratio 

sin AOC . sin BO D 
sin A 0D . sin BOG 

is called the anharmonic ratio or cross ratio of the 
pencil of rays 0A, 00 , OB, 0D, and is written 0 ( AOBD ). 
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282. Cross ratios are 
projective. — Let p be the 
perpendicular from 0 on 
ACBD. Then we have 

AC .p = 2 A AOC 

= 0A .00 sin AOC 

or //q __ 0A . PC sin A00 

p 

Similar values can be found 
for BD , AD , BO. 


0 



Fig. 102. 


Hence the cross ratio {ACBD) 

_ 0-4 . PC sin A OC x OB 0D sin BOD 
OA . 0D sin AOD x OB . 0C sin 
__ sin A00. sin BOD _ 
sin AOD . sin BOO 


0 (ACBD). 


Let now any other transversal cut the pencil in A'C'B'D'. 

Then (A'C'B'D') = O(A'G'B'D') = O(ACBD) 

= (ACBD). 

It follows that the value of a cross ratio is unaltered by 
projection (see definition of projection in § 270 : this kind 
of projection is called conical projection). 

Now it is proved in Geometrical Conics that by means 
of conical projection a circle can be projected into any 
kind of conic—parabola, ellipse, or hyperbola—and vice 
versa any conic can be projected into a circle. It follows 
that any property in cross ratios which can be proved for 
a circle is also true for any conic section. 

The value of a cross ratio may be expressed thus. Let 
A, 0, B, D be at distances a, C, b, d from a fixed origin 0 
on the line AOBD. Then clearly (Fig. 101) 

A0.BD _ (c— a) (d—b) 

AD.BG (d—a) (c-b)' 


Note that in Fig 101, BO will be negative. 

The particular case when the cross ratio = — 1 is that 
of a harmonic ratio; see § 263. Cor. 
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283. Different cross ratios with the same four 
points. Given four points on a line, if they are taken in 
different orders, different cross ratios are of course obtained. 
There are 4P 4 or 24 orders, but these do not all give 
different values for the cross ratio. It can be verified at 
once indeed on writing down the values that 

( ABGD ) = ( BADC ) = (CDAB) = ( DGBA ), 

and similarly for other arrangements. There will thus be 
only 24-r-4 or 6 different values, and these are found to be 
related to each other. 

Lemma.— It is easily verified, attention being paid to sijrn, that 

AG .BD + AB . DC + AD.CB - 0. 

For the expression equals 

(AD + DC) BD + (AD + OB) DC + AO. CB 
= AD (BD + DC + CB) + DC (BD + 03' 

= 0 

since BD + DC + CB = BD + DB = n 


We have now 


{A DBG) = 


AD.BO _ 1 

AC .BD ( ACBD ) 


C ABGD ) = 


AB .CD = /T/S.flC 
AD.CB AD.BC 


(I). 


(. ACBD) + (ABCD ) — A C.B D + AB.DG _ x 


by the lemma just proved, or 


AD.BC 


(ABCD ) 1-(>4<?£Z)), 

and so for other arrangements. The reader may verify 
as an exercise that if ( ACBD ) is A, the other five ratios are 


1 


A 


A—1 
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284. Examples. — I£ A, B, G , D are fixed points on a 
circle and 0 any other point on the circle, the cross-ratio 
0 (ACBD) is independent of the position of 0. This is 
immediately obvious, since the values of the angles AOC, 
COB, BOD, DO A are independent of the position of 0 
(Euc. iii. 21). 

Projecting* the circle into a conic, we have the import¬ 
ant result that the pencil formed by joining four fixed 
points on the curve to any other point on it has a 
constant cross-ratio. 

Again :— 

If four fixed tangents be drawn to a conic they 
will intercept on any fifth tangent a range whose 
cross-ratio is constant. 

For suppose the tangents at the fixed points A, B, C, D 
on a given circle cut the tangent at P in the points L, M, 
N, R. If 0 is the centre of the circle, 

Z LOM = z LOP — Z MOP = £ Z A0P—\ Z BOP = \ Z A OB, 

and is therefore constant. The angles of the pencil 
0 (LMNR ) are thus constant, and so therefore is the cross¬ 
ratio of the pencil and therefore also of the range. The 
theorem is extended to the conic by projection. 


285. If two pencils of equal cross-ratio have a 
common ray, the points of intersection of the other 
three corresponding rays are collinear. 

For let PP be the common ray, the pencils being 


p (PARC ) and P (PARC) : 
so that A, B, C are the 

points of intersection. If 
possible, let A C cut PB and 
PB in two different points 
B ' and B" ; and let AC 
meet PP in D . Then, 
since the pencils have 
equal cross-ratio, 

( DAB'C ) = ( DAB"C ), 

which is impossible unless . 
B ' and coincide. 
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286. Pascal's Theorem.—If a hexagon (of any shape) 
he inscribed in a circle or a conic, the points of in¬ 
tersection of opposite sides lie on a straight line. 

Let ABCDEF be the hexagon. Let AB , DE cut in L ; 
BO , EF in M; CD , FA in N. Let BC , D£ cut at P ; and 
00, ££at Join Z.M, MN. 


A 



Fig. 104. 

The anharinonic ratio 


M {LODE) = {LPDE) = B (LPDE) = B (ACDE). 


F {A ODE). 


Similarly 

M {NODE) = {NCDQ ) = F{NCDQ) = F {ACDE). 

But B {ACDE) = F {ACDE) ■, 

••• M {NODE) = M {LCDE), 

SfandH 78 MG rJ! / L D ' ME ale ideiltical . so must 
WZ. and /J7/V be Hence Z./W/V are collinear. 

1 asca S - theoiem we can deduce a method of 

’T££7°f-t5 f‘T“ a 

CJliOil. IT. II. 


X 
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The construction for F therefore is; — leo . _ " 

meet in Z., and BC cut the line through E in M. Let e 
cut LM in N. Then NA will cut the line drawn thro- 

E in F. 

Since any number of lines can be drawn through t, 
can thus obtain any number of points on the cu» ** 
then draw the conic through them. 


287. Involution. — If on a line OX we 


pairs of points A, A'; B , B'; C, C’ such 


' 


U 


0A.0A' = OB. OB' = 00. OC' = 7c*; 


V 7 

V i 


then the cross-ratio of any four of the six point}. 


• & 


f 



equal to that of their four conjugates. 

For draw 0Y perpendicu¬ 
lar to OX such that OY 2 = k* 

(Fig. 105). Then 

0Y 2 = 0A.0A\ 

and hence the circle AY A' 
touches OY. Hence 

. lOYA = /_0A'Y. 

* 

In like manner 

/ OYB — L OB'Y; 

and lienee, by subtraction, 

LAYB = A'YB'. 

B'YC. &c. 


■) 


' • 



.-t* ! 

f> 

.o. 


\' 
i 


Fig. 105. 




)<) 


and thus the 


Similarly BYG = 

pencil Y(ABCC') are respectively equal to 
pencil Y (A'B'C'C). Hence the cross-ratios of t 
and therefore also of the ranges are equal. 


5*) 


The points A, A i B, B '... it will be observed ar^ 
respect to a circle whose centre is 0. 


The points A, A', ... are said to form a system’:* 
volution of which 0 is the centre. If F , F' be tak 
OX (on either side of 0), so that OF 1 = OF 
F F’ are called the foci of the involution. 


72 
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ANSWERS TO PART I. 




miles. 


(Pages 1-54.) 
4. 25. - 



5. v/(13 y. 



?? rj Li 
, »i.»r • 
(jjf* 'j 


«i 


11. 4 : 7. 


2 . 



7 . (-t* — </) 2 + (y — *) 2 = a 

lO. (9J, 3-J). 

. v .. — r) x x + »vr 2 }/#i, { (;/ - r) y x + nj 2 }/n. 

<i) 7, (h) I (« 2 + b 2 ), (<J) 

:*) — 1 , —i; W —i, - 1 ; ( c ) §> -K 3 - 

i) 2, |-7r ; (b) V3, |tt ; (<;) 5, rr. 

/) v'?, (£) 2. 21. («) J, (*) | ^3. 

Tt+y' 2 = 2. 28. a;2 + y2_2y = 0. 

= x + a y where a is the given distance. 

Straight line through origin and point ( 1 , 2 ); (b) circle with 
igin as centre and radius 4 ; ( c ) two straight lines joining 
origin with points ( 1 , 2 ), ( 1 , — 2 ) ; (d) two straight lines 
parallel to OX and at equal distances 2 above and below 
it respectively ; ( e ) a curve similar to that in Part II., § 44, 
Ex. ii. ; (/) the two axes ; (g) straight line cutting 

axes in points (2, 0), (0, 3) ; (//) axis of y and a straight line 
through origin and point ( 1 , 1 ). 

- = ±*v/3 + 2 ; y = ±*a' 3-2 ; (-§ v/3, 0), (§ %/3, 0). 

"0°. 37. x + y = =fc «/2. 38. x—y= 1. 

v + 3 y = 0; 2 x-y = 0. 40. 2x + y = 6 or x + 2y = 6 . 

n ; 3 V2. 42. 28 : 11. 44. 45°. 


o * 


,» i- 
0 


-S^MCi^T47. (a)f* + fy=2, (6) — ^-x — = 2^/3. 

+J 2 ). 

v . (3, -2), (2, 1) ; 2 v'(lO), V(10), 2v/2. 

54. 30°. 55. 45°. 

<v + 22 = 0, y— lx — 4 = 0. 57. *+lly = 0. 

0, V&y — x = 0 ; (0, -3), (-§^3, -|). 59. (10|, 0). 

= (h + ink — mb)/(I 4- m 2 ), y = (wA + w*Ar + £)/(l + w 2 ). 

-4£. 62. f. 63. 30°. 64. 90°. 

66 . y = 1. 68 . 21a;+13y = 76. 


% % 


9 

i- 

/ 


• ' 


. 




\ 
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70 . 

71 . 

74 . 

75 . 

76 . 

79. 

80. 


87 


90 


97 


100. 

101. 
104. 
106. 


109. 

112 

113 

114 


7# — 211/-4- 50 = 0, 22#— lit/ + 27 = o, 15# + lOy —23 = 0; 

( _17_ 21.1 \ 

V 385» 383/* 

10#—15y + 41 = 0, 21#+7y = 20, 11# + 22y =* 49. 

4# — 3y +- 2 = 0, 7x + y = 9. 

21# + 77t/ = 136, 99#-27y+46 = 0. 

(i.) t/-3#+ 6 = ± a/2(t/-2# + 4), y 0. 

(ii.) 6# -+ t/ = 5, # — 3y + 10 = 0, y + 13# =0. 

9# —7y = 3 , 16# + 28y + 51 = 0, 7# + 7y + 15 = 0. 
a; = 2y, # = 3y. 

(«) The two axes ; ( b) two straight lines both coinciding 

with the axis of y ; (c) two “imaginary straight lines, 

* + W(-l) = 0 and #-yv'(- 1) = 0, passing through the 
origin, which is the only real point on the locus ; ( d ) axis ot 

* and line * + y = 0 ; (e) two coincident stra.ght lines 

z — v = 0 : (/) two imaginary straight lines, y = ± i), 

parallel to axis of * ; (?) two imaginary straight lines, 

x—a = ± (t/ —3) a/( —D passing through the point («, 0) , 

(A) #= 2 and y = 3. 

Tan-i|. 82 . y = 3.r, y + 2z = 0; 46°. 83.60. 

(«) + xy = o ; (*) *y-y 2 = 0 ; (<0 = o ; (rf) * 2 -y 2 = o. 

i* + «y = 0. 89. ^ cos « 4-y Bin a - 0. 

i -2 + ,/2 =y2+? 2 -c. 93. ;r-y±.! = o. :e + v =_ 2 - 

; zx+y = l. x—y + 1=0; (0, i). 

. (2, 1); x—y = 1 ; x— 4y + 2 - 0. 

(V, f). + x 'J + 2 y' 2 = 7- 7 , _ „ 

(i \ a;_i = 0; (ii.) y + l=0; (iii.) lx + my-l-v m + 1 - 0 , 
(iv.) * 2 - y--2x- 2y = 0 ; (v.) ix'-ixy + y*-l0x + 6y + 8 - 0 , 

(vi.) 2^ 2 + 3xy + 4y 2 —2i’+6y + 6 = 0. 

(i.) * = Kx-VA-y'), V = !(*' + V' ^3); 

(ii.)x _(l/V2)(r'-y')> y = -(l/V2)(* +y ). 

X = (l/V5){2x'-y'), y ■= (l/v'5)(»' + 2y'); 

^ = (l/V5)(2 x + y), y' = (l/v'S)( —Sf+ 2y). 

3*2 = y-. 102. * = y — xf. ■ 103. y 2 = 4*. 

2 — 8rv — 4y 2 = 0- 105. 39*2-96*y + lly 2 = 0. 

o. _ 2 i/ • « = 3 meets the curve (a circle) in two coincident 

Vi 107. (-1,3), (3.-1). 

( 6 x HO. # 2 + y 2 = 4. 111. The two axes.. 

1 Straight line parallel to axis of # at distance 1 below it. 

Straight line through origin and (1, 2). 

" #/(#! + V\ cos «) + y/(*i cos a, + y,) = 


i 


*- 
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121 . 


V** f 

ANSWERS. 

115. p/(x + y cos co) + q/(x cos u) + y) = 1. . ’ 

118* (i*) 50 > (ii*) 2 ^i (iii.) ^3 ; (iv.) ~\/— 3 . The linen are 
imaginary. 119. 16a; 2 + 37-ry + y 2 = 0. 

(-1.1), (~h -i), (-6,5), (-£, §), (0,2), (- 1, > o a ); 

3‘2.r -f lOy + 43 = 0, 5.r-y + 2 = 0, 25o;+29y + 5 = 0. 

123. |f or -f. 124. 2*-3y + 2 = 0, 3a; + 4 y = 7. 

Through (l/e, 1/c), whore c is the constant. 

(-7, 3). 129. a; = l (4a;' —3^), y = f(3o^ + 4y'). 

3*-4y = —y'/>v/2, a; —y+1 = -x / /5; 
y = t// v/2 - 3.r'/o — 3, a; = y'/ v/2 - 4*75 - 4. 

If lengths of /t£, BC are p and q , and « be z BAD , /tC is 

0 cos a + ^ ’ e = tan-'{ !? sina/( ? c OB a+^)}, 
and £0 is r {p sin Q — q sin (0 - «)} = pq sin a. 

1 r 2 \/{h‘ i — ab)l(aq 2 — 2hpq + bp 2 ). 


126. 

131. 

133. 


134. 

137. 

139. 


140. 


1 . 


2 . 


3. 

5. 

8 . 


524 * 

(ap- + 2bpq + tq 2 )/ y/(4b' 2 + a —l 2 ). 

A straight line throught the point of internee!ion of the fixed 
straight lines. 

li a = base and a = difference of base angles, then, taking base 
as axis of z, locus of vertex is x 2 + y' 2 — ax — mj cot a = 0. 

Examination Paper (Page 55 ). 

X* -f y 2 ay cot A = \a 2 , taking base as axis of x, and its mid¬ 
point as origin. 

(i.) Straight line inclined at 150° to initial line, and distant 

3 fror ? pol< ? ; (“0 Straight line parallel to initial line and 
distant a from it. 

-C/C'. 4. I0x+7y = 0, 13*+ 8 y—11 = 0. 

tV 7 . x 2 —2\/3xy — y 2 = 0, xy = 0. 

a sin 2 co. a; 2 + 2 sin co (b — a cos c o)xy + (a cos- co - 2b cos co + £)y 2 = 0. 


ANSWERS TO PART II. 


2 . (a) 

M 

3. (a) 

« 


Chapter I. (Pages 1-14.) 


x* + y*-x-y = 0. ( b ) a: 2 -f y 2 — 6 a; + 4y + 4 = 0. 
* 2 + y 2 + 2y = 0. 


( 2 ’ 2 )» 3 J W ( 8 > 8 )> 10 ; (r) ( — a, ci), a 

Mid-point of line joining (a, 5), (o d). 
between the points ; ( e) (0, a), a. 


> 

Rad. = j| distance 


326 


ANSWERS. 


4. 60°; (1, 2); 3. 

5. (—g +^/*sin (o)/sin co, (—f+ g sin o»)/sin co ; 

V(g^— 2fg cos o> *-/ 2 — c )/sin «. 

6 . (a) 7x 2 + 7y“ — 39#— I5y + 32 = 0 ; x 2 + y 2 = 

W * 1 + y 2 -hx~ky = 0; a; 2 **/ 2 = A (A 2 + k 2 )* & 

(c) x 2 + y 2 — \2(x + y) + 47 = 0 ; x 2 + y 2 = 25. 

(**) * 2 + y 2 — (a + 6) (#+«/) + 2ab = 0 ; x 2 + y 2 = i( a — b ) 2 . 

7. (rt') x 2 + y- — ax — by = 0 ; 

(£) x 2 + y 2 -2hx — 2ky = p 2 + q 2 — 2hp - 2Jcq. 

S. x* + y*-ay = 0 ; (0,£ a ),-±. 9. (x- a)* + y2 0 ; (a, 0). 

11. a; 2 + y 2 — 4x — 2y — 20 = 0; (2, 1), 5. 

12. (*) (3, £tt),5; (b) (2,Att),3. 14. y = 4. 

15. 2a; + 3y = 13, 2x-Sy = 13. 16. 3y- 4a; = 24, 3* - 4y = 24. 

23. l'2x-5y = 0. 24. y = 2. 

25. (—0),.(0, -«). 26. * 2 + y 2 = 10. 27. x 2 + y 2 = 4. 

28. («) (-1, -1); (b) -§a/3, §. 30. y = a;+l± a/2. 

31. 3a; + 4y±25 = 0. 32. (a) y+ V3x = ±2a/2. 

(b) x+ a/3 y = ±2 a/2; (<?) 5z— I2y = ±13a/2 ; 

33. a 2 b-(x 2 + y 2 )-c 2 {bx + ay) 2 = 0. 35. (f§, ff), ( - f§, §!)• 

36. * 2 + */ 2 = b 2 -a 2 . 37. (f, ±\ 2 -), 3a;±4y = 15, 4a;=F3y = 0. 

39. 3a; -f 4y + 3a + 4^±o \/(a 2 + b 2 — c ). 40. a/ 3y = a;-4- 10. 

42. (2 a/3, 30°), (2 /3, —30°). 45. x 2 + 2xy cos a + y 2 — /?a ;—qy = 0. 

46. £ 2 /v 2 + 4rtA; = 4. 47. v/(« 2 + b 2 —2ab cos a—0)/sin (a — /3). 


Chapter II. (Pages 15-33.) 


1 

2 

3 

8 

11 . 


30 

31. 


(a) 3x-5y = 2 ; (£) y~3a; = 14 ; (c) y = 14. 

(«)(21, -7); (5)(1, -1); (*) (6,0). 

( la 2 , ma 2 ). 4. 6x + 5y = 48. 6 . (a) 5; (b) 1 ; (<;) A a/2 

4#— 3y = 0. 9. 10a;—7y = 0. lO. x—3y = 2. 

32a; -f 8 y = 9. 12. 4a; + y=l. 13. (1,2). 

(2, 0), ( 8 , 0). 16. (a;—5) (y — 5) = 0. 

a 2 ( x 2 + y 2 ) = (a;a:i + yy{) 2 . 
x + y ~ 3, 3a; — 2 y +1 — 0, x =» 1 ; (1,2). 

:r 2 + y2_^ — = 0. 28. (1,1). 

Circle on radius through point on diameter. 


x 2 + y 2 + §x + 2 y = 0 . 


*’ 2 (a ; 2 + y 7 ) - (qx—py)\ 
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40. 


c positive, p and q of same sign. 
{x — r) 2 + (y - r) a = r 2 . 41 

^ + y» + g * + 2 Fc -°/ .y 

c — (7 c — C 1 


. -r 2 4- y - 
= 0 . 


v/{4r 3 -2(«?-<*) 2 }. 
bx = (bx — ay — ab) 2 /8ab 


44. Taking radical axis as axis of x and its mid-point as origin, 2 c as 

length of radical axis between points of intersection of circles, 
and m as tangent of given direction with axis of x , locus is 
* 2 —y 2 —c 2 = 2 mxy. 


Examination Papbr A. (Page 34.) 

1. # 3 + y 3 = « 2 . 2. {a, 0). 5. f§, f§. 

6 . «(1 + cos a) or — «(1 — cos a). 

8 . The circle r = p cos (0 — a) where (p, a) are the polar coordinates 
of the centre of the given circle. 

Chapter III. (Pages 35-48.) 

2. (i.) 2 a; (ii.) 7; (iii.) f. 3. y 2 = 12 #. 4. (i.) 10,10; (ii.) 30,10^3. 

lO. 11. 8 . 12. ( — -§, 0 ); focus, (—1, 0); directrix, # + 2 = 0 . 

13. ( 0 , — 2 ), x = 0 . 15. Outside former, within latter. 

17. (i.) (1,4), (f,4), # = 4 ; (ii.) (-2,-3), (-}, -3), 2#+5 = 0. 

18. y 2 = 4ax. 19. z 2 —2xy + y 2 — 4y + 6 = 0. 20. 4a, */2. 

21. — ±, fc. 22. —4,2; axis, y = 2 ; tangent at vertex, 2# + 5 = 0. 
23. Equation may be written {x —a/2) 2 = £(y + a 2 /46). 

25. (1, -1), (1,-2), 4y + 5 = 0. 27. x 2 -2xy + y 2 - 8 y = 0. 

28. 2>/2. 29. 4 (1 IT a/85), 4( — 5± ^85). 30. c = mb + a/m. 

32. The absciss® are ^ (—5±\/ — 2 ), so the points are imaginary. 

33. -V-* —I- 34. 8v/3rt. 35. 4a(2±v/3). 

40. # 2 + 2xy + y 2 — 6 # — 2y + 4 = 0. 41. # 2 + 2.ry+ y 2 -2#- 6 y + 4 = 0. 

Examination Pater I. (Page 49.) 

§ 17 ; y 2 = os (6c + 2/). 

2. #/c = y/b or x/c + y/b = 1 , where /1£ = £ and >4C = b. 

3. *tan-i {2h/{a-b)} ; o' + 6 ' = a + 6 . ' 4. § 36. 

6 . (i.) 4y 3a = 0 ; (ii.) (fa, -fa), (-fa, — 2a) ; — £a. 

7. * 2 — 2xy + y 2 -4ay-2a- = 0 ; «72. 8. (aw 2 , -2aw). 9. § 52. 

Chapter IV. (Pages 50-68.) 

1. 7x 7 —2xy + 7y 2 —16y + 8 = 0 . 2 . # 2 /a 2 + y 2 /6 3 = 1 . 

4. (i.) db \/3 ; (ii.) \/3 ; (iii.) ±f. 6 . On (i.), within (ii.). 
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13 


15. 

16. 

17 . 

18. 

19. 

20 . 


(i.) 4 s/3 
('•) W2 
(i •) 4 ^3 

(i.) 4v/3 
(i.) £s/2 


(Hi.) (2, 0), (2, 2). 

(iii.) (1, 0), (1, 4). 

(iii.) (0, 0), (0, 2). 

(Hi.) (1, 1), (-1, l). 

(iii.) (1, s/2 + 1), (1, I — A /2) 


31. 


(H.) (0, 1), (4, 1) ; 

(ii.) (7, 2), (5, 2) ; 

(ii.) (2, 1), (-2, 1) 

(H.) (0, -1), (0, 3) 

(ii.) (1, 1), (-3, 1) 

(i) tV' / 165 i (”•) (3, 2 s/15-4), (3, — [2 s/15+ 4]) ; 

(iii.) (-1, -4), (7, -4). 

(ii.) -Jv/10, T = s s/13; (Hi.) X./10, fs/7. 

22. •/ 43, ^-s/2, T » B s/57. 

7x' 1 — 2xij + 7y 2 — 18.r — 34y + 39 = 0, 2^2. 

( 4 . 4 ). (3, 4). 27. ( 4 , -V'-), 3 (x + y) = 29. 

21G.r 2 — 24xi/ + 209f/ 2 — 183a:— 94y — 124 = 0. 30. « 2 /25+ y 2 /9 = 1. 

32. e = ±4 a/37 ; (T3W37, ±^^37). 

« 2 tan a ^ A 2 

a/A 2 + a 2 tan 2 a 


(i.) T °, s/26, > 2 -s/31 

iW 15, -J s/226. 

4 s/7, 27=®. 

-» s/2, 4 s/C.. 


4 


JLS. 

5 


21 = 
y = a/5. 


34. ± 


41. 

47. 

48. 


(r> £)• 


50. 


\/b 2 + a 2 tan 2 a 

.r-*y f l) 2 /9 + (^ + ^A/3y+ l) 2 = 1. 

£, a/3, (1, ±Ja/3). 43. The latter; both. 

(i.) £a/3, (3±§a/3, 0), #=3±2a/ 3. (ii.) A circle; eccentricity 

= zero; foci at centre (f, 0 ); directrices at infinity. 

Take fixed lines as axes, 0 inclination of bar to OX; then 
x = a cos 0 , y = b sin 0 , where a and b are lengths of the 
portions of bar. Eliminate 0 . 

( 0 , 0 ); .rcosci + y since— p = 0 , x cosa + y sin a + (1 + c 2 )/) 1 -e 2 )p = 0. 
3x 2 -2xy + 3y 2 -2{V3-l)ay = 0 51. x 2 /a 2 -2x/a + y 2 /b 2 = 0. 


1. 

4. 

5. 

7. 

8 . 

14. 

15. 
17. 
19. 
21 . 


Chapter Y.^ (Pages 6^87.) 

2xy-2x + 2y-3 = O.V^ 3 . 3x 2 - yK-10x + 16 = 0 

1, a/2; 2, a/G; £ a/15, £ a/5 ; >/(<;/«), a/(<?/*).-✓* 

a/3; £v/10; 1 a/7 ; x/a+b/^'b. 

(i.) v/^6, ; (ii ) 4^6: (Hi.) J s/3, 

3^/70, 4 s/129. 13. 4 s/13; (4,-4), (-2,-4). 

4 s/5 ; (2 s/2— 1, 3), ( — 2s/2 —1, 3). 

s/5; (s/7-2, 1), (-s/7-2, 1). 16. s/10 ; (s/3,3), ( s/3, - 3). 

27 = 244, e = 4 s/65, CS = s/65, CX = 4f s/65. 18. 27= 8. 

1, |s/3. 20. 2 s/2, 2 v/ —3. 

3# 2 + lO.n/4- 3y 2 —24a;—16y + 16 = 0, 2/ = 2 a/10. 

4 * 2 / 9 -4y 2 /55 = 1. 26. -f, 2/ = 27. ^=^a/ 5 ; (-fA/6,-£). 

y a/390. 29. Real. 30. * a/10, £a/15. 
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1 . 

2 . 




1 . 

4. 

5. 

7. 

9. 

11 . 

12 . 

13. 

14. 

15. 
18. 

19. 

20 . 


26. 







12 or *. 34. i a/3. 39. xy = W- 40. xy = }}. 

.ry = *(a + b)l(iab). 42. ary = 2 a/2. 43. k = 

m = sin 0 /sin (w — 0) is negative, and therefore 0 > w. 

.r 2 + 6ry + y 2 — 1 Car— 8y + 8 = 0. 

21= 2 a/6. 51 . (r + y — 1) (.r — y— 2) = a. 

x = 0, ar + y = 0 ; r = 0, x — y = 0; y = 0, r + y = 0. 


Examination Paper II. (Page 88.) 

§§ 56, 62, 71, 74, 76, 83. 

e = £ a/5 ; /I and /T are (1, £), ( 0 , $) ; £ and B' are (*, |), (£, 0) ; 
= £ ; equations of latera recta are y = J + i -v /5 and 
i y=i-iv'5. 3 . §64. 4 . §59. 

c is intercept on axis of r. 6 . §69. 7. (~h 2±2^6). 

§86. 9. §83. IQ. (x + y + l)(2ar—y + 2) = -*JL. 


Chapter VI. (Pages 89-105.) 

(~ 8 - 4 )- 2. (1, 1). 3 . ( .v, 2 ). 

Centre is on the line 2.c + 1 = 0 at an infinite distance. 

(-£,£); 3.r 2 + 2.ry — y 2 + | = 0. 6 . (-£,-*); 4r 2 + y 2 + ii = 0 
(13,-4); .ry + 2y 2 + 37 = 0. 

4x~ \xy + -£y 2 = 1 : -?** 2 —tfy 2 = 1 ; - J r xy - 3 ^y 2 = 1. 
i -v/2, ^ ; .r + y = 0, .r — y = 0 ; *2a; 2 + 4y- = 1. 

•5 ^3, * %/2 ; 2a; + y = 0, x — 2y = 0 ; 3x- + 8y 2 = 1. 

' 7 6 » a/2 ; .r + y ---= 0, r-y --- 0 ; .r 2 /6 + y 2 /2 = l. 

J/^ 3 , \/—70 ; 4r—9y = 0, 9r + 4y = 0 ; r 2 /27—y 2 /70 = 1. 

(i.), (ii.), (iii.), ellipses, (iv.), (v.), hyperbolas. 
ar 2 +2.ry — 2y 2 + r + y+r = o. 

4r 2 + 4.ry + 7y 2 + l lx+ 9y + = 0. 

3r 2 + .ry-y 2 + 2y-AA = 0. 21. r = 0, r + y = 0. 

V = 0, * —if = 0. 23. r+3 = 0, y + 2 = 0. 

*+1-0, x + y = 0. 25. .r— 1 = 0, y + 2 = 0. 

* = 0, 2.r + y 1 = 0. 27. x — y — 2 = 0, 3.r + 2y = 0. 

(0,0); (0,0); (-3,-2); (-1,1); (1,-2); (0,1); (£,-$). 

(tt> t?)* 30. 25r 2 — 36ry + 40y 2 = 52. 31. r 2 /3 —y 2 /2 = 1. 

Use result of § 104. 35. (3r-y + 1) (r + y) = 6. 

x (y~ 3 ) + 1=0. 37. (r + 2y + 7) (3.r —y —4) + 36 = 0. 

Axes bisect angles between the asj’mptotes ; r 2 + 2 xy — y 2 = 0. 

(x^-y^)/(A-B) = xyjH. 40. 2r 2 + ry-y 2 -3r + 3y = 0. 
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Chapter VII. (Pages 106-111.) 

1. Centre ( 1 , 1 ). Equation of major axis referred to new centre is 

x — y = 0 . Lengths of semi-axes a/ 5 and ± a/1 5 or 2*24 and 
1*29. Intercepts on OX = 1*82 and — *82 : on OY = 1*82 and 
-•82. 

2. Centre (->/, §). Major axis # = 2 y. Lengths of semi-axes \ a/40, 

• 5 -a/ 20 or 127 and *89. Intercepts on OX and OY imaginary. 
Intercepts on x = 2 are 2-48 or -85. 

3 . Centre (—1, 3). Major axis x = 0 . Lengths of semi-axes a /5 

and a /2 or 2*24 and 1*41. Intercepts on OX imaginary ; on 
OY = 4*58 and 1*42. 

4:. Centre (£, £). Major axis 2x + 3y = 0 . Lengths of semi-axes 
1*47 and 1*03. Intercepts on OX imaginary ; on OY = 2*22 
and *49. 

5. Centre ( 1 , l). Major axis x+3y = 0 . Lengths of semi-axes 

2*49 and 1*76. Intercepts on OX = 3*27, — *73 ; on 

OY = 2*80, — *49. 

6 . Centre (a/ 2 , 1 ). Major axis a /2 x + y = 0 . Lengths of semi¬ 

axes 2 and 1. Intercepts on OX = 2*83, -94. Curve touches 
01 at y = 2 . 

7 . Centre ( 0 , 0). Major axis x + y = 0. Lengths of semi-axes 3’46 

and 2. Intercepts on OX = ±2*45, on OY = ±2*45. 

8 . (a) x — y = 0, x + y — 2=0; (b) x+l = 0, y — 3 = 0; 

(c) #+3y — 4 = 0, 3z — y — 2 = 0. 

9. Centre (0, 0). Major axis x + y = 0. Lengths of semi-axes 141 

and *82. Intercepts on OX = db 1, on OY = ±1. 

Chapter VIII. (Pages 112-116.) 

In the following ( a) are coordinates of centre, (b) equations of trans¬ 
verse and conjugate axes referred to the centre as origin, ( c) lengths 
of the semi-axes, (d) equations of asymptotes referred to the centre as 
origin, ( e ) intercepts on OX, {/) intercepts on OY ;— 

1. (a) -1, —2j ( b ) 3*-f2y = 0, 2*-3y = 0. (c) 1, 2. 

(d) x-8y = 0, 7x — 4y = 0. ( e) 15*49, — *34. (/) *45, —2*57. 

2. («) i, £• (J>) x-y = 0, * + y - 0. (c) *94. 1*63. 

(<f) 3*73# + y = 0, *27# + y = 0. (*) 2*16, -1*16. 

(/) 2*16, —1*16. 

3 . («) 1, 1. ( 6 ) 3x-2y = 0, 2* + 3y = 0. (c) *58, *71. 

(d) 3*2bx + y = 0. -09# —y = 0. (*) 1*1, —9*1. (/) 4*45, *71. 
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4. (a) 2, 1. (£) # + 2f/ = 0, 2x — y = 0. (c) 1, 1. 

(rf) 3a; + y = 0, x — 3y = 0. (<?) 2 78, —144. (/) 6*74, *66. 

5. (a) —1, —1. (b) y = 0, # == 0. (c) a/2, a/3, or 1*41, 1*73. 

(«) y =± 1-22*. (*) -63, -2*63. (/) Imaginary. 

6- (<*) (£) y = 0, * = 0. (r) a/3, a/ 3 or 1*73, 1*73. 

('Z) x — y = 0, a; + y = 0. (<?) 1*13, —2*45. ( f) Imaginary. 

*7. (a) 0,0, ( b ) a; —3y =0, 3* + y = 0. (r) *71, 1*41. 

(d) 7x — y = 0, a; + y = 0. ( c ) ± *76. (/) Imaginary. 

8. {a) 0, 0. ( b) Sx — y = 0, * + 3y = 0. (c) *58, 1*73. 

{d) y = 0, 3a;+4y = 0. (<?) Infinite. (/) ±’61. 

9. (*) — a/3 — ~-l, i.e. -2*23, — 14. 

z 

(i) a: = /3 y, A/3a; + y = 0, (c) V2 + * a/6, ».<?., 2-64. 

(^) y = (3dc a/ 2) #, *.<?. y = 3*73a: and y = — *27^. 

(<?) —2 a/3 + 1 ± a/ 14, ».<?. 1*28 or —6 2. 
if) a/3+ 2± a/0, i.e. 618 or 1*28. 


Chapter IX. (Pages 117-123.) 


1. y — 0, 3x + 2 — 0. 2. 2y— 1 = 0, 4x +5 = 0. 

3. 2^—1 = 0, 4y + 5 = 0. 4. # + y = 0, x—xy+ 1=0. 

5. x + y + 1 = 0, x—y— 1 =0. 6. 3x + 4y — 5 = 0, 4x — 3y + 7 = 0. 

3, 1,1, -j- a/2, ^ a/2 , -^7. 8. Two parallel straight lines x + y = ^t 2. 

9. # — y+1 = 0, x — y + 6 = 0. 

10. Two straight lines parallel to px+ qy = 0. 

11. Two coincident straight lines. 


Chapter X. (Pages 124-126.) 

2. 2* — y + 3 ~ 0, x + 2y = 0 ; 2 a/5. 

3. x+ 3y = 0, 3.r — 5y + 25 = 0 ; *a/10. 

4. 2* + 3y + 1 = 0, 3x — 2y — 10 = 0 ; ^a/13. 

5. 5x — 4y + 4 = 0, 4a; + 5y = 0; T \ >/41. 

6. 7a? + 9y+1 = 0, 9a; — 7y+ll=0; a/130. 

Chapter XI. (Pages 127-138.) 

1. A pair of straight lines 2* + 4y— 7 = 0, 2x — 3y + 2 = 0 passim- 
through the point (-L^., |»). 
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2. Au ellipse with origin as centre. Semi-axes = 4*9 and 4. 

Equations of axes x — 2y = 0, 2x±y = 0. Intercepts on 
OX = ± 4-67, on OY = ± 4*13. 

3. A parabola, axis 3x — Ay + 2 = 0, tangent at vertex Ax + 3y -f £ = 0, 

latus rectum = 1*6. Curve is on side of tangent opposite to 
origin. Intercepts on OX =—4*7, — *1 ; on OY imaginary. 
Curve passes through (2, *7), (2, —4-2). 

4. An ellipse with 2x + y —1 = 0 as major axis and x — 2y + 3 = 0 

as minor axis. Lengths of semi-axes = 2, 1£. Intercepts on 
OX = 11, — *8 ; on OY — 3*09, -*45. 

5. A rectangular hyperbola with (^a, *«) as centre, with principal 

axis parallel to 3 'Sx + y = 0. Lengths of semi-axes = *89. 
Asymptotes parallel to y = l*77.r, y = —*57.r. Intercepts on 
OX = 4*7, *3 ; on OY = 3*16, *44. 

6 . A hyperbola with x — 2y+l = 0, x + 2y — 3 = 0 as asymptotes. 

Centre is (1, 1). One branch of the curve lies on same side of 
both asymptotes as the origin. Semi-transverse axis = A-v/5, 
semi-conjugate axis = a/ 5. Intercept on OX imaginary, on 
OY = 2 22, — -22. Curve also passes through (2, 2*22), 
(2, — *22), (3,2*5), (3, -*5), (-1, 2*5). (-1, -*5). . 

*7. A hyperbola with centre as origin and 3x + 5y = 0 as transverse 
axis. Semi-transverse axis = i V3 = *58, semi-conjugate 

axis = £ v'2 = *71. Asymptotes are y = —6*88#, y = ‘3Gx. 
Intercepts on 0X = ± *77, on OY imaginary. The curve 
passes through (1, *15), (1, —6 67), (2, 65), (2, —13*7), 

(•33, -1), (-2*96, -1), (-*33, 1), (2*96, 1). 

8 . A rectangular hyperbola with (5, 2) as centre and y = 2, x = 6 

as axes. Semi-axes = v/28 = 5*29. Asymptotes are x — y = 3, 
x + y = 7. Intercepts on OX = 10*66, — *66 ; on OY 

imaginary. The curve passes through (11, 4*83), (11, —'83), 
(12, 6-57), (12, -2-57), (-1, -4 83), (-1, *83), (-2, -6*57), 
(-2, 2*57). 

9. An ellipse with (2, —3) as centre and x — y =5, x + y = — 1 as 

axes. Semi-axes = /2 or 1*41, £ x/6 or *82. Intercepts on 
OX and OY are imaginary. The curve passes through (2, —4), 
(2, -2), (1, -3), (3, -3). 

lO. An hyperbola with 2x — y+ 1 = 0 and x + 2y — 2 = 0 as axes. 

• Semi-axes = 3 and f. Centre is (0, 1). Asymptotes are 
x — o, 3x— 4y + 4 = 0. Intercepts on OX are imaginary, on 
OY = oo . Curve passes through (1, 4), (2, 3 62), (3,4), 

(*5, 5 87), ( — 1, -2), (-2, —1*62), ( — 3, —2), (-*5, -3 87). 
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11 A hyperbola with 4*-$/+ 12 = 0, *-3// + 9 = 0 as asymptotes. 
Centre is ( — fi, *}■£). One branch of the curve lies on same 
side of both asymptotes as the origin. Intercepts on 
OX =—10 36, —1-64; on OY = 13 3, 1*7. The curve passes 
through ( — 2, 6*91), ( — 2, —*58), ( — 3, 4 H), (—.1, —2 H), 
(-4,3-46), (-4,-4 96), (-6, -9-27), ( — 5,2-6), (1, 1/), 

(1, 2*33). 

12. Two straight lines 4x + 5y — 7 = 0, 2#— 3y + 5 = 0, intersecting 
at (—, \\). Intercepts on OX — — \ ; on OY = -|, £• 


13. A parabola, axis x + 1 =0, tangent at vertex 3y + 2 = 0, latus 
rectum = 3. Curve and origin are on opposite sides of tangent 
at vertex. Intercepts on OX imaginary ; on OY = — 1. Curve 
passes through ( — 3, —2), (1, —2). 


14. A parabola, axis 2x-3y + \\ = 0, tangent at vertex, 
3#+2 y — %* = 0, latus rectum = *45. Curve and origin are 
on same side of tangent at vertex. Intercepts on OX = —1*87, 
— •13; on OY = *33. Curve passes through (—1, —1), 
(-1,-33), (-2, -1-94), (-2, —06). 


15. A hyperbola with (—1,0) as centre and 1 62# — y-f 1*62 — 0, 
x + 1 -62f/ + 1 = 0 as axes. Semi-transverse axis = -79, semi • 
conjugate axis = 1*27. Asymptotes are y = 0, y + 2# 4 2 = 0. 
Intercepts on OA = oo ; on OY = —2*41, -41. The curve 
passes through (1, —4*24), (1, *24), (2, —6-16), (2, — *16), 

(-1, ±1), (-2,2*41), (-2, — *41). 


16. A hyperbola with ( — ‘2, 1-4) as centre and 2x 4 y —1 = 0, 
# — 2y + 3 = 0 as axes. Length of semi-transverse axis = 2, 
length of semi-conjugate axis = l-£. Asymptotes are 
8 # —3 = 0, 4#+7y —9 = 0. Intercepts on 0A imaginary ; 
OY = 5-61, —1*34. The curve passes through the points 


on 


(1, 12 01), (1, — *3), (2, 19-68), (2, -*44), (-1, -6 39), 

( — 1, 3 24), (-2, 3-42), ( — 2, -12 56). 


17. A parabola with y + 2 =0 as axis and x — ^ = 0 as tangent at 

vertex. Latus rectum = 6 . The curve is on the origin side 
of the tangent at the vertex. Intercepts on OX =— on 
OY =b—1, -3. 

18. A hyperbola with 4# — y + 12 = 0 , x — 3y + 9 = 0 as asymptotes. 

Centre is ( — ^f±). The origin and curve are in same angle 

of the asymptotes. Intercepts on OX = 0, —12 ; on OF = 0, 
15. Curve passes through (2, 21*97), (2, 1 7), (5, 33 25), 
(5, 3-4), (-2, 9-2), (-2, -2-9), (-5, -10:9), (-5, 4*3). 

19. Two straight lines # —y+1 = 0, —3 = 0 intersecting at 

( 1 , 2 ). 
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20 . 


21 . 


27 . 


30 


A parabola with 2# — 3y+ 4 = 0 as axis and 3# + 2t/+ 16 =0 as 

tangent at vertex. Latus rectum = - - 1 — = *28. The curve 

v 13 

is on the origin side of the tangent at the vertex. Intercepts 
on OX = 0, —3-25 ; on OY = 0, 2*89. Curve passes through 

(-2, 1-17), (-2, -*95). 

A circle with ( 5 , — 3j as centre and radius -= 6 . Intercepts on 
OX = 10-20, —-20 ; on OY = —6*32, *32. 

A rectangular hyperbola with (*6, *8) as centre, and 3# — y 1 = 0, 
x +3y = 3 as axes. Semi-axes = 1*26. Asymptotes are 
2x + y — 2 = 0, x — 2y+ 1 = 0. Intercepts on OX imaginary ; 
on OY = 2*85, —*35. Curve passes through (1, 2), (I, —1), 
(2, 2), (2, -2-5), (—1, 4-45), ( — 1, —*45). 

Two parallel straight Unes 2x- 3y-3*45 = 0, 2s-3y + 1-45 = 0. 
Intercepts on OX = 1*72, —*72; on OY = l-lo, 48. 

A parabola with 3 * + 4y-3 = 0 as axis and 8 *- 6 y-47 = 0 as 
tangent at vertex. Latus rectum = *4. The curve is on the 
origin side of the tangent at the vertex. Intercepts on 
OX = 2*69, -1*58 ; on OY = 2*74, -*87. The curve passes 
through (1, 1-76), (1, -1*38), (2, *74), (2, - 1 * 86 ),-(3, -*36), 
(3, —2-27). 

Two straight lines 5* + 4y-3=0, 3*-7t/ + 2 = 0 intersecting 
a t (if, if). Intercepts on OX = a, — f ; on OY — f, T . 

Two imaginary parallel straight lines 2x + Gy + 5 = ±\/ —23. 

An ellipse with (J 5 , -£j) as centre, 2x — 3y + 1 = 0, 3*+ 2y- 1 = 0 
as axes. Lengths of semi-axes = 2, 1. Intercepts on 

OX = —1'58, 1-18 ; on OY = 1-49, — 79. 

A rectangular hyperbola with * + V — 2 ” °> *~ y n + 4 %°_ T 
asymptotes. Centre is (— 1, 3 )_. Axes are x + 1 - 0, y 3 0. 

Length of semi-axes =v/20 = 4-47. Intercepts on OX 
imaginary; on OY = 7'57, -1'57. Curve passes through 
r.2 7-57), (-2, -1 57), (1 or -3, 7-90), (1 or -3, -1’90), 
(3 or -5, 9), (3 or -5, —3). 

A parabola with 7x + 9y + 1 = 0 aB axis, and 9*-7y + 11 = 0 as 
tangent at vertex. Latus rectum = = ' 088 - Curve and 

ori°aii are on opposite sides of tangent at vertex. Intercepts 
on'o.X and OY imaginary. Curve passes through ( 1, 9), 

(-1, -52), (-2, 195), (-2, 103). 

Two parallel straight lines * + 2 y + 1 = 0 , *+ 2 y + 2 = 0. In¬ 
tercepts on OX = — 1, -2; on OY^-i, -1. 



ANSWERS. 


335 


31. A rectangular hyperbola with origin as centre and 15* + 8y = 0, 

8*—15 y = 0 as axes. Lengths of semi-axes = 1. Asymptotes 
are y = *^*, y = — Intercepts on OX imaginary ; on 

= ± 1*34. * Curve passes through (1,3*73), ( — 1, —3*73), 
(1, — *75), (-1, *75). 

32. A hyperbola with ( — 1, —2) as centre and 3* + 2y+7=> 0, 

2x — 3y — 4 = 0 as axes. Length of semi-transverse axis = 1, 
of semi-conjugate axis 2. Asymptotes are lx — 4y — 1 = 0, 
x—8y —15 = 0. Intercepts on OX = 15*49, —*34 ; on 

OY = *45, —2*57. Curve passes through (1, —2*19), 

(1,1*94), (-1, -3*27), (-1, —-72), (-2, -4*45), (-2, -1*42), 
(—3, -5*94), (*3, -1*81). 

33. An ellipse with (2>v/3 —f, — 2 —f-v/3), i.e. (1*96, —4*60) as 

centre, and* + */3 y+6 = 0, *S3x — y — 8 = 0 as axes. Semi¬ 
axes = 5 and 3. Intercepts on OX imaginary; onOY= — 6*91, 
— *99. The curve passes through (— 2, —4*93), ( — 2, —1*65), 
(-1, -6*11), (-1, -1*12), (2, -7*9), (2, -1*37), (4, -8 21), 
(4, -2*34), (6, -7*5), (6, -4*37). 

34t. An ellipse with (1, 1) as centre, and x — \/3y + ( a/3 — 1) = 0, 
\/3 x + y — (-v/3 + 1) as axes. Lengths of semi-axes = >v/3, V2 y 
Intercepts on OX = 2*04, —*41 ; on OY = 2*02, —*31. 

35. An ellipse with (8, 4) as centre, and 2*414* — y — 15*312 = 0, 

•414* + y — 7*312 = 0 as axes. Semi-axes = 8*6, 2*46. Axis 
of * is a tangent at * = 14, and axis of y is a tangent at 

y = 7. 

36. An ellipse with (— 1, 8) as centre, and (1 + V2) * + y — (7 — \/2) = 0, 

*— (*/2 + 1) y + (9 + 8 V2) as axes. Semi-axes = 7*39, 3*06. 
Intercepts on OX imaginary; on OY = 1*52, 12*48. Curve 
passes through ( — 2, 3*71), ( — 2, 14*29). 

37. An ellipse with 3* — y + 3 = 0, * + 3y = 0 as axes. Centre is 

( — *9, *3). Lengths of semi-axes = 2, 1. Intercepts on 
OX = —2, *054 ; on OY = 2, — 154. 

Examination Paper III. (Page 139.) 

1. §§ 94-96. 

2. 85* 2 +30*y + 45y 2 —38* —66y — 335 = 0 

and 45* 2 — 30xy + 85y 2 + 12*— 116y — 320 = 0. 
lO. h 1 = ab and of 2 + by 12 = 2 fyh. 

Chapter XII. (Packs 140-168.; 

3. 3* + y —4 = 0. 4r. * + y —3 = 0, 2* + y + 4 =. 0. 

6. *=±>/3, y = ^V 3. 9. (-V. -f). 

13. 45° and tan~ l \ with axis ; ( — 2,0), ( — 10, —2). 


9 
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14. Line is # + 5 = 0; curve is a parabola ; (—y 

15. x 2 /a 2 — y 2 /b 2 = 0 ; ' 


oy+ i )* = 


18. 

20 . 


27. 


30. 


40. 


— 3 (Ax — y + f) 2 +2 (Ax —!/+*)( —x—Z y + 1) + 4 ( — x- 
or 208.r 2 — 104a*y— 156y 2 + 156a; + 104y — 1 =0. 

(i.) A straight line ; (ii.) a conic. 19. Internally; 13:3. 

2# + y = 7. 21. 3;2, 3:4, both externally ; (2, 2), (3, f). 

x — 2y — 1 = 0, 6x-8y -9 = 0, .r-y-2 = 0. 

±2v/2#+3y + C = 0, i v'o.r + 3y + 3 = 0. ± v/13 a; + 3y + 9 = 0. 
± A/3o;±2y = 4, a;±y + 2/? = 0, ±3o;± v/lOy = 9. 
o; + y + 2 = 0, x + y—V 26 = 0. 

# (#' + y' cos a, + y) + y (o' cos w + y' +/) + yx J +fi/ + <r = 0. 

299a; 2 +2310.ry + 2247y 2 + 2772a;— 2940y— 22596 = 0. 
x(x-y+p) = 0. . 32. b 2 x 2 — 8« 2 y 2 = 0. 

(«) 28a; 2 + 384.ry+ 131 y 2 + 512a? + 864y + 9G = 0; 

(b) Sx 2 + 2#y + 8y- 8a;—18y+13 = 0; two imaginary straight lines. 

121a; 2 — 156xy +2 4y 2 + 70a; + 60y —95 =» 0 ; tan -1 ( 78). 
xx l /a 2 + yy x /b 2 =1. 37. yyj = 2«(o; + a; 1 ). 

yi# + #iy = 2c 2 or x/x l +y/y l = 2. 
a; (ax x + hy l )+y (hx x + by x ) = 1. 

x(ax x + hy x + y) + y (hx x + by x ) + yx x — 0. 41. h a/30. 

n 2 n 2 + m 2 b' 2 = m 2 n 2 . 44. \'8x — y = ± a/13. 


45. W* 2, + 6b 2 . 49. Ahn 2 + 2Alp + Bp 2 = 0. 

50. (i.) — 2 6, — *21 ; (ii.) -3*52, *6; (iii.) 4*2, -1*98. 

53. x cos 0 + y sin 0 = a (1 + cos 0) . 54. y'y"ip , £ (y' + y"). 

56. (1, 2), £ a/2. 57. y 2 -Aax = a*#»*. 58. tan" 1 *, 2 a/5. 

61. When «<£ two perpendicular tangents cannot be drawn. 

62. y 2 = (p^lq 1 + ?7a 2 + 2 ) 65 - t 6x x x. 2 !(x x + x. 2 ) ; 2 y x y 2 l(y x + y 2 ). * 
68. 2a;—3y+9 = 0, (— VS —2). 

75 . x 2 tan 2 a—y 2 + 2flra; (tan 2 a + 2) + a 2 tan 2 a = 0. 


Chapter XIII. (Pages 169-191.) 

1. (i.) 3.r + y + 2 = 0 ; (ii.) 2a; + y + 1 =0. 

9. 2 (1 + mm') + m + in' = 0. 12. a 2 A + b 2 B=0. 16. y= ± bxja . 

19. CP = a/5 ; = T 7 o a/10 ; sin a» = 20. ± a/3, =F a/3. 

22. 2*18, -45. 23. 3 92, 1*62. 

25. \x 2 — y 2 +1=0; 3a: 2 —y 2 + 2 = 0; Ax 2 + 2Hxy + By 2 + C = 0 ; 
a;y + 2a; + 3y + 11 =0. 
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26. x 2 + 2 ary—y 2 + 2x + 4y + £ = 0 ; x n - + 2.ry — y 2 + 2 a* + 4y + 1 = 0. 

28. 3ar+4y = 0. 31. 152, *56. 

32. CP = V2, CD = £ a/ 78, sin-* (J* %/26). 

33. y = $ ; (f, f). 34. y = 1 ; (—*. 1). 36. 3a* p 3y + 2 = 0. 

38. .ry + 2y.r + 2/y + B^y — c = 0. 

40. a 2 sin 0 (a-j sin 0 — y x cos 0) /(a 2 cos 2 0 + b 2 sin 2 0), 

— b 2 cos 0 (x x sin 0 —y, cos 0)/(a 2 cos 2 0 + b 2 sin 2 0). 

41. 9AA' + 4BB' = 0. 44. a 2 * 2 + b 2 y 2 = a 2 {a 2 ~b 2 ). 

45. .r + y = 0. 46. y 2 = 2a(x — a). 47. « + h (m + m') -f bmm‘ = 0. 

48, Ax + By = 0, Sx + (7y = 0. Condition is JB- = AC. All straight 
lines joining two given parallel straight lines are bisected by the 
line parallel to the given lines and midway between them. 

49. ^2asin&a>, v'2acos&w. 52. x 2 /a 2 + y 2 b 2 = \ . 53. Yes. 

57. nx 2 + 2/iory + by 2 + gx + fy = 0. 

63. 3 (. xja 2 + my/b 2 ; 2 + (l/«* + m 2 /b-) (x 2 /« 2 + y 2 /b 2 - 1) = 0. 


Chapter XIV. (Pages 192-202.) 

1. 5 or — 3y = 2. 2. 6x — 3y = 2. 

4. Mr' 2 — y' 2 ) = (« — b)x / y\ Origin is centre of curve, and normal 
passes through centre only when (x\ y') is on an axis. 

11. 4n/ a{a + x')*lx. 13. 3/^10, —l/^/io. 14 . 2/^5, 1 / x /o. 

16. (1, 2), (I, 1), (£, —3). 17. ( i~/\ /a 2 + b 2 f b 2 l v / ti 2 + b' 2 . 

20. (i.) 3or —3v^3y = 7 a ; (ii.) .r —y = 3 a ; (iii.) A /3.t* + y = .5 %/3«. 

21. a; y = 4a. 23. p 2 (u 2 sin* a f b 2 cos 2 a) = (a 2 — b 2 ) 2 cos 2 a sin‘‘ a. 

24. a 2 g/(a 2 -b*) t db bs/(d 2 - 6 2 ) 2 - a 2 y 2 / (a 2 - 5 2 ). 

25. o' (l — m 2 /a 2 ), y' (1 — in’ 2 / b 2 ). 26. 4 A./2a. 27. y 2 = 4a(ar-4a). 

29 . (i-) A finite quantity = zero. No such line can be normal to 

the circle x 2 + y 2 = a 2 . 30. a 2 /b 2 -b-/m 2 = (a 2 + b 2 ) 2 . 

31. y 2 = a (x-a). 33. y 2 = a ( x _ a ) m 


Examination Paper IV. (Page 203.) 

1. x (\mq — g) + y \%mp + bq +f) — gp 4 fq — c = 0. 

3. x 2 — y 2 + 6ax 4- a 2 0. 4 . 1 Oar + 2y + 25 = 0. 

5. 3ar 2 — 4a;y + 2a: — 3y —. 7-f = 0. 

v EOM. PT. II. 


Z 
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Chapter XV. (Pages 204-219.) 

1. x + y— 2 = 0. 2. ll.r+10y +17=0. 3. gx +fy + c = 0. 

5. The normal. 11. T °y, —-^ 2 . 12. 1, £. 

13. -k, k- 17. Bl 2 -2Hlm + Am* = AB - H 2 . 18. x-y = 1. 

19. 3.r + 3y + 5 = 0, 4x+oy — 2=0, x—2y = a 2 , 

.r (a + 2A + y) + y (h f 2 b) + g = C 

20 . (a 2 /, — b-ni), (—1//, —2 am/l), (2c 2 //i, 2c 2 /). 

21 . a 2 ll' — b-mm' = 1, l+l'+2amm' = 0, 2c 52 (/;/*' +/';/*) = 1. 

30. -y sec a, — 2a tan a. 

31. Diameter conjugate to the given direction. 33. y 2 = 2 ax—a 1 . 
34. x 2 —y 2 = 4a 2 . 36. //(/*—y 2 ), — y/(/ 2 -y 2 ) \ x 2 — y 2 = lx —my. 
39. The radical axis. [Take this line for axis of y, then the circles 

are a; 2 + y 2 + 2ya; + c = 0 and a: 2 + y 2 -4- 2y'.r + c = 0.] 

Chapter XVI. (Pages 220-242.) 

1. (y — 1) = (x-l )*. 2 . (a; — c) 2 /a 2 + (y — d)' 2 /b 2 = 1. 

4. (i.) 45°, &c. ; (ii.) sin -1 (5/a) = cos -1 <?, &c. 

7. (1, 2), (4, 4), U, -1), (^,-3). 8. 1. 9. ^ £^3. 

lO. (/ui 4 y 2 ) If — '** = ‘^^ 1 ^ 2 * l 3 - = 2a -t- ay. 2 . 

14. a (y 2 4- 2)7^, -2a( M 2 +2)/ M . 15. y = 1, 2, -3. 

23. .r ( a/3 — 1 )/a -f y ( V3l)/5 = 2, x/a + y/b = £(+ 1). 

31. Extremities of axes. 38. { — a± \/a 2 — me\/am ; o = a/m. 

42. y 2 — 4 aa: = (a + a;) 2 tan 2 a. 49. 2(a; + y — 1) = (* — */)*• 

52. x 2 /a?- + y 2 /{2b 2 ) = 1. 59. a; + acot(a —£) = 0, y-5 cot (a — £) = 0. 
63. {(('x — ay) 1 (l/x — by) + (a'b — ab') 3 = 0. 

Chapter XVII. (Pages 243-253.) 

5. 3| or 7h 11. A circle. 14. a = //(c 2 —1), 5 = l/y/e 1 — 1. 

17. The latus rectum and any two focal chords equally inclined to it. 
20. {IA — e) 2 + Z 2 ^ 2 = 1 • 23. r cos 0 = 3a, a straight line perp. to axis. 

Examination Paper V. (Page 254.) 

3- (s» £)• 

Chapter XVIII. (Pages 255-272.) 

4. 21a; 2 + 3a;y + 7y 2 = 43. 5. c'tf - rtf' = 0. 

6 . 3s 2 + 2a;y + 3a; = 3. 8 . 17#* + 26#y + 17y 2 — 00#- 60y +60 * C. 
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14. 3.r 2 — xy — 5f/ 2 + x + y + 1 = 0. 15. 6a? 2 — Gxy — Gy- + 9 x — 3y = 0. 

20. x 4- = %/8a* or x 2 + f/ 2 — 2ary —4 \/2a (x + 1 /) -f Ha- = 0. 

24. 2ar 2 — 3xy + 2s/- — 2a? — 4y = 0. 25. a: (a? — y — 1) = 0. 

26. (a — /3) (7 — SJ/a/ifyS. 

31. a? 2 /cos 2 a—y 2 /sin 2 a = a 2 —£ 2 . 32. . r ) (a? — y) = 1. 

45. A/{x-2) + Jl/{y + 1) + C/(* + y) = 0. 46. ** + y 2 -3a? + 3y + 4 = 0. 

47. Circle a 2 + y 1 = a 2 + A 2 , where a and A are aemi-axos of ellipse. 

48. m/(2 — kmn) t ti/(2 —A?mft). 51. x = dbft*^2a, y = Jdr ft v / 2/-». 

56. Use § 237. 57 a? 2 -f pary — y 2 = n 2 —£ 2 , where 7 ? is constant. 

59. ± a/rt db = 1. 

62. (Use /) 2 = <i 2 cos 2 a + & 2 sin 2 a.) a* 2 /(7? 2 — £ 2 ) + y 2 /(7?— a-) = 1 . where 

is radius of circle. 63. a-/(acos 2 0 ) + y/(Asin 2 0 ) = 1. 


Chapter XIX. (Pages 273-282.) 

2. \/(2\'AJl) along the coordinate axes. 4. y 2 +16rtra? = 0. 

7. v 2 + 4/7# = 4n . 8. ( \x — pi/)‘ = pc{y — c). 9. 4y s = Oca* 2 . 

12. (x + y — c) 2 + cy = 0. 13. y(y — 2b) = 0, where b is radius of circle. 
14. **/«* + ?*/** = i. 15. (x-b)* + (y-c)~ = a 2 . 

22. * 2 /« 2 (l + b*/a*) + y 2 /£ 2 (l + rt 2 /6 2 ) = 1. 


Chapter XX. (Pages 283-299.) 


2. The first and second are harmonic with the third and fourth 
4. §. 0, oo, 6, §, 4, £ - 1 - - - 1 - 8 - 2Jl 8 


A» 'J>'» 2 * "7'» "8 » 3 


3 ft 


10 


+ 7a? + 11 =0 or ar = ft ( — 7± \/5). 



23. 3£ 2 — 2Z 2 = 0. 29. a = b. 38. A particular case of Ex. 3G. 

39. If P, Q are ends of diameter, AP , bisect angles at A. 

40. Change into polar coordinates and find OR in terms of OP. 0Q y OS 

41. Change into polar coordinates and use 2 /OP = 1/0P| + 1/0P 2 . 


Examination Paper VI. (Page 300.) 

2. The points of intersection of ax 1 + by 1 + 2hry + 2fy + e = 0 and 
gx = fy . 3. x 1 4 - y 2 — 3a? — 3y + 4 = 0. 

6. xy = d=<? 2 . 7. 4(ar—2rt) 3 = 27y 3 . 

Chapter XXI. (Page 301-307.) 

5. -i 

6 . It is the circle on the line FF' as diameter, FF‘ being defined as 

in § 287. The point 0 lies on the radical axis of any two 
circles through A A' and BB\ ■ 
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Problem Paper 1. (Page 308.) 

1 . { (l 2 — m 2 ) q — 2Imp — 2 mn } / (P + m 2 ), 

\(m 2 -P)p-2hnq-2ln} /(P + m 2 ). 

2. If base be taken as axis of x and the mid-point of base as origin, 

e — \ a /6 and foci are ( 0 , \/6c). 

7. Taking given line as axis of x and perpendicular to it through 

centre of given circle as axis of y, equation of given circle is 
of the form x 2 4 - (y — b) 2 = c 2 . Required locus are the two 
parabolas x 2 — 2 (b±c) y + b 2 — c 2 = 0 . 
lO. %a) ; x + y = 0. 

Problem Paper 2. (Page 309.) - 
1. A circle x 2 + y 2 - 2x (#, + x 2 — 2x 3 ) — 2y (y x 4- y 2 — 2y 3 ) 

+ + y\ + - r 2 2 + y* 2 - x ’a 2 -yz = °» 

where the vertices are (x l9 y x ) 9 (x 2t y 2 ), (^ 3 * Vz )• 5. (8,4); 8 V7 n. 

8 . Take directrix as axis of y and focus on axis of x , distance a from 

directrix. Then locus is y 2 — mxy—ax + a 2 = 0, where m is 
the tangent of the angle the given line makes with axis of x. 

__Pi^q blem P aper 3. (Page 310.) 

Iff b 2 = 4 ac, bd = 2 ae 9 d 2 =_*?£. 2. 4, (3, 60°). 3. ±ttF/(AC- 1). 

4- ax±by = \/a 4 + a^b 2 + b A . 7. sin (a — £). 

lO. 5s 2 ±6£y-6 $ 2 = 0 ; y = (l-6b 2 /oa 2 ). 

Problem Paper 4. (Page 311.) 

1 . (5-4b/a)x 2 -8xy+ (5-4a/b)y 2 = 0 ; a = 2b or \b. 
lO. Take one side as axis of x f vertex of triangle as origin ; then 
locus is x (m 4- n cos a) 4- y . n sin a = \c. 

Problem Paper 5. (Page 312.) 

1. ( 4 ac—b 2 )!c. 2. x 2 + y 2 — 5dx 4 - (bd cos a± 4*f) y /sin a 4* 4d 2 = 0. 

4 . x 2 + y 2 = a 2 b 2 /(a 2 4 - b 2 ). 6 . bx sin \y = «y cos \y, where 7 is const. 

8 . 7x 2 + 7y 2 — S9x — l5y + 32 = 0. 

9. Take given point as origin, and circle x 2 4 - y 1 4- 2gx 4 - 2 fy 4^ = 0; 

envelope is .r 2 (2c-f 2 ) + 2fgry 4- y 2 (2c -g 2 ) 4- 2 cgx 4 - 2*/y 4-^ = 0, 

lO. y 3 — \axy *- 24a 3 = 0. 
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Problem Paper G. (Page 313.) 

1. With AB as axis of x and its middle point as origin, tho locus of 

C is 8x* + 4 ex — y- == 0. 

2. 1(11 \/3 — o) c. 3. eftx + $ y + = 0. 

lO. x 2 + t/ 2 i 2cx /\/1 — 4Z: 2 + c 2 = 0, where X: is the ratio and 2? the 
base, referring to baso as axis and its mid-point as origin. 

Problem Paper 7. (Page 314.) 

1. bx — ay + ak — bh = 0 ; 

(b-h — able — ac) / (a 2 + b -), (a-k — abb — be) / (a- + b-). 

3. a; 2 y- f (.r + y) (C + />)/(^f + if) + \ (C+ D)*/(A + 2?) 2 

7. 2*/« f 1 = (3* + «) 2 ///*. = i (C_ Dy-!(A* + 

Problem Paper 8. (Page 315.) 

6. Centre is (1, 2); lengths of axes, 1, 'S3; equations of axes 
referred to centre, x y = 0, x + y = 0; asymptotes, referred 
to original axes, x 2 — 4xy + y 2 + 6x — 3 = 0. 

9. (x- + y 2 ) [bx + ay) + {ax — by ) 2 = 0, where x 2 = \ay and y 2 = 4/,.r 
are the parabolas. 


Problem Paper 9. (Page 31G.) 

2 . A circle. 3 . (*a-_ gO + r :i r l _*in(dz - e±+ r, v 2 sin (fl t - 0 ,) 

v/ »i 2 + >* 2 2 — 2r t r 2 cos (0! — 0 : ) 

**) » r2 x y + V 2 = 1 • lO. x 2 — y 2 — aa: + £?/ = 0. 


Problem Paper 10. (Pagb 317.) 




ax by a 2 — 0, ax — by + b 2 = 0, bx + ay = ab± (a 2 + £2) ; point 
of intersection is {x (*±£), * (^±*)}. 

2^ {a (r 2 - r 3 ) + * (r 3 - r,) + «? (n - r 2 )} + 2y { b (r 2 - r 3 ) + (r 3 - r t ) 

+f (»*i — r 2 )J- 

= (« 2 + A 2 ) (v 2 - ,3) + («j* + cP) (»- 3 - r,) + + /*) (r, - r s ) 


where the centres are (a, A), (c, d), («,/). 

+ 2/) ~ ( a + i) ^ + (c— ab/c)y — 0, where the three points are 
(«. 0), (A, 0), (0, e). 
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Problem Paper 11. (Page 318.) 

1 . Take CA and CB as axes, and CA = a, CB b ; then locus is 

2x/a + 2y/b = 1. 2. f V5 ; oo. 5. -f. 

Problem Paper 12. (Page 319.) 

2. (Iff + 2gg'-c-c')l2V{n + f-c)(f*+ 9 ”-- c -)}. 

*7. 7x + 9y + 1 = 0. 8. x + y = 0. 

Problem Paper 13. (Page 320.) 

3. (±f-v/6«, \ ^6 a), ±VQ>a). 

6. e = (a — b)/ V(a 2 *- b-) ; axes are (a + £)/ */{2ab), (a + b)/ V (a 2 + b 2 ) \ 
latus rectum = 2 */{2ab) ( a -+- b)/{a 2 + b-) ; equation to tangent is 
±{a-b)xlV{a 1 + b' 1 )±y=(a + b)IV{2ab). lO. k = 2, r = 2. 


Problem Paper 14. (Page 321.) 
1. a: (a — b'\ / S )—y (rt-/3 — &) 4- ab = 0. 


8 . h 


Problem Paper 15. (Page 322.) 


2. At ends of minor axis. 


3 . 2 ^ 590 * 


4 . « + 
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R. H. CHORE, B.A. (With or without Answers.) 2s. Gd. 

“ Excellent.”— Educational Times. 

Arithmetic, Clive’s New Shilling. Edited by Wm. BRIGGS, L/L.D., 
M.A., B.Sc. Is. With Answers, Is. 3d. ANSWERS, Gd. 

“These exercises are well chosen and progressive.”— Schoolmaster. 

Arithmetic, The Primary. Edited by Wm. BRIGGS, L/L.D., M. A., 
B.Sc., F.R.A.S. An Introductory Course of Arithmetical 
Exercises. In Three Parts. Parts I. and II., each (id. Part 
III., 9d. With Answers, each Part Id. extra. 

“Thoroughly suited for use in elementary schools generally.”— School Guardian. 

Astronomy, Elementary Mathematical. By C. W. C. BARLOW, 
M.A., B.Sc., and G. H. Bryan, Sc.D., M.A., F.R.S. Gs. Gd. 

Coordinate Geometry. By J. H. Grace, M.A., F.R.S., and F. 
Rosenherg, M.A., B.Sc. 4s. Gd. 

An elementary treatment of the straight line, circle, and conic. 

Dynamios, The Tutorial. By Wm. Briggs, LL.D., M.A., B.Sc., 
and G. H. Bryan, Sc.D., F.R.S. Second Edition. 3s. Gd. 

V 
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Geometry, Theoretical and Practical. By W. P. Workman, M.A., 
B.Sc., and A. G. Cracknell, M.A., B.Sc., F.C.P. 

PART I. Equivalent to Euclid, I., III. (1-34), IV. (1-9). 2s. 6d. 

PART II. Equivalent to Euclid. II., III. (35-3/), IV. (10-16), VI. 

2s. 

PART III. Equivalent to Euclid XI. Is. 6d. 

This work is also published in two volumes under the titles :— 
Matriculation Geometry (Equivalent to Euclid I.-IV.). 3s. 6d. 

Intermediate Geometry (Equivalent to Euclid VI., XI.). 2s. 6d. 

«« One of the best books on modern lines.”— O.cford Magazine. (Part I.) 

“ Sound and sensible throughout.”— Nature. (Part II.) ,, 

“The three parts now issued form an excellent work. School World. 

The School Geometry. Being an edition of Geometry, Theoretical 

and Practical , Parts I. and II., specially adapted for ordinary 
school use. In one vol., 3s. 6d. 

PART I. Equivalent to Euclid I., III. (1-34), IV. (1-9). 2s. 

PART II. Equivalent to Euclid II., III. (35-37), IV. (10-16), 
VL 2s. 

In the preparation of this work special consideration hasbeen given 
to the recommendations of the Board of Education on the Teaching 
Geometry in Circular 711. The original work, Geometry , 
and Practical , can be used as a leachers Edition, if so desired. 

Introduction to the Sch ool Geometry . Is. 

Sat ss 

respect.”— Schoolmaster. 

Granhs : The Graphical Representation of Algebraic Functions. 
Grapns . ^ Fre ^ ch> M . A ., and G . OSBORN, M.A., Mathematical 

Masters of the Leys School, Cambridge. Second Edition. Is. 6d. 

Matriculation. (Contained in The New Matriculation 
G ^Algebra.) By C. H. French, M.A., and G. Osborn, M. A. Is. 

Hydrostatics, Intermediate. By Wm. Briggs, LL.D., M.A., B.So., 
y F.R.A.S., and G. H. BRYAN, Sc.D., F.R.S. 3s. 6d. 

TTvdrostatics The Matriculation. (Contained in Intermediate 
y Hydrostatics.) By Dr. BRIGGS and Dr. BRYAN. 2s. 

Mechanics, The Matriculation. By Dr. Wm. BRIGGS and Dr. G. H. 
Bryan. Second Edition, os. oa. 
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The Right Line and Circle (Coordinate Geometry). By Dr. Briggs 
ancl Dr. Buy AN. Third Edition. 3s. Gd. 

Statics, The Tutorial. By Dr. Wm. Briggs and Dr. G. IE. 
BRYAN. Third Edition. 3s. Gd. 

Tables, Clive's Mathematical. Edited by A. G. Cracknell, M.A., 
B.Sc. Is. 6d. 

Trigonometry, The Tutorial. By Wm. Briggs, LL.D., M. A., B. Sc., 
and G. H. BrYAN, Sc.D., F.R.S. Second Edition. 3s. Gd. 


Botany for Matriculation. * By Professor F. CAVERS, D.Sc. 

5s. Gd. Also in Two Parts. Part I. 3s. 6d. Part II . 2s. Gd. 

This book is especially written to cover the requirements of the 
London University Matriculation Syllabus in Botany. 

“It would not be easy to get a more comprehensive account of the most im¬ 
portant facts relating to plant life and the structural details of the commoner 
flowering plants than this excellent manual contains.”— Education. 

Plant Biology. * An elementary Course of Botany on modern lines. 
By F. Cavers, D.Sc., F.D.S. 3s. Gd. 

“ The freshness of treatment, the provision of exact instruction for practical work 
really worth doing, and the consistent recognition that a plant is a living thing, 
should secure for Professor Cavers' book an instant welcome.”— School 11 odd. 

Plants, Life Histories of Common.* An Introductory Course of 
Botany based on the study of types by both outdoor and indoor 
experiment. By F. CAVERS, D.Sc., F.L.S. 3s. 

“The author is to be congratulated on the excellent features of his book, which 
may be summarised as a clear diction, a logical sequence, and a recognition of the 
essentials."— Nature . 

Botany, A Text-Book of. By J. M. LOWSON, B.Sc., F.L.S. Fourth 
Edition. 6s. 6d. 

“ It represents the nearest approach to the ideal botanical text-book that lias yet 
been produced.”— Pharmaceutical Journal. 

Zoology, A Text-Book of . By H. G. Wells, B.Sc., and A. M. 
DAVIES, D.Sc. Fifth Edition . Gs. Gd. 

“It is one of the most reliable and useful text-books published. Naturalist a 
Q uarterly Review. 


* A set of 41 microscopic slides specially designed by Professor Cavers for 
with his books is supidied at £1 5a. net. 
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The Tutorial Physics. By R. Wallace Stewart, D.Sc., 
E. Catchpool, B.Sc., C. J. L. Wagstaff, M.A., W. R. 
Bower, A.R.C.Sc., and J. Satterly, B.A., B.Sc. In 6 Vols. 

I. Sound, Text-Book of . By E. Catchpool, B.Sc. Fifth Edition , 

Revised and Enlarged. 4s. Gd. 

“A full, philosophical, and decidedly original treatment of this branch of 
physics.”— Educational Times. 

II. Heat, Higher Text-Book of. By R. W. Stewart, D.Sc. 6s. 6d. 

“Clear, concise, well arranged, and well illustrated.”— Journal of Education. 

III. Light, Text-Book of. By R. W. Stewart, D.Sc. Fourth 

Edition , Revised and Enlarged . 4s. 6d. 

“A very full and able treatment of the elements of Geometrical Optics.”— 
Educational News. 

IV. Magnetism and Electricity, Higher Text-Book of. By R. W. 

Stewart, D.Sc. Second Edition. 6s. 6d. 

“The text is exceedingly lucid and painstaking in the endeavour to give the 
student a sound knowledge of physics.”— Nature. 

V. Properties of Matter. By C. J. L. Wagstaff, M.A. Third 

Edition. 3s. 6d. 

“Very interesting sections are those on moments of inertia from an elementary 
point of view, Hoys’ modification of Cavendish’s experiment, surface tension, and 
capillarity. ”— School. 

VI. Practical Physics. By W. R. Bower, A.R.C.S., and J. 
Satterly, B.A., B.Sc. 4s. 6d. 

“Great pains have evidently been taken to secure efficiency, and the result is a 
text-book which merits great praise.”— Nature. 


The New Matriculation Heat: The New Matriculation Light: The 
New Matriculation Sound. By R. W. Stewart, D.Sc. 2s. 6d. 
each volume. 

“ The treatment is lucid and concise, and thoroughly in accordance with the most 
recent methods of teaching elementary physics. An outstanding feature of these 
books is the inclusion of a number of experiments which may be performed with 
the most simple and inexpensive apparatus, and from which satisfactory results 
may be obtained.”— Nature. 

Electricity, Technical. By Professor H. T. DAVIDGE, B.Sc., 
M.I.E.E., and R. W. Hutchinson, B.Sc. 2nd Ed. 4s. 6 d. 

“ A most desirable combination of sound instruction in scientific principles and 
engineering practice .”—Educational News. 

Magnetism and Electricity, Matriculation. By R. H. Jude, 
M.A., D.Sc., and John SATTERLY, B.A., B.Sc. Specially 
written for the current London University syllabus in this 
subject. 3s. 6d. 

“This volume gives evidence at every stage of the ripe scholai-ship of its authors 
as well as of their high teaching ability .”—Educational News. 
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The Tutorial Chemistry. By G. H. Bailey, 1).Sc. , Pli.D. Edited 
by Wm. Briggs, LL.D., M.A., B.Sc., E.C.S. 

Part I. . Non-Metals. Fourth Edition. 3s. Gd. 

Part.II. Metals and Physical Chemistry. Sec. Ed. 4s. Gd. 

“ Tlie leading truths and laws of chemistry are here expounded in a most masterly 

manner .”—Chemical Nacs. 

* 

The New Matriculation Chemistry.* By G. H. Bailey, D.Sc*. 
Edited by Wm. BlilGGS, LL.D. Fourth Edition. 5s. Gd. 


Chemical Analysis, Qualitative 
Briggs, LL.D., M.A., B.Sc., 
D.Sc. Fourth Edition. 3s. Gd. 


and Quantitative. By Wm. 
E.C.S., and R. W. STEWART, 


The Junior Chemistry. By R. PI. Adie, M.A., B.Sc., Lecturer in 
Chemistry, St. John’s College, Cambridge. 2s. Gd. 

This is a course of combined theoretical and practical work 
covering the requirements of the Oxford and Cambridge Junior 
Locals. Its method of treatment differs from that of most modern 
books of this standard, inasmuch as it aims at bringing the pupil, 
from the outset , into touch with fundamental principles. 

“A useful and practical course, constructed on thoroughly scientific principles.” 
—Ox Jo rd Magazi n c. 


The Elements of Organic Chemistry. By E. I. Lewis, B.A., B.Sc., 
Science Master at Oundle School. 2s. Gd. 

The fundamental principles of the Chemistry of Carbon Com¬ 
pounds developed from and illustrated by the behaviour of the 
Ethyl, Methyl, Phenyl, and Benzyl compounds mainly. 

“ A useful book containing many well selected typical experiments. The 
directions are clearly and carefully given .”—Secondary Education. 


Systematic Practical Organic Chemistry. By G. M. Norman, B.Sc., 
E.C.S. Second Edition. Is. Gd. 


Perspective Drawing, The Theory and Practice of. B y S. Polar, 
Art Master. 5s. 

A complete course of instruction covering the requirements of the 
Board of Education Syllabus in Perspective Drawing. 

Science German Course. By C. W. PAGET Moffatt, M.A., M.B., 
B.C. 3s. Gd. 

41 Provides a convenient means of obtaining sufficient acquaintance with the German 
language to read simple scientific descriptions in it with intelligence.”— Nature. 


* Sets of apparatus and reagents are supplied specially designed for use with tliis 
book — Set A, 13s. Gd. ; Set B, 2. 
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Junior French Course. By E, Weekley, M.A., Professor of 
French at University College, Nottingham, and Examiner in 
the University of London. Second Edition . 2s. 6d. 

“ Distinctly an advance on similar courses.”— Journal of Education. 

The Matriculation French Course. By E. W EEKLEY, M. A., Examiner 
in French in the University of London. Third Edition , En¬ 
larged. 3s. 6d. 

“ The rules are well expressed, the exercises appropriate, and the matter accurate 

and well arranged.”— Guardian. 

French Accidence, The Tutorial. By Ernest Weekley, M.A. 
With Exercises, Passages for Translation into French, and a 
Chapter on Elementary Syntax. Third Edition. 3s. 6d. 

“ We can heartily recommend it.”— Schoolmaster. 

French Syntax, The Tutorial. By Ernest Weekley, M.A., and 
A. J. Wyatt, M.A. Second Edition. With Exercises. 3s. 6d. 

“ It is a decidedly good book.”— Guardian. 

French Grammar, The Tutorial. Containing the Accidence and the 
Syntax in One Volume. Second Edition. 4s. 6d. Also the 
Exercises on the Accidence y Is. 6d. ; on the Syntax , Is. 

French Prose Composition. By E. Weekley, M.A. With Notes 
and Vocabulary. Third Edition , Enlarged. 3s. 6d. 

“ The arrangement is lucid, the rules clearly expressed, the suggestions really 

helpful, and the examples carefully chosen.”— Educational Times. 

Junior French Reader. By E. Weekley, M.A. With Notes and 
Vocabulary. Second Edition. Is. 6d. 

««A very useful first reader with good vocabulary and sensible notes. ”— Schoolmaster. 

French Prose Reader. By S. Bar let, B. &s Sc., and W. F. 
MASOM, M.A., Examiner in the University of London. With 
Notes and Vocabulary. Third Edition. 2s. 6d. 

“Admirably chosen extracts.”— School Goveimment Chronicle. 

The Matriculation French Reader. Containing Prose, Verse, Notes, 
and Vocabulary. By J. A. PERRET, Examiner in French in 
the University of London. 2s. 6d. 

“ We can recommend this book without reserve.”— School World. 

Advanced French Reader. Edited by S. Barlet, B. &s Sc., and 
W. F. Masom, M.A. Second Edition. 2s. 6d. 

“Chosen from a large range of good modern authors.”— Schoolmaster. 

Higher French Reader. Edited by E. Weekley, M.A. 3s. 6d. 

“ The passages are well chosen, interesting in themselves, and representative of 

the best contemporary stylists.”— Journal of Education . 
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J£n0lt8b Classics. 


Burke.—Revolution in France. By II. P. Adams, B.A. 2s. 0*1. 

Chaucer.—Canterbury Tales. By A. J. Wvatt, AI.A. \\ ith 
Glossary. Prologue. Is. Knight’s Tale, Nun s Priest’s Tale, 
Man of Law’s Tale, Squire’s Tale. Each with Prologue, 2s. Gel. 
Johnson.—Life of Milton. By S. E. Goggin, M.A. Is. Gel. 
Johnson. — Rasselas. By A. J. F. Col.I-.ins, M.A. 2s. 

Langland. —Piers Plowman. Prologue and Passus I.-VII. By J. F. 
Davis, D.Lit., M.A. 4s. 6d. 

Milton.—Early Poems, Comus, Lycidas. By S. E. GOGGIN, M.A., 
and A. F. WAIT, M.A. 2s. Gd. Areopagitica. Is. Gd. 
Comus. Is. Lycidas. Is. 

Milton.—Paradise Lost, Books I., II. By A.F. WATT, M.A. Is. 6d. 

Books IV., V. By S. E. GOGGIN, M.A. Is. Gd. 

Milton.—Paradise Regained. By A. J. Wyatt, M.A. 2s. Gd. 
Milton.—Samson Agonistes. By A. J. Wyatt, M.A. 2s. Gd. 
More.—Utopia. By R. R. Rusk, Ph D. 2s. 

Pope.—Rape of the Lock. By A. F. Watt, M.A. Is. Gd. 


Shakespeare :— 

As You Like It. By A. R. 

WKKICKS, B.A. 2s. 
Coriolanus. By A. J. F. Col¬ 
lins, M.A. 2s. 

Hamlet. King Lear. By S. E. 

GoGGIN, M.A. 2s. each. 
Julius Caesar. By A. F. 
Watt, M.A. 2s. 

Shakespeare. By Prof. W. J. 1 


Merchant of Venice. By S. E. 

Goggin, M.A~ 2s. 
Midsummer Night’s Dream. 
By A. F. Watt, M.A. 2s. 

Richard II. By A. F. Watt, 
M.A. 2s. 

The Tempest. By A. R. 
W EEKes, B. A. 2s. 

,FE, D.Litt. In 40 volumes. 


2s. a Volume. 


King John 


All’s Well that Ends Well 

Antony and Cleopatra 

As You Like It 

Comedy of Errors 

Coriolanus 

Cymbeline 

Hamlet 

Henry IV. Farts I., II. 
Henry V. 

Henry VI. Parts I.-III. 
Henry VIII. 


Midsummer Night’s 
Dream 

Gd. a Volume 

Vulius Caesar 
King Lear 
Love's Labour’s Lost 
Macbeth 

Measure for Measure 
erchant of Venice 
erry Wives of Windsor 
Othello 
Pericles 
Kichard II. 

Richard III. 


! Much Ado About N othing 
| Tempest 


Romeo and Juliet 
Sonnets 

The Taming of the Shrew 
The Two Noble Kinsmen 
Timon of Athens 
Titus Andronicus 
Troilus and Cressida 
Twelfth Night 
TwoGentlemen of Verona 
Venus and Adonis 
Winter's Tale 



Shelley.—Adonais. By A. R. Wekkks, B.A. Is. Gd. 

Spenser.—Faerie Queene, Book I. By W. H. Hill, M.A. 2s. Gd. 
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Bnalisb Xanouaoe anfc Xiteratuve. 

The English Language : Its History and Structure. By W. H. Low, 
M. A. With Test Questions. Sixth Edition, Revised. 3s. 6d. 

“A clear-workmanlike history of the English language done on sound principles.” 

—Saturday llcvicic. 

The Matriculation English Course. By W. H. Low, M.A., and 
John Briggs, M.A., F.Z.S. Third Edition. 3s. 6d. 

CONTENTS.— Historical Sketch—Sounds and Symbols—Outlines 
of Accidence and Syntax—Common Errors—Analysis—Parsing— 
The Word, the Sentence, the Paragraph—Punctuation—Rules for 
Composition—Simple Narrative—Compound Narrative—Descriptive 
Composition—The Abstract Theme—The Essay—Paraphrasing— 
Precis-Writing—Style and Diction—Prosody—Index. 

“ The matter is clearly arranged, concisely and intelligently put, and marked by 
accurate scholarship and common-sense.”— Guardian.. 

English Literature, The Tutorial History of. By A. J. WYATT, 
M. A. Third Edition , continued to the present time. 2s. 6d. 

“ This is undoubtedly the best school history of literature that has yet come 
under our notice.”— Guardian. 

“The scheme of the book is clear, proportional, and scientific.”— Academy. 

“ A sound and scholarly .work.”— St. James' Gazette. 

English Literature, The Intermediate Text-Book of. By W. H. 
Low, M.A., and A. J. Wyatt, M.A. 6s. 6d. 

“ Really judicious in the selection of the details given."— Saturday Review. 
“Well-informed and clearly written.”— Journal of Education. 

“ The historical part is concise and clear, but the criticism is even more valuable, 
and a number of illustrative extracts contribute a most useful feature to the 
volume.”— School lVorld. 

An Anthology of English Verse. With Introduction and Glossary. 
By A. J. Wyatt, M.A., and S. E. Goggin, M.A. 2s. 

For use in Training Colleges and Secondary Schools. The ex¬ 
tracts have been selected as representative of English verse from 
Wyatt to the present time (exclusive of drama). 

“ We look upon this collection as one of the best of its kind.”— Teachers' Aid. 

Precis-Writing, A Text-Book of. By T. C. Jackson, B.A., LL.B., 
and John Briggs, M.A., F.Z.S. 2s. 6d. 

In writing this text-book, the authors have aimed at increasing 
the educational value of Precis-Writing by giving a more sys¬ 
tematic and a less technical treatment to the subject than is usual. 

“ Admirably clear and businesslike.”— Guardian. 

“ Thoroughly practical, and on right lines educationally.”— School World. 
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philosophy. 

Ethics, Manual of. By J. S. MACKENZIE, Litt.IX, M.A., formerly 
Fellow of Trinity College, Cambridge. Fourth Edition. (5s. (id. 

“ In writing this book Mr. Mackenzie has produced an earnest and striking con¬ 
tribution to the ethical literature of the time.”— Mind. 

Logic, A Manual of. By J. WELTON, M.A., Professor of Education, 
University of Leeds. 2 vols. Vol. I., 8s. Gd. ; Vol. II., Gs. Gd. 

Vol. I. contains the whole of Deductive Logic, except Fallacies, 
which are treated, with Inductive Fallacies, in Vol. II. 

“ A clear and compendious summary of the views of various thinkers on important 
and doubtful points.” —Journal oj' Education. 

Psychology, The Groundwork of. By G. F. STOUT, M.A., LL.IX, 
Fellow of the British Academy, Professor of Logic and Meta¬ 
physics in the University of St. Andrews. 4s. Gd. 

“All students of philosophy, both beginners and those who would describe them¬ 
selves as ‘advanced,’ will do well to ‘read, mark, learn, and inwardly digest’ this 
book.” —Osjoixl Magazine. 

Psychology, A Manual of. By G. F. STOUT, M.A., LL.IX 8s. Gd. 

“ There is a refreshing absence of sketchiness about the book, and a clear desire 
manifested to help the student in the subject.”— Saturday Review. 

flfeofcern Ibistoiry anb Constitution. 

The Tutorial History of England. (To 1901.) By C. S. 
Fearenside, M.A. 4s. Gd. 

“ An excellent text-book for the upper forms of a school.”— Journal of Education. 

• 

Matriculation Modern History. Being the History of England 
1485-1901, with some reference to the Contemporary History of 
Europe and Colonial Developments. By C. S. FEARENSIDE, 
M. A. 3s. Gd. 

%l A work that tjives evidence of scholarship and clever adaptability to a special 
purpose.”— Guardian . 

Groundwork of English History. By M. E. CARTER. 2s. 

“ It presents the salient facts of English llistory in a readable but definite form, 
unencumbered with irrelevant detail.”— Schoolmaster . 

European History, Main Landmarks of. By F. N. Dixon, B. A. 
Second Edition . 2s. 

“ A capable sketch in which historical movements are indicated accurately and 
with vigour.”— Guardian. 

Citizenship, The Elements of the Duties and Rights of. By W. D. 
Aston, B.A., LL.B. Third Edition. Is. Gd. 

Government of the United Kingdom. By A. E. Hogan, LL.D. 2s. Gd. 

Contents. —Introduction — Legislature — Executive — Judicial 
System—Local Government—Imperial Government. 
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A Text-Book of Geography. By G. C. Fry, M.Sc., F.I.C. 4s. 6 d. 

This book is intended for use in the upper forms of schools and by 
candidates for London University Matriculation, the Oxford and 
Cambridge Locals, and other Examinations of similar standard. 

It deals with both General and Regional Geography. In 
Regional Geography the natural features are first dealt with and 
then the political facts that are the outcome of these features. 

“ The compilation is by no means one of mere geographical facts ; the * why ’ and 
the ‘wherefore’ are everywhere in evidence—the subject is, indeed, presented 
scientifically. ”— Schoolmaster. 

“It is one of the most scientific and rational text-books yet published.”— 
Educational News. 


IRoman anb (Breefc Ihietorp. 

The Tutorial History of Rome. (To 14 A. D.) By A. H. Allcroft, 
M.A., and W. F. MASOM, M.A. With Maps. Third Edition , 
Revised and in part Reim'itten. Or in Two Vols., 2s. each : 
Vol. I., to 133 B.c. ; Vol. II., 133 B.c.— 37 A.D. 

“ It is well and clearly written .”—Saturday Review. 

“A distinctly good book, full, clear, and accurate.”— Qvxirdian. 

% 

The Tutorial History of Greece. (To 323 B.c.) By Prof. W. J. 
Woodhouse, M.A. 4s. 6d. 

“Prof. Woodhouse is exceptionally well qualified to write a history of Greece, 
and he has done it well.”— School World. 

A Longer History of Rome. By A. H. ALLCROFT, M.A. , and 
others (each volume containing an account of the Literature of 
the Period)— 

390—202 B.C. 3s. fid. 78—31 B.C. 3s. 6d. 

202—133 B.C. 3s. fid. 44 B.C.—138 A.D. 3s. fid. 

133—78 B.C. 3s. fid. 

“ Written in a clear and direct style. Its atithors show a thorough acquaintance 
with their authorities, and have also used the works of modern historians to good 
effect.”— Jouimal of Education. 

A Longer History of Greece. By A. H. Allcroft, M.A. 
(each volume containing an account of the Literature of the 
Period)— 

To 495 B.C. 3s. fid. 404—362 B.C. 3s. 6d. 

495—43i b.C. 3s. 6d. 362—323 B.C. 3s. 6d. 

440—404 B.C. 3s. 6d. Sicily, 491—289 B.C. 3s. 6d. 

“The authors have apparently spared no pains to make their work at once com¬ 

prehensive and readable.”— Schoolmaster. 
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Hattn ant) (SreeU. 

Grammars and Readers. 

Junior Latin Course. By B. J. Hayes, M.A. 2s. Gd. 

“A good practical guide. The principles are sound, and the rules are clearly 
stated.”— Educational Times. 

The Tutorial Latin Grammar. By B. J. Hayes, M.A., and W. F. 
MASOM, M.A. Fourth Edition. 3s. Gd. 

“ Accurate and full without being overloaded with detail.”— Schoolmaster. 

Latin Composition. With copious Exercises and easy continuous 
Passages. By A. H. ALLCROFT, M.A., and J. H. Haydon, 
M.A. Sixth Edition , Enlarged. 2s. Gd. 

“ Simplicity of statement and arrangement, apt examples illustrating each rule, 
exceptions to these adroitly stated just at the proper place and time, are among some 
of the striking characteristics of this excellent book. — Schoolmaster. 

Junior Latin Reader. By E. J. G. Forse, M.A. Is. 6d. 

Matriculation Selections from Latin Authors. With Introduction 
(History and Antiquities), Notes, and Vocabulary. By A. F. 
Watt, M.A., and B. J. Hayes, M.A. 2s. Gd. 

Provides practice in reading Latin in preparation for Examina¬ 
tions for which no classios are prescribed. 

“ It is quite an interesting selection, and well done.”— School World. 

“The selection is a good one, and the notes are brief and to the purpose.”— 
Journal of Education. 

Matriculation Latin Construing Book. By A. F. Watt, M.A., and 
B. J. Hayes, M.A. 2s. 

A guide to the construing of the Latin period and its translation 
into English. 

“ One of the most useful text-books of this very practical Tutorial Series.”— School 
Guardian. 

The Tutorial Latin Reader. With Vocabulary. 2s. Gd. 

“ A soundly practical work."— Guardian. 

Advanced Latin Unseens. Edited by H. J. MAIDMENT, M.A., and 
T. R. MILLS, M.A. Second Edition , Enlarged. 3s. Gd. 

“Contains some good passages, which have been selected from a wider field than 
that previously explored by similar manuals.”— Cambridge llevicic. 

The Tutorial Latin Dictionary. By F. G. Plaistowh, M.A., late 
Fellow of Queens’ College, Cambridge. 6s. Gd. 

“ A sound school dictionary.”— Speaker. 

Advanced Greek Unseens. Second Edition , Enlarged. 3s. 6d. 

The Tutorial Greek Reader. With Vocabularies. By A. Waugh 
Young, M.A. Third Edition , Enlarged. 2s. Gd. 



14 


UNIVERSITY TUTORIAL SERIES. 


J&Ditlon* of Xatfn anD <Breek Classics, 

The Text is in all cases accompanied by Introduction and Notes; books 

marked ( # ) contain also an alphabetical Lexicon. 

The Vocabularies are in order of the text and are preceded by Test Papers. 


Acts of Apostles. 

Text. 

• • • 

Voc. 

1/0 

Aeschylus— 

Eumenides. 

3 6 

1/0 

Persae. 

3/6 

• • • 

Prometheus Vinctus. 

2/6 

1/0 

Septem contra Thebas. 

3/6 

1/0 

Aristophanes— 

Ranae. 

3/0 

• • • 

Caesar— 

Civil War, Book 1. 

1/6 

• • • 

Civil War, Book 3. 

2/6 

1/0 

Gallic War, Books 1-7. 

(each) 

1 6 

1/0 

Gallic War, Book 1, 

Ch. 1 to 29. 

1/6 

• • • 

The Invasion of Britain. 

1/6 

1/0 

Gallic War, Book 7, Ch. 

1 to 68. 

1/6 

• • • 

Cicero— 

Ad Atticum, Book 4. 

3/6 

• • • 

De Amicitia. 

*1/6 

1/0 

De Finibus, Book 1. 

2/6 

• • • 

De Finibus, Book 2. 

3/6 

• • • 

De Officiis, Book 3. 

3/6 

1/0 

De Senectute. 

*1/6 

1/0 

In Catilinam I.-IV. 

2/6 

• • • 

„ I., II T. (each) 1/6 

1/0 

,, I. and IV. 

1/6 

• • • 

Philippic 11. 

2/6 

1/0 

Pro Arch i a. 

1/6 

1/0 

Pro Balbo. 

• • • 

1/0 

Pro Cluentio 

3/6 

1/0 

Pro Lege Manilia. 

2/6 

1/0 

Pro Marcello. 

1/6 

1/0 

Pro Mi lone. 

3/6 

1/0 

Pro Plancio. 

3/6 

1/0 

Pro Roscio Amerino. 

2/6 

1 0 


CURTIUS— 

Text. 

Voo. 

Book 9, Cli 6-end. 

1/6 

• • • 

Demosthenes — 

. # 


Androtion. 

4/6 

• • • 

Euripides — 



Alcestis. 

1/6 ‘ 

1/0 

Andromache. 

3/6 

« f « 

Bacchae. 

3/6 

1/0 

Hecuba. 

3/6 

• • • 

Hippolytus. 

3/6 

1/0 

Iphigenia in Tauris. 

3/6 

1/0 

Medea. 

2/0 

• • • 

Herodotus— 



Book 3. 

4/6 

1/0 

Book 4, Ch. 1-144. 

4/6 

1/0 

Book 6. 

2/6 

1/0 

Book 8. ., 

3/6 

• • • 

Homer— J-j ' !v>.' 


• 

Iliad, Book 6. 

• • • • 

1/0 

Iliad, Book 24. 

3/6 

• • 

Odyssey, Books 9, 10. 

2/6 . 

• • • 

Od 3 r ssey, Books 11, 12. 

2/6 

• • • 

Odyssey, Books 13, 14. 

2/6 

• • • 

Odyssey, Book 17. 

1/6 

1/0 


Horace— 

Epistles (including Ars 


Poetica). 

4/6 

• • • 

Epistles (excluding A 

.P.) ... 

1/0 

Epodes. 

1/6 

• • • 

Odes, Books 1-4. 

*3/6 

• • • 

Separately, each Book 


(*2, 3, 4). 

1/6 

1/0 

Satires. 

3/6 

1/0 

OCRATES— 



De Bigis. 

2/6 

• • • 
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jSDtttons ot Xatln anO (Bveefc Classics— continued. 


Text. 

Voc. 

JUVENAL— 

Satires 1, 3, 10, 11. 

3/6 

• • • 

Satires 1, 3, 4. 

3/6 

• • • 

Satires 8, 10, 13. 

2/6 

• • • 

Satires 11, 13, 14. 

3/6 

• • • 

Livy— 

Book 1. 

2/6 

1/0 

Books 3, (5, 9. (each) 

3 6 

1/0 

Book 5. 

2/6 

1/0 

Book 9, Cli. 1-19. 

1/6 

• • • 

Book 21, Ch. 1-30. 

1 6 

• • • 

Books 21, 22. (each) 

2/6 

1/6 

Lucian— 

Charon and Pi sea tor. 

3/6 

1/0 

Lysias— 

Eratosthenes. 

2/6 

• • • 

Eratosth. and Agoratus. 

• • • 

1/0 

N Eros— 

Hannibal, Cato, Atticus. 

1/0 

• • • 

Ovid— 

Fasti, Books 3, 4. 

2/6 

1/0 

Fasti, Books 5, 6. 

3/6 

10 

Heroides, 1-10. 

3 6 

1/0 

Heroides, 1, 2, 3, 5, 7, 12. ... 

1/6 

Heroides, 1,5,12,1/6 ; 12 

, 1/0 

• • • 


Metamorphoses, Book 1, 
lines 1-150; Book 3, 
lines 1-250, 511-733; 


Book 5, lines 385-550. 


(each) 

1/6 

* • • 

Book 11. 

• • • 

• 

1/0 

Book 11, lines 410-748. 

1/6 

• • • 

Books 13, 14. (each) 

1/6 

1/0 

Tristia, Books 1,3. (each) 

1 6 

1 0 

Plato— 



Apology. 

3/6 

1 0 

Crito. 

2 6 

10 

Euthypliro and Mene- 



xenus. 

4/6 

1 o 

Ion, Laches. (each) 

3/6 

I/O 

Phaedo. 

3/6 

• # • 


A detailed catalogue of the above 


Text. 

Voc. 

Sallust— 

Catiline. 

1/0 

1 0 

Sophocles— 

Ajax. 

3/6 

1 0 

Antigone. 

2/6 

1 0 

Electra. 

3/6 

1/0 

Tacitus— 

Agricola. 

2/6 

1/0 

Annals, Book 1. 

2 0 

1/0 

Annals, Book 2. 

2 6 

• • • 

Germania. 

2/6 

1/0 

Histories, Books 1, 3. 

(each) 

3/6 

1/0 

Terence— 

Adelphi. 

3 0 

• • • 

Thucydides— 

Book 7. 

3/6 

• • • 

Vergil— 

Aeneid, Books 1-8. (each) # l/6 

1/0 

Books 7-10. 

3/6 

• • • 

Book 9. 

*1/0 

• • • 

Books 9, 10. 

• • • 

1/0 

Book 10. 

*1/6 

• • • 

Book 11. 

*1 6 

1/0 

Book 12. 

1 6 

• • • 

Eclogues. 

3/6 

1/0 

Georgies, Books 1 and 2. 

3/6 

I/O 

Georgies, Books 1 and 4. 

3/6 

1/0 

Georgies, Book 4. 

(separately) 

1/6 

# • • 

Xenophon— 

Anabasis, Book 1. 

1/6 

1 0 

Anabasis, Book 4. 

1/6 

• • • 

Cyropaedeia, Book 1. 

1/6 

1/0 

Cyropaedeia, Book 5. 

• • • 

1/0 

Hellenica, Books 3, 4. 

(each) 

1/6 

• • • 

Memorabilia, Book 1. 

3/6 

1/0 

Oeconomicus. 

4/6 

1/0 

„ Ch. 1-10. 

1/6 

• « • 


can be obtained on application . 



IVERSITT TUTORIAL SERIES 


^be TUmversit^ tutorial Series* 


r L&eneral Editor': Wm. Briggs, LL.D., D.C.L., M.A., B.Sc., 

Principal qC University Correspondence College . 



T1 y6 object of the UNIVERSITY TUTORIAL SERIES is to provide 
candidates for examinations and learners generally with text-books 
which shall ^onvey in the simplest form sound instruction in accord¬ 
ance with the latest results of scholarship aiid scientific research. 
Important points are fully and clearly treated, and care has been 
taken not to introduce details which are likety to perplex the be¬ 
ginner. 

The Publisher will be happy to entertain applications from 
Teachers for Specimen Copies of books mentioned in this List. 


SOME PRESS OPINIONS., 

“This series is successful in hitting its mark and supplying much help to 
students in places where a guiding hand is sorely needed.”— Journal of Education. 

“ Many editors of more pretentious books might study the methods of the ‘ Uni¬ 
versity Tutorial Series’ with profit.”— Guardian. 

“The ‘ University Tutorial Series’ is favourably known for its practical and 
workmanlike methods.”— Public Schools Year Book-. 

“ The series is eminently successful.”— Spectator. 

“The classical texts in this series are edited by men who are thoroughly masters 
of their craft.”— Saturday Review. 

“The competent manner in which the volumes of this series are edited is now 
well known and generally recognised.”— Educational Times. 

“ This useful series of text-books.”— Nature. 

“Any books published in this series are admirably adapted for the needs of the 
large class of students for whom they are intended.”— Cambridge Revicic. 

“Clearness in statement and orderliness in arrangement characterise the publica¬ 
tions of the University Tutorial Press.”— Oxford Magazine. 

“All books which issue from the ‘ University Tutorial Press’ are both scholarly 
and practical.”— Westminster Revicic. 

“The merit of this series of publications consists in the workmanlike execution 
of an orderly practical plan.”— School Government Chronicle. 

“The books of the 4 University Tutorial Senes’ have deservedly won a high 
reputation for sound scholarship, clear and orderly arrangement and presentation,, 
and practical and up-to-date methods. Bookman. 

44 The more we see of these excellent manuals the more highly do we think of 
th em. ’ ’— Sch oolmaster. 

“Such text-books are immeasurably superior to the heavy tomes, overburdened 
with extraneous matter, with which boys of a previous generation were familiar. 

—School Guardian. 
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